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Criterion of the best non-symmetric
approximant for multivariable functions in

Abstract. The criterion of the best non-symmetric approximant for n-

variable functions in the space L1 p,
with (o, §)-norm

seePn (1 < pi < +OO,’L = 2a3a"'7n)

p3

1
ba by P2 >y Pn

[T T——— / / / F(@)lapdr | dea

where 0 < a, 8 < 00, fi(z) = max{f(x),0}, f-(z) = max{—f(x),0},
sgn, gf(z) = a-sgnfi(x) — B - sgnf (), =a- fr+8- f =
f(z) -sgn, 5f(z), is obtained in the article.

- dx, ,

It is proved that if P, = > ckpr, where {¢k } 12, is a linearly independent
k=1

system functions of Li p,,....p,, Ck are real numbers, then the polynomial
Py, is the best («, 8)-approximant for f in the space L1 ps,...p, (1 < pi <

00, 1 =2,3,...,n), if and only if, for any polynomial Py,
by ba
/P - Fodx < / / / |Pm|g,adz1 - esssup |Fo|1 11 dza...dTn,
z1€[a1,b1]
n az €zxg,..., Tn
where K = [a1,b1] X ... X [an, by, €as,....z,, = {21 € [a1,b1] 1 f = P, = 0},
P3—P Pn—Pn—1
Fr = | R aﬁlR* 13p2;§,5 B 1,p2,.. ,pnfl;aﬁSgnavﬁR:”
0 — pn—1 ’
||Rm| 1,p2,...,pn;c, B
1
Pr+2 Pi
b; brt+1 [ b il Prt1
|flpgsepiia8 = / . / |f‘i’,€5dmk dx41 .. dz; )
a; k41 k
(1<k<i<n), Ry =f— P

This criterion is a generalization of the known Smirnov’s criterion for

functions of two variables, when o = 8 = 1.
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Awnoragisi. V cTarTi OTPpMMAHO KPUTEPIil eleMeHTa HANKPAIIOro HEeCH-
METPUYHOTO HAOIMKeHHs s MYHKIIH N-3MIHHUX y METPHUIN ITPOCTOPY
Lipy,..pn, e 1 <p; < +00,i=2,3,...,n, 3 (a, B)-HOPMOIO

P3 .
by, ba [ b1 b2 P2 b

\|f\|1,p2,“.,w,ﬁ:/ / / F@lasdrr | do| oodza|
2 1

An

me 0 < o,8 < oo, fi(z) = max{f(z),0}, f-(z) = max{—f(x),0},
sgn, s f(z) = a-sgnfi(z) — B -sgnf-(z), |flap = @ f4 + 8- f- =
f(z) -sgn, 5f(z).

m
Hoseneno, mo, axmo P, = > ckpk, ae {pr}ie, — NiHIKHO He3aIeKHA

cucrema QYHKINHA i3 L1 py.... p,, Ck — OiHCHI umCIa, TO mosinoM P, € mo-
sinomoMm Hadikpamoro (o, 8)-nabmmkenas qug Gyskmil f y meTpui npo-

ctopy Lipy,...pn (1 < pi < 00, 4 =2,3,...,n), Toni it TIIBKE TOII, KOJIU
st OyIb-sKOTo moJiHoOMa Py,

by

ba
/Pm»ngxS/.../ / |Pr|g,adzi - esssup |Fo|1 1dwa...dx,,
i N z1 €la1,b1] o’h

az €xy,...,x

ne K =[a1,b1] X ... X [an, bn], (2, ...;xzn) = {21 € [a1,b1] : f— Py, =0},

* |p2—1 * |P3—P2 | . * |Pn—Pn—1 *
w |Rm l;a,ﬁ|Rm 1,p2;a,8 " |Rm 1,pz,...,pnfl;a,BSgna»ﬁRm
0o — 1 )
x ||Pn
||Rm| 1,p2,...,pn;e, B
1
Pk42 D5
Pr41 Pi
b; bht1 [ by Pk Plti
— Pr .
|flpkseepisa,8 = / / /|f|a,@d$k dzp41 odwg )

a; Ap+1 k

(1<k<i<n), Ry =f- P
Jauuit kpuTepiil € y3araabHeHHAM Bigomoro kpurepiio, moseaenoro I.C.
CwmipHoBuM jyis OYHKUINH ABOX 3MIHHUX y BULAJKY, Kom o = 3 = 1.

Kuro4oBi ciioBa: 3mimana iHTerpagbHa METPUKA, TOJIIHOM, €JIeMEHT Hali-
KPAIOro HECUMETPUIHOTO HAO/IMKEeHH

MSC2020: Pri 41A45, SEc 46E30

Let Lp,.. p,(1 < p; < 00,1 <i<n)be a space of real-valued summable
functions of n-variables f(x) = f(z1,...,2,), defined on K = I} x Io X ... x I,
where I; = [a;, b;],1 < i < n, with the norm

P1

T — / / /|f(x)|p1dx1 doy| .. du,

In 1P
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Let’s put,

PE+2

Pk+1
Pk

|f’pk,...,pi = / / /|f |pkd1’k dzp41

I; Ty |1k

where 1 < k <1 <n.

Pr+1

We also consider the classes Ly, . p, (where at least one p; = o) of the
functions f, the finite norms of which are determined by formulas

£ llp1spn1,00 = €sSSUP | flpy,...pp 15

||f||p17-~~7Pi717007pi+17~-,pn =

Pi4+2
Pi+1

Pit1
= / / (esssup\f\pl,.,,,pi_l> dwitq
$ieli

I, L1

where 1 < i < n.
If0 < a, < o0, for f(z) we set

fi(z) = max{f(z),0}, f-(z)=max{—f(z),
sgn, gf(r) = a-sgnfi(z) — B -sgnf-(z),

[flap=c-fr+8-f-

Let us define a non-symmetric norm in L :
P15--,Pn

p2 —
P1
IIprl,...,pn;a,ﬁ:/ / / @) yda | das
also put
Phi1
P

Ier1 |1k

where 1 <k <i<n.

0}?

Pr+2
Pr41
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Let H,, = span{y1,...,pmn} for some system of linearly independent
functions {y1,...,om} C Lp,,. . p,. Then the elements of the set H,y,
(polynomials P,,) are given in view

m
P = Mk (1)
k=1
The quantity
E(f)pr,epniag = P 1r611fq 1f = Prllps,...pnic8 (2)

we will call the best («, 8)-approximation of the function f € L,, . ,,. by set
H,, in Ly, . ,, . The polynomial P}, which realizes inf in the right-hand side
of (2), is called a best («, §)-approximant of the function f by the set H,,.

In 1973, G.S. Smirnov in [1], formulated and proved the criterion of a
best approximant in spaces with mixed integral metrics for functions of two
variables. V.M. Traktynska in 3] expended the result by Smirnov in the case of
functions of many variables. She obtained the criterion of a best approximant
for the function f € Ly, . 5, with the condition 1 < p; < 00,1 <4 <n. In the
case when at least one of p; = 1, this criterion proved to be true, when the
f—Py # 0 almost everywhere on I X I X ... X I,. In [5] these restrictions have
been removed by disseminating the results of G.S. Smirnov [2] in the case of
approximation of functions of many variables. In this paper, the results of [5]
are generalized to the case of an non-symmetric approximation. Note that for
1 < p; < 00,1 <4 < n, the criterion of the best non-symmetric approximant
for the functions f € Ly, ., were obtained in [4].

Let f € Lip,,.p, With Hf||1,p2,---,pn;aﬂ = |f|f|a,ﬁdx1|p2,.--,pn > 0, and
I

g€ LOO7‘127---7Qn with |’gHoo,qQ,...,qn;oﬁl,ﬁ*l = |eSS€S}1p ’9’a*1,5*1|q27-..,qn <1, p% +
x1€h

L1, 1<pi<o0,i=23,...,n

Using Hélder’s inequality and Fubini’s theorem, we obtain

/f(x)g(z)dxl coodry, < / . / |fla,8lgla-1 g-1dx1 ... dxy <
K In I
< // /]f]a,gd:cl [esssup\g\a1 /31] dzy...dx, <
r1€l) '
I, P 1
b2 % q2 é
// / /]f apdri|  dxo /[esssup|g|1 1} dxo dzs...dz, <
x1€lh o’B

In I3 2 1 2

< |’f‘|1,p27---7pn;aﬂ : HgHOO,QQ,‘..,qn;Oé_l,ﬁ_l < Hf||1,p27---7pn;0¢ﬂ7
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i.e.
/ L ey [ — ©
It is easy to verify that for the function go € Loog,,....q, Of the form
1— n Pn—Pn—
90 = 11111557 a1 Wi 51 st 1 s =+ L iS85

in inequality (3) the sign of equality is achieved, and that all other functions g €
Lo go,....qn With Hgﬂoqq%qu;aqﬁq = 1, which give the sign of equality in (3),

coincide with go almost everywhere where f(z) # 0, and esssup |g(x)|,-1 5-1 =
r1€l
esssup |go(x)|n-1 g-1 for almost every (za,...,2,) € Iz X ... X I,
z1€h

Next we need the statement obtained in the article of V.M. Traktynska and
M.Ye. Tkachenko [4].

Theorem 1. The best (a, 5)-approzimation of the function f € Ly, . .
(1 <pi<oo) by set Hy, in Ly, . p, is

En(pr,..pnie B—Sup/f x)dzy...dx,,

where sup extends to the function g € Ly, . q, such that ||g|ly,  ga-1-1 <1
and [ Py (z) - g(x)dz...dz,, = 0 for any polynomials Py, of the form (1), and
K

sup is achieved on some functions ¢ € Ly, .. 4, with norm |||y, 4 .0-15-1 =
1.

Let also
m

Pn = cipr, (4)
k=1
where {¢;}1", is a linearly independent system of functions from L1, . p,
(1 <pi<o0,i=2,3,...,n), and ¢ are real numbers.
Let f € Ly p,,. p, be such that for each P, the norm ||f — P,,|| > 0.
We introduce the following functions:

_ | p* |P2—1| p*x |p3—p2 * |P4—DP3 *pnpnl *
FO - ‘Rm|17a7ﬂ|R 7p27 76‘R 7p27p5 O‘aﬁ |R 71727 Pn— 1;a7ﬁsgna7BRm’
Fr = Fo
L RLIE, s
mil1,pa,....pn;a,B
where R} = f — P}, and P}, is some polynomial of the form (4).

It is easy to notlce that F has the form of a function for which in the
inequality of the form (3) the sign of equality is achieved: Fif € Locgs....qn5
"F(SkHoo,qg,...,qn;aﬂ,gfl =1 and

/ (f = PL)Fgdardn = ||f — Pillipe...puiess.
K
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Denote for each (zg,...,xz,) € Iy x ... x I,
e(ra,..,xn) ={zr1 € : f— P, =0}.
Such a theorem holds.

Theorem 2. The polynomial P} is a best («,f)-approzimant for the
function f in the metric L1y, . (1 < p; < 00, i = 2,3,...,n) if and only
if the condition

/P EFydzy...dz, < / / / | P g,adx1 esssup]F0]1 1dx2 dzy,
z1€h

Iz e(xza,...,x
(5)
holds for any polynomial P, of the form (4).

Proof. We will prove the necessity. Let P be the best (a, 3)-approximant
for the function f in the metric L p, . 5,. Then by Theorem 1 we find such a
function Fy € Lo go,....q,, that:

1) ‘|F1H<>07q27---7qn;a*1,/3*1 =1
2) for each P, of the form (4) [ P, - Fidz...dxy, = 0;
K

3) [ f-Fidey..dv, = [(f — P5)Fiday..de, = ||f — Py

K K
The last equation holds only when Fj satisfies the condition of equality in
the inequality (3), so Fj(z) = Fi(x) for all points = for which f— Py # 0, and
esssup |Ff| = esssup |Fi| almost everywhere on Is X ... x I,. Then for each

z1€h z1€h
polynomial P,, we have

1,p2,-pnjc, B

/P Fod.l‘l d]]n—/P Fl)dxl dry =
/ / / Fl)d.%‘ld.%'Q dl‘n:
In Iz e(x2,..,x
/ / / F1 d:l?ldl’z d:Un S
Iz e(z2,...,x
< // / |Pnlga - | — Filg-1,o-1dr1d2o.. . dT)y =
In Iz e(z2,...,zn)

—// / ’Pmygya"F1|a717571dx1d$2...d33n <

I, Iz e(z2,...,xn)

/ / / | P |g,adxt (ess sup \F0*|a1’51> dzs...dx,.
7 x1€l
2

In e(x2,....Tn)
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Necessity proved.

We will prove sufficiency.

Suppose that for every polynomial P, of the form (4) holds condition (5).
Then, using inequality (5) at the end, for each polynomial Q,, = P} + P, we
get

1f = @mllips.pmias = If = P = Pallipa,pnions * 16 llos g, gria1,6-1 =

2/...//\f—P;—Pm\aﬁdacl~esssup]F6k]a1751dx2...dxn:

r1€h
I, Is I

/ / / !f—P* Prlapdzy - esssup|F0|a 1 g-1dxs...dz,+

1€l
In Iz Ii\e(z2,....w

/ / / — Ppla,pgdry - esssup [F§ |41 g-1das...dxy, >
r1€lh
In Iz e(xa,...,w
> // / |f—P>I< —Pm|a7@~ ‘Fg‘a—1,6—1dx1...d$n+
Iy I 11\6 T2,.00sTy)

/ / / | P8 .ad - esssup|F0 la—1 g-1dxo...dxy >
z1€N

Iz e(z2,...,zn)

/ / / f — P, — Pp) - Fydzy...dx,+

I, I> I\e(z2,....x

/ / / | Pralg,adzy - esssup | F| -1 g-1dxa...dxy, =

1€
I, Is e SCQ, L

= /(f — P Fydry...dx, — /PmFé‘dajl...d:cn+
K

/ / / | P lg,adz - esssup]FO la-1 g-1dT2...dxy >
z1€N

Iz e(x2,...,xn)

> / (f = PL)Fgderodn = ||f — Pilliper..puiess.
K

This means that P} is the best («,/)-approximant for f in the metric
L1 p,....p,. Theorem proved.

The condition of Theorem 2 can be strengthened.
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Theorem 3. The polynomial P} is a best («,f)-approximant for the
function f in the metric Ly p, . ,. (1 < p; < 0o, i = 2,3,...,n) if and only
if the condition

/ / / | P |a,pd - esssup|F0|; 1dxo..dx, < /Pmngxl...dxn <
x1€lh a’p "

Iz e(za,...,x

/ / / | Pl gadzy - esssup|F0|1 1dx2 Ay,
z1€h

Iz e(x2,...,Tn)

holds for any polynomial P, of the form (4).

To prove this statement, it suffices to note that for the function F; from
the proof of the necessary condition of Theorem 2 we have:

/P - Fidzx.. d:vn—/ / / (—Fy)dzidzs...dx, =

Iz e(xa,....x

/ / / P Fldxldl'g da;n =

In I2 6(127 T

/ / / ‘P ‘aﬁ |F1‘a 18— 1da:1dx2 da}n >

Iz 6$2, T

/ / / |Pm|a75dx1 + €SS sup ’Fg‘a—176—1d$2...d$n.
z1€h

In Iz e(za,...,x

In this form, the criterion is a generalization of the criterion of the best
approximant in the case o = =1 from [5].
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