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Methods of group theory in Leibniz algebras:

some compelling results

Abstract. The theory of Leibniz algebras has been developing quite
intensively. Most of the results on the structural features of Leibniz
algebras were obtained for �nite-dimensional algebras and many of them
over �elds of characteristic zero. A number of these results are analogues of
the corresponding theorems from the theory of Lie algebras. The speci�cs
of Leibniz algebras, the features that distinguish them from Lie algebras,
can be seen from the description of Leibniz algebras of small dimensions.
However, this description concerns algebras over �elds of characteristic
zero. Some reminiscences of the theory of groups are immediately striki-
ng, precisely with its period when the theory of �nite groups was already
quite developed, and the theory of in�nite groups only arose, i.e., with
the time when the formation of the general theory of groups took place.
Therefore, the idea of using this experience naturally arises. It is clear
that we cannot talk about some kind of similarity of results; we can talk
about approaches and problems, about application of group theory phi-
losophy. Moreover, every theory has several natural problems that arise
in the process of its development, and these problems quite often have
analogues in other disciplines. In the current survey, we want to focus on
such issues: our goal is to observe which parts of the picture involving a
general structure of Leibniz algebras have already been drawn, and which
parts of this picture should be developed further.

Key words: Leibniz algebra, Lie algebra, cyclic subalgebra, left center,
right center, center of a Leibniz algebra, nilpotent subalgebra, Abelian
subalgebra, extraspecial subalgebra.
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METHODS OF GROUP THEORY IN LEIBNIZ ALGEBRAS

Àíîòàöiÿ. Òåîðiÿ àëãåáð Ëåéáíiöà ðîçâèâàëàñÿ äîñèòü iíòåíñèâíî.
Áiëüøiñòü ðåçóëüòàòiâ ùîäî ñòðóêòóðíèõ îñîáëèâîñòåé àëãåáð Ëåé-
áíiöà áóëè îòðèìàíi äëÿ ñêií÷åííîâèìiðíèõ àëãåáð, i áàãàòî ç íèõ íàä
ïîëÿìè íóëüîâî¨ õàðàêòåðèñòèêè. ×àñòèíà öèõ ðåçóëüòàòiâ ¹ àíàëîãà-
ìè âiäïîâiäíèõ òåîðåì ç òåîði¨ àëãåáð Ëi. Ñïåöèôiêó àëãåáð Ëåéáíiöà,
îñîáëèâîñòi, ùî âiäðiçíÿþòü ¨õ âiä àëãåáð Ëi, ìîæíà ïîáà÷èòè ç îïèñó
àëãåáð Ëåéáíiöà ìàëèõ âèìiðíîñòåé. Îäíàê öåé îïèñ ñòîñó¹òüñÿ àë-
ãåáð íàä ïîëÿìè íóëüîâî¨ õàðàêòåðèñòèêè. Äåÿêi ñïîãàäè ïðî òåîðiþ
ãðóï âiäðàçó êèäàþòüñÿ â î÷i, à ñàìå ñïîãàäè, ïîâ'ÿçàíi ç òèì ïåðiî-
äîì, êîëè òåîðiÿ ñêií÷åííèõ ãðóï áóëà âæå äîñèòü ðîçâèíåíîþ, à òåî-
ðiÿ íåñêií÷åííèõ ãðóï ëèøå âèíèêëà, òîáòî ç òèì ÷àñîì, êîëè âiäáó-
âàëîñÿ ñòàíîâëåííÿ çàãàëüíî¨ òåîði¨ ãðóï. Òîìó çàêîíîìiðíî âèíèêà¹
iäåÿ âèêîðèñòàííÿ öüîãî äîñâiäó. Çðîçóìiëî, ùî íå ìîæíà ãîâîðèòè
ïðî ÿêóñü ïîäiáíiñòü ðåçóëüòàòiâ; ìè ìîæåìî ãîâîðèòè ïðî ïiäõîäè òà
çàäà÷i, ïðî çàñòîñóâàííÿ ôiëîñîôi¨ òåîði¨ ãðóï. Áiëüøå òîãî, êîæíà
òåîðiÿ ìà¹ íèçêó ïðèðîäíèõ ïðîáëåì, ÿêi âèíèêàþòü ó ïðîöåñi ¨¨ ðîç-
âèòêó, i öi ïðîáëåìè äîñèòü ÷àñòî ìàþòü àíàëîãè â iíøèõ äèñöèïëiíàõ.
Ó äàíié îãëÿäîâié ñòàòòi çîñåðåäèìîñü íà ñïîñïîñòåðåæåííi òîãî, ÿêi
÷àñòèíè ìàëþíêà iç çàãàëüíîþ ñòðóêòóðîþ àëãåáð Ëåéáíiöà âæå áóëè
íàìàëüîâàíi, à ÿêi ÷àñòèíè öi¹¨ êàðòèíè ñëiä ðîçâèâàòè äàëi.

Êëþ÷îâi ñëîâà: àëãåáðà Ëåéáíiöà, àëãåáðà Ëi, öèêëi÷íà ïiäàëãåáðà,
ëiâèé öåíòð, ïðàâèé öåíòð, öåíòð àëãåáðè Ëåéáíiöà, íiëüïîòåíòíà ïiä-
àëãåáðà, àáåëåâà ïiäàëãåáðà, åêñòðàñïåöiàëüíà ïiäàëãåáðà.

MSC2020: Pri 17A32, Sec 17A60, 17B30

1. Introduction and some remarks

Let L be an algebra over a �eld F with the binary operations + and [, ].
Then L is called a Leibniz algebra (more precisely a left Leibniz algebra) if it
satis�es the Leibniz identity

[[a, b], c] = [a, [b, c]]− [b, [a, c]]

for all a, b, c ∈ L.
Another form of this identity is: [a, [b, c]] = [[a, b], c] + [b, [a, c]].
An algebra R over a �eld F is called right Leibniz if it satis�es the Leibniz

identity
[a, [b, c]] = [[a, b], c]− [[a, c], b]

for all a, b, c ∈ L.
Note at once that the classes of left Leibniz algebras and right Leibniz

algebras are di�erent. The following simple example justi�es it.
Let F be an arbitrary �eld and L be a vector space over F having a basis

{a, b}. De�ne the operation [, ] on L by the following rule:

[a, a] = [a, b] = b, [b, a] = [b, b] = 0.

It is not hard to check that L becomes a left Leibniz algebra. But

0 = [[a, a], a] 6= [[a, a], a] + [a, [a, a]] = [a, b] = b.
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Let R be a right Leibniz algebra, then put [[a, b]] = [b, a]. Then we have

[[[[a, b]], c]] = [c, [b, a]] = [[c, b], a]− [[c, a], b] =

= [[a, [[b, c]]]]− [[b, [[a, c]]]].

Thus, this substitution leads us to a left Leibniz algebra. Similarly, we can
make a transfer from a left Leibniz algebra to a right Leibniz algebra.

We prefer to work with the left Leibniz algebras. Thus, further, the term a
Leibniz algebra stands for a left Leibniz algebra.

Note at once that if L is a Lie algebra, then

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0.

It follows that

[[a, b], c] = −[[b, c], a]− [[c, a], b] = [a, [b, c]] + [b, [c, a]] = [a, [b, c]]− [b, [a, c]],

which shows that every Lie algebra is a Leibniz algebra.

Conversely, suppose that [a, a] = 0 for each element a ∈ L. Then for arbi-
trary elements a, b ∈ L we have

0 = [a+ b, a+ b] = [a, a] + [a, b] + [b, a] + [b, b] = [a, b] + [b, a].

It follows that [a, b] = −[b, a]. Then we obtain

0 = [[a, b], c]− [a, [b, c]] + [b, [a, c]] =

= [[a, b], c] + [[b, c], a]− [[a, c], b] =

= [[a, b], c] + [[b, c], a] + [[c, a], b]

for all a, b, c ∈ L. Thus, Lie algebras can be characterized as Leibniz algebras
in which [a, a] = 0 for every element a ∈ L.

Leibniz algebras �rst appeared in the paper of A. Blokh [3]. In this paper,
A. Blokh used the term D-algebras. After two decades, a real interest to
Leibniz algebras signi�cantly rose. It is happened thanks to the work of J.-
L. Loday [18]. J.-L. Loday �rediscovered� these algebras and used the term
Leibniz algebras for them.

In [19] J.-L. Loday and T. Pirashvili began the systematic study of properti-
es of Leibniz algebras.

Since that, the theory of Leibniz algebras has developed very intensively in
many di�erent directions. Some of the results of this theory were presented in
the recent book of Sh.A. Ayupov, B.A. Omirov, I.S. Rakhimov [2].

The Leibniz algebras appeared to be naturally related to several areas
such as di�erential geometry, homological algebra, classical algebraic topology,
algebraic K-theory, loop spaces, noncommutative geometry, and so on. They
found some applications in physics.
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In the theory of Lie algebras, there is a large part, in which questions like
those that arise in group theory are considered. I. Stewart called it �In�nite-
dimensional Lie algebras in the spirit of the in�nite group theory�. It is not
just direct analogies since the �nal results were not always completely similar
to the parallel results in the group theory. It is a more comprehensive consi-
deration of problems, approaches, and setting tasks. Nevertheless, this part of
the theory of Lie algebras is developed very intensively, there is a huge array of
articles and several books. Take into account that the Lie algebras are exactly
the anticommutative Leibniz algebras. If you look for some parallels, you will
notice that the relationships between Leibniz algebras and Lie algebras in some
ways resemble the relationships between non-Abelian and Abelian groups. Note
that a very large part of articles concerned Leibniz algebras dealt with only
�nite-dimensional Leibniz algebras, and in most of these articles the algebras
were considered over a �eld of characteristic 0. This situation is very simi-
lar to that which developed in the theory of groups at the beginning of the
appearance of the theory of in�nite groups. Therefore, it is natural to use the
rich experience that group theory has. Here we are not talking about results,
but about approaches and philosophies. There are similar concepts in various
algebraic structures, therefore similar problems arise there. For example, in
any algebraic structure, one of the �rst tasks is the study of substructures
generated by a single element. In Lie algebras, the situation is trivial: a cyclic
subalgebra of a Lie algebra L, generated by an element a, coincides with a
subspace, generated by a. In contrast to Lie algebras, the situation with cyclic
subalgebras in Leibniz algebras turned out to be very di�cult. Description of
cyclic Leibniz algebras has been obtained in the paper [5].

For the case of the �eld of complex numbers, the description of cyclic �nite-
dimensional Leibniz algebras was obtained in the paper [24]; however, it does
not show the structure of cyclic Leibniz algebras.

Another natural problem that immediately arises is the study of the
structure of Leibniz algebras, whose subalgebras are ideals. In group theory,
a similar problem was solved a very long time ago in the classical papers of
R. Dedekind and R. Baer. The Lie algebras with this property are abelian. But
for Leibniz algebras, the structure of algebras, whose subalgebras are ideals, is
far from being plain. The structure of such Leibniz algebras was described in
the paper [9] by L.A. Kurdachenko, N.N. Semko, and I.Ya. Subbotin.

Such an algebra L has the following structure: L = E ⊕ Z where Z is
a subalgebra of the center of L and E is an extraspecial algebra such that
[x, x] 6= 0 for each element x 6∈ ζ(E).

A Leibniz algebra L is called an extraspecial algebra, if it satis�es the
following condition:

• ζ(L) is non-trivial and has dimension 1;

• L/ζ(L) is abelian.
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The center ζ(L) of a Leibniz algebra L is de�ned in the following way:

ζ(L) = {x ∈ L| [x, y] = 0 = [y, x] for each element y ∈ L}.

Here is the list of some important steps done on the way of developing
Leibniz Algebra systematic theory which is parallel to group theory.

1. In the article [5] a description of the structure of cyclic Leibniz algebras
and a description of minimal Leibniz algebras, i.e. Leibniz algebras, all
proper subalgebras of which are Lie algebras, were obtained.

2. A study of Leibniz algebras, all proper subalgebras of which are ideals
one can �nd in [9].

3. In [6] the Leibniz algebras, all proper subalgebras of which are either
ideals or have a zero kernel were described.

4. The Leibniz algebras in which the relation �to be an ideal� is transitive
were described in [12].

5. The articles [13] and [14] are dedicated to Leibniz algebras, all proper
subalgebras of which are either ideals or contraideals.

6. The article [10] is dedicated to analysis of the in�uence of anticommutati-
vity on the structure of Leibniz algebras.

7. A proof of the existence of a locally nilpotent radical in Leibniz algebras
and introduction of generalized nilpotent classes of Leibniz algebras one
can �nd in [11].

8. The article [15] is dedicated to description of Leibniz algebras, all proper
subalgebras of which are either left ideals or contraideals.

9. The articles [16] and [17] developed an analogue of Schur's theorem and
its generalizations.

2. Nilpotency of Leibniz algebras

To give the reader a �avor of the listed above results, in this section we
consider some results related to the concept of nilpotency. This concept arises
both in the theory of groups and in the theory of rings and algebras (associative
and non-associative). In the theory of Leibniz algebras this concept arises as
follows.

Every Leibniz algebra L has the following speci�c ideal. Denote by Leib(L)
the subspace generated by the elements [a, a], a ∈ L. We note that Leib(L) is
an ideal of L. Indeed, for arbitrary elements a, x ∈ L we have

[a, [a, x]] = [[a, a], x] + [a, [a, x]], so [[a, a], x] = 0.
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Furthermore,

[x+ [a, a], x+ [a, a]] =[x, x] + [x, [a, a]] + [[a, a], x] + [[a, a], [a, a]] =

=[x, x] + [x, [a, a]].

It follows that [x, [a, a]] = [x+ [a, a], x+ [a, a]]− [x, x] ∈ Leib(L).
Put K = Leib(L). Then in the factor-algebra L/K we have

[a+K, a+K] = [a, a] +K = K

for each element a ∈ L. By above, we obtain that L/K is a Lie algebra.
Conversely, suppose that H is an ideal of L such that L/H is a Lie algebra.
Then

H = [a+H, a+H] = [a, a] +H,

which implies that [a, a] ∈ H for every element a ∈ L. Then Leib(L) 6 H.
The ideal Leib(L) is called the Leibniz kernel of algebra L.
We note the following important property of the Leibniz kernel:

[[a, a], x] = [a, [a, x]]− [a, [a, x]] = 0.

This property shows that Leib(L) is an abelian subalgebra of L.
Let L be a Leibniz algebra. De�ne the lower central series of L

L = γ1(L) > γ2(L) > . . . γα(L) > γα+1(L) > . . . γδ(L)

by the following rule: γ1(L) = L, γ2(L) = [L,L], and, recursively, γα+1(L) =
[L, γα(L)] for all ordinals α and γλ(L) =

⋂
µ<λ

γµ(L) for the limit ordinals λ. The

last term γδ(L) is called the lower hypocenter of L. We have γδ(L) = [L, γδ(L)].
Since ζ(L) is an ideal of L, we can consider the factor-algebra L/ζ(L).
A Leibniz algebra L is called nilpotent if there exists a positive integer k

such that γk(L) = 〈0〉. More precisely, L is said to be nilpotent of nilpotency
class c if γc+1(L) = 〈0〉, but γc(L) 6= 〈0〉. We denote by ncl(L) the nilpotency
class of L.

In some algebraic structures another de�nition of nilpotency based on the
concept of the (upper) central series is used. In fact, suppose that L is a
nilpotent Leibniz algebra and γk+1(L) = 〈0〉. For each factor γj(L)/γj+1(L)
we have [L, γj(L)] = γj+1(L) and [γj(L), L] 6 γj+1(L), and this leads us to
the following concepts.

Let A,B be ideals of L such that A 6 B. The factor B/A is called central
(in L) if [L,B], [B,L] 6 A.

Starting from the center we can de�ne the upper central series

〈0〉 = ζ0(L) 6 ζ1(L) 6 . . . ζα(L) 6 ζα+1(L) 6 . . . ζγ(L) = ζ∞(L)

of the Leibniz algebra L by the following rule: ζ1(L) = ζ(L) is the center
of L, and recursively ζα+1(L)/ζα(L) = ζ(L/ζα(L)) for all ordinals α, and
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ζλ(L) =
⋃
µ<λ

ζµ(L) for limit ordinals λ. By de�nition, each term of this series is

an ideal of L. The last term ζ∞(L) of this series is called the upper hypercenter
of L. A Leibniz algebra L is said to be hypercentral if it coincides with the
upper hypercenter. Denote by zl(L) the length of upper central series of L.

It is a well-known that in nilpotent Lie algebras and nilpotent groups the
lower and the upper central series have the same length.

Let

〈0〉 = C0 6 C1 6 . . . Cα 6 Cα+1 6 . . . Cγ = L

be an ascending series of ideals of a Leibniz algebra L. This series is called
central if Cα+1/Cα 6 ζ(L/Cα) for each ordinal α < γ. In other words,
[Cα+1, L], [L,Cα+1] 6 Cα for each ordinal α < γ.

We note the following properties of central series [16].

Theorem 1. Let L be a Leibniz algebra over a �eld F , and

〈0〉 = C0 6 C1 6 . . . 6 Cn = L

be a �nite central series of L. Then

(i) γj(L) 6 Cn−j+1, so that γn+1(L) = 〈0〉.

(ii) Cj 6 ζj(L), so that ζn(L) = L.

(iii) If j, k are positive integer such that k > j, then

[γj(L), ζk(L)], [ζk(L), γj(L)] 6 ζk−j(L).

As a corollary we obtain

Corollary 1. Let L be a Leibniz algebra over a �eld F and suppose that L
has a �nite central series

〈0〉 = C0 6 C1 6 . . . 6 Cn = L.

Then L is nilpotent and ncl(L) 6 n. Furthermore, the upper central series of
L is �nite, ζ∞(L) = L, zl(L) 6 n. Moreover, ncl(L) = zl(L).

The last result shows that a Leibniz algebra L is nilpotent if and only if
there is a positive integer k such that L = ζk(L). The least positive integer
having this property coincides with nilpotency class of L. So, as in the cases of
Lie algebras and groups, the de�nition of nilpotency can be given here using
the notion of the upper central series.

It will be appropriate to note that the Leibniz algebra L can be associative.

Theorem 2. Let L be a Leibniz algebra over a �eld F . Then L is associative
if and only if [L,L] 6 ζ(L).
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The concepts of upper and lower central series immediately leads us to the
mentioned classes of Leibniz algebras.

A Leibniz algebra L is said to be hypercentral if it coincides with the upper
hypercenter.

A Leibniz algebra L is said to be hypocentral if its lower hypocenter is
trivial.

In the case of �nite dimensional algebras, these two concepts coincide, but,
in general, these two classes are very di�erent.

Thus, for �nitely generated hypercentral Leibniz algebras we have (see [11])

Theorem 3. Let L be a �nitely generated Leibniz algebra over a �eld F .
If L is hypercentral, then L is nilpotent. Moreover, L has �nite dimension. In
particular, a �nitely generated nilpotent Leibniz algebra has �nite dimension.

This result is an analog of a similar group theoretical result proved by
A.I. Mal'cev [20].

At the same time, a �nitely generated hypocentral Leibniz algebra can
have in�nite dimension. A simple example, which shows it is a cyclic Leibniz
algebra, generated by an element of in�nite depth.

A Leibniz algebra L is said to be locally nilpotent if every �nite subset of
L generates a nilpotent subalgebra.

That is why, hypercentral Leibniz algebras give us examples of locally ni-
lpotent algebras.

We obtained the following characterization of hypercentral Leibniz
algebras.

Theorem 4. Let L be a Leibniz algebra over a �eld F . Then L is
hypercentral if and only if for each element a ∈ L and every countable subset
{xn| n ∈ N} of elements of L there exists a positive integer k such that all
commutators [x1, . . . , xj , a, xj+1, . . . , xk] are zeros for all j, 0 6 j 6 k.

As a corollary we obtain

Corollary 2. Let L be a Leibniz algebra over a �eld F . Then L is
hypercentral if and only if every subalgebra of L having �nite or countable
dimension is hypercentral.

These results are analogs to some group theoretical results of S.N. Cherni-
kov.

Let L be a Leibniz algebra. If A,B are nilpotent ideals of L, then their sum
A+B is a nilpotent ideal of L. This result has been proved in the paper [4].

In this connection, the following question arises: if a similar assertion is
valid for locally nilpotent ideals? For Lie algebras this assertion takes place. It
was shown by B. Hartley in the paper [7].

We have an a�rmative answer to this question.

Theorem 5. Let L be a Leibniz algebra over a �eld F , A,B be locally
nilpotent ideals of L. Then A+B is locally nilpotent.
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As corollaries we obtain

Corollary 3. Let L be a Leibniz algebra over a �eld F and S be a family
of locally nilpotent ideals of L. Then a subalgebra generated by S is locally
nilpotent.

Corollary 4. Let L be a Leibniz algebra over a �eld F . Then L has the
greatest locally nilpotent ideal.

Let L be a Leibniz algebra over �eld F . The greatest locally nilpotent ideal
of L is called the locally nilpotent radical of L and will be denoted by Ln(L).

These results are analogues of the results in groups proven by K.A. Hi-
rsch [8] and B.I. Plotkin [22, 23].

The subalgebra Nil(L) generated by all nilpotent ideals of L is called the
nil-radical of L. If L = Nil(L), then L is called a Leibniz nil-algebra. Every
nilpotent Leibniz algebra is a nil-algebra, but converse is not true even for a
Lie algebra. Every Leibniz nil-algebra is locally nilpotent, but converse is not
true even for a Lie algebra. Moreover, there exists a Lie nil-algebra, which is not
hypercentral. There is a corresponding example in Chapter 6 of the book [1].

Note the following important properties of locally nilpotent Leibniz
algebras.

Theorem 6. Let L be a locally nilpotent Leibniz algebra over a �eld F .

(i) If A,B, A 6 B are the ideals of L such that B/A is L-chief, then B/A
is central in L (that is B/A 6 ζ(L/A)). In particular, dimF (B/A) = 1.

(ii) If A is a maximal subalgebra of L, then A is an ideal of L.

Let L be a Leibniz algebra over the �eld F and H a subalgebra of L. The
idealizer of H is de�ned by the following rule:

IL(H) = {x ∈ L| [h, x], [x, h] ∈ H for all h ∈ H}.

It is possible to prove that the idealizer of H is a subalgebra of L. If L is a
hypercentral (in particular, nilpotent) Leibniz algebra, then H 6= IL(H). This
leads us to the following class of Leibniz algebras.

Let L be a Leibniz algebra over �eld F . We say that L satis�es the idealizer
condition if IL(A) 6= A for every proper subalgebra A of L.

A subalgebra A is called ascendant in L, if there is an ascending chain of
subalgebras

A = A0 6 A1 6 . . . Aα 6 Aα+1 6 . . . Aγ = L

such that Aα is an ideal of Aα+1 for all α < γ.

It is possible to prove that L satis�es the idealizer condition if and only if
every subalgebra of L is ascendant.

The last result is the following
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Theorem 7. Let L be a Leibniz algebra over a �eld F . If L satis�es the
idealizer condition then L is locally nilpotent.

This result is an analog to famous result proved by B.I. Plotkin for
groups [21].

Again, it should be noted that the Leibniz algebras with the idealizer condi-
tion will form a proper subclass of the class of locally nilpotent Leibniz algebras.
It happens since this is already the case for Lie algebras. A corresponding
example could be found in Chapter 6 of the book [1].
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