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Criterion of the best non-symmetric

approximant for multivariable functions in

space L1,p2,...,pn

Abstract. The criterion of the best non-symmetric approximant for n-
variable functions in the space L1,p2,...,pn (1 < pi < +∞, i = 2, 3, ..., n)
with (α, β)-norm

‖f‖1,p2,...,pn;α,β =

 bn∫
an

· · ·

 b2∫
a2

 b1∫
a1

|f(x)|α,βdx1

p2 dx2

p3
p2

· · · dxn


1
pn

,

where 0 < α, β < ∞, f+(x) = max{f(x), 0}, f−(x) = max{−f(x), 0},
sgnα,βf(x) = α · sgnf+(x) − β · sgnf−(x), |f |α,β = α · f+ + β · f− =
f(x) · sgnα,βf(x), is obtained in the article.

It is proved that if Pm =
m∑
k=1

ckϕk, where {ϕk}mk=1 is a linearly independent

system functions of L1,p2,...,pn , ck are real numbers, then the polynomial
P ∗m is the best (α, β)-approximant for f in the space L1,p2,...,pn (1 < pi <
∞, i = 2, 3, ..., n), if and only if, for any polynomial Pm

∫
K

Pm · F ∗0 dx ≤
bn∫
an

...

b2∫
a2

∫
ex2,...,xn

|Pm|β,αdx1 · ess sup
x1∈[a1,b1]

|F ∗0 | 1
α
, 1
β
dx2...dxn,

where K = [a1, b1]× . . .× [an, bn], ex2,...,xn = {x1 ∈ [a1, b1] : f −P ∗m = 0},

F ∗0 =
|R∗m|p2−1

1;α,β |R
∗
m|p3−p21,p2;α,β

· ... · |R∗m|
pn−pn−1

1,p2,...,pn−1;α,β
sgnα,βR

∗
m

||R∗m||pn−1
1,p2,...,pn;α,β

,

|f |pk,...,pi;α,β =


bi∫
ai

. . .


bk+1∫
ak+1

 bk∫
ak

|f |pkα,βdxk


pk+1
pk

dxk+1


pk+2
pk+1

. . . dxi


1
pi

,

(1 ≤ k < i ≤ n), R∗m = f − P ∗m.
This criterion is a generalization of the known Smirnov's criterion for
functions of two variables, when α = β = 1.
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Àíîòàöiÿ. Ó ñòàòòi îòðèìàíî êðèòåðié åëåìåíòà íàéêðàùîãî íåñè-
ìåòðè÷íîãî íàáëèæåííÿ äëÿ ôóíêöié n-çìiííèõ ó ìåòðèöi ïðîñòîðó
L1,p2,...,pn , äå 1 < pi < +∞, i = 2, 3, ..., n, ç (α, β)-íîðìîþ

‖f‖1,p2,...,pn;α,β =

 bn∫
an

· · ·

 b2∫
a2

 b1∫
a1

|f(x)|α,βdx1

p2 dx2

p3
p2

· · · dxn


1
pn

,

äå 0 < α, β < ∞, f+(x) = max{f(x), 0}, f−(x) = max{−f(x), 0},
sgnα,βf(x) = α · sgnf+(x) − β · sgnf−(x), |f |α,β = α · f+ + β · f− =
f(x) · sgnα,βf(x).

Äîâåäåíî, ùî, ÿêùî Pm =
m∑
k=1

ckϕk, äå {ϕk}mk=1 � ëiíiéíî íåçàëåæíà

ñèñòåìà ôóíêöié iç L1,p2,...,pn , ck � äiéñíi ÷èñëà, òî ïîëiíîì P ∗m ¹ ïî-
ëiíîìîì íàéêðàùîãî (α, β)-íàáëèæåííÿ äëÿ ôóíêöi¨ f ó ìåòðèöi ïðî-
ñòîðó L1,p2,...,pn (1 < pi < ∞, i = 2, 3, ..., n), òîäi é òiëüêè òîäi, êîëè
äëÿ áóäü-ÿêîãî ïîëiíîìà Pm

∫
K

Pm · F ∗0 dx ≤
bn∫
an

...

b2∫
a2

∫
ex2,...,xn

|Pm|β,αdx1 · ess sup
x1∈[a1,b1]

|F ∗0 | 1
α
, 1
β
dx2...dxn,

äå K = [a1, b1]× . . .× [an, bn], e(x2, ..., xn) = {x1 ∈ [a1, b1] : f −P ∗m = 0},

F ∗0 =
|R∗m|p2−1

1;α,β |R
∗
m|p3−p21,p2;α,β

· ... · |R∗m|
pn−pn−1

1,p2,...,pn−1;α,β
sgnα,βR

∗
m

||R∗m||pn−1
1,p2,...,pn;α,β

,

|f |pk,...,pi;α,β =


bi∫
ai

. . .


bk+1∫
ak+1

 bk∫
ak

|f |pkα,βdxk


pk+1
pk

dxk+1


pk+2
pk+1

. . . dxi


1
pi

,

(1 ≤ k < i ≤ n), R∗m = f − P ∗m.
Äàíèé êðèòåðié ¹ óçàãàëüíåííÿì âiäîìîãî êðèòåðiþ, äîâåäåíîãî Ã.Ñ.
Ñìiðíîâèì äëÿ ôóíêöié äâîõ çìiííèõ ó âèïàäêó, êîëè α = β = 1.

Êëþ÷îâi ñëîâà: çìiøàíà iíòåãðàëüíà ìåòðèêà, ïîëiíîì, åëåìåíò íàé-
êðàùîãî íåñèìåòðè÷íîãî íàáëèæåííÿ

MSC2020: Pri 41A45, Sec 46E30

Let Lp1,...,pn(1 ≤ pi < ∞, 1 ≤ i ≤ n) be a space of real-valued summable
functions of n-variables f(x) = f(x1, . . . , xn), de�ned on K = I1×I2× . . .×In,
where Ii = [ai, bi], 1 ≤ i ≤ n, with the norm

‖f‖p1,...,pn =

∫
In

. . .

∫
I2

∫
I1

|f(x)|p1dx1


p2
p1

dx2


p3
p2

. . . dxn


1
pn

.
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Let's put,

|f |pk,...,pi =


∫
Ii

. . .

 ∫
Ik+1

∫
Ik

|f(x)|pkdxk


pk+1
pk

dxk+1


pk+2
pk+1

. . . dxi


1
pi

,

where 1 ≤ k < i ≤ n.
We also consider the classes Lp1,...,pn (where at least one pi = ∞) of the

functions f , the �nite norms of which are determined by formulas

‖f‖p1,...,pn−1,∞ = ess sup
xn∈In

|f |p1,...,pn−1 ,

‖f‖p1,...,pi−1,∞,pi+1,...,pn =

=

∫
In

. . .

 ∫
Ii+1

(
ess sup
xi∈Ii

|f |p1,...,pi−1

)pi+1

dxi+1


pi+2
pi+1

. . . dxn


1
pn

,

where 1 ≤ i < n.

If 0 < α, β <∞, for f(x) we set

f+(x) = max{f(x), 0}, f−(x) = max{−f(x), 0},

sgnα,βf(x) = α · sgnf+(x)− β · sgnf−(x),

|f |α,β = α · f+ + β · f−.

Let us de�ne a non-symmetric norm in Lp1,...,pn :

‖f‖p1,...,pn;α,β =

∫
In

· · ·

∫
I2

∫
I1

|f(x)|p1α,βdx1


p2
p1

dx2


p3
p2

· · · dxn


1
pn

,

also put

|f |pk,...,pi;α,β =


∫
Ii

. . .

 ∫
Ik+1

∫
Ik

|f(x)|pkα,βdxk


pk+1
pk

dxk+1


pk+2
pk+1

. . . dxi


1
pi

,

where 1 ≤ k < i ≤ n.
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Let Hm = span{ϕ1, . . . , ϕm} for some system of linearly independent
functions {ϕ1, . . . , ϕm} ⊂ Lp1,...,pn . Then the elements of the set Hm

(polynomials Pm) are given in view

Pm =
m∑
k=1

λkϕk. (1)

The quantity

Em(f)p1,...,pn;α,β = inf
Pm∈Hm

‖f − Pm‖p1,...,pn;α,β (2)

we will call the best (α, β)-approximation of the function f ∈ Lp1,...,pn by set
Hm in Lp1,...,pn . The polynomial P ∗m, which realizes inf in the right-hand side
of (2), is called a best (α, β)-approximant of the function f by the set Hm.

In 1973, G.S. Smirnov in [1], formulated and proved the criterion of a
best approximant in spaces with mixed integral metrics for functions of two
variables. V.M. Traktynska in [3] expended the result by Smirnov in the case of
functions of many variables. She obtained the criterion of a best approximant
for the function f ∈ Lp1,...,pn with the condition 1 < pi <∞, 1 ≤ i ≤ n. In the
case when at least one of pi = 1, this criterion proved to be true, when the
f−P ∗m 6= 0 almost everywhere on I1×I2×. . .×In. In [5] these restrictions have
been removed by disseminating the results of G.S. Smirnov [2] in the case of
approximation of functions of many variables. In this paper, the results of [5]
are generalized to the case of an non-symmetric approximation. Note that for
1 < pi < ∞, 1 ≤ i ≤ n, the criterion of the best non-symmetric approximant
for the functions f ∈ Lp1,...,pn were obtained in [4].

Let f ∈ L1,p2,...,pn with ||f ||1,p2,...,pn;α,β = |
∫
I1

|f |α,βdx1|p2,...,pn > 0, and

g ∈ L∞,q2,...,qn with ||g||∞,q2,...,qn;α−1,β−1 = | ess sup
x1∈I1

|g|α−1,β−1 |q2,...,qn ≤ 1, 1
pi

+

1
qi

= 1, 1 < pi <∞, i = 2, 3, . . . , n.

Using H�older's inequality and Fubini's theorem, we obtain∫
K

f(x)g(x)dx1 . . . dxn ≤
∫
In

. . .

∫
I1

|f |α,β|g|α−1,β−1dx1 . . . dxn ≤

≤
∫
In

. . .

∫
I2

∫
I1

|f |α,βdx1

[ess sup
x1∈I1

|g|α−1,β−1

]
dx2 . . . dxn ≤

∫
In

...

∫
I3

∫
I2

∫
I1

|f |α,βdx1

p2 dx2


1
p2
∫
I2

[
ess sup
x1∈I1

|g| 1
α
, 1
β

]q2
dx2

 1
q2

dx3...dxn ≤

≤ ||f ||1,p2,...,pn;α,β · ||g||∞,q2,...,qn;α−1,β−1 ≤ ||f ||1,p2,...,pn;α,β,
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i.e. ∫
K

f(x)g(x)dx1 . . . dxn ≤ ||f ||1,p2,...,pn;α,β. (3)

It is easy to verify that for the function g0 ∈ L∞,q2,...,qn of the form

g0 = ||f ||1−pn1,p2,...,pn;α,β|f |
p2−1
1;α,β|f |

p3−p2
1,p2;α,β|f |

p4−p3
1,p2,p3;α,β · . . . · |f |

pn−pn−1

1,p2,...,pn−1;α,β · sgnα,βf

in inequality (3) the sign of equality is achieved, and that all other functions g ∈
L∞,q2,...,qn with ||g||∞,q2,...,qn;α−1,β−1 = 1, which give the sign of equality in (3),
coincide with g0 almost everywhere where f(x) 6= 0, and ess sup

x1∈I1
|g(x)|α−1,β−1 =

ess sup
x1∈I1

|g0(x)|α−1,β−1 for almost every (x2, . . . , xn) ∈ I2 × . . .× In.

Next we need the statement obtained in the article of V.M. Traktynska and
M.Ye. Tkachenko [4].

Theorem 1. The best (α, β)-approximation of the function f ∈ Lp1,...,pn
(1 ≤ pi <∞) by set Hm in Lp1,...,pn is

Em(f)p1,...,pn;α,β = sup

∫
K

f(x)g(x)dx1...dxn,

where sup extends to the function g ∈ Lq1,...,qn such that ||g||q1,...,qn;α−1,β−1 ≤ 1
and

∫
K

Pm(x) · g(x)dx1...dxn = 0 for any polynomials Pm of the form (1), and

sup is achieved on some functions ϕ ∈ Lq1,...,qn with norm ||ϕ||q1,...,qn;α−1,β−1 =
1.

Let also

Pm =
m∑
k=1

ckϕk, (4)

where {ϕk}mk=1 is a linearly independent system of functions from L1,p2,...,pn

(1 < pi <∞, i = 2, 3, ..., n), and ck are real numbers.
Let f ∈ L1,p2,...,pn be such that for each Pm the norm ||f − Pm|| > 0.
We introduce the following functions:

F0 = |R∗m|
p2−1
1;α,β|R

∗
m|
p3−p2
1,p2;α,β|R

∗
m|
p4−p3
1,p2,p3;α,β · ... · |R

∗
m|
pn−pn−1

1,p2,...,pn−1;α,βsgnα,βR
∗
m,

F ∗0 =
F0

||R∗m||
pn−1
1,p2,...,pn;α,β

,

where R∗m = f − P ∗m, and P ∗m is some polynomial of the form (4).
It is easy to notice that F ∗0 has the form of a function for which in the

inequality of the form (3) the sign of equality is achieved: F ∗0 ∈ L∞,q2,...,qn ,
||F ∗0 ||∞,q2,...,qn;α−1,β−1 = 1 and∫

K

(f − P ∗m)F ∗0 dx1...dxn = ||f − P ∗m||1,p2,...,pn;α,β.
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Denote for each (x2, ..., xn) ∈ I2 × . . .× In

e(x2, ..., xn) = {x1 ∈ I1 : f − P ∗m = 0}.

Such a theorem holds.

Theorem 2. The polynomial P ∗m is a best (α, β)-approximant for the
function f in the metric L1,p2,...,pn (1 < pi < ∞, i = 2, 3, ..., n) if and only
if the condition∫

K

PmF
∗
0 dx1...dxn ≤

∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,αdx1 ess sup
x1∈I1

|F ∗0 | 1
α
, 1
β
dx2...dxn

(5)
holds for any polynomial Pm of the form (4).

Proof. We will prove the necessity. Let P ∗m be the best (α, β)-approximant
for the function f in the metric L1,p2,...,pn . Then by Theorem 1 we �nd such a
function F1 ∈ L∞,q2,...,qn , that:

1) ||F1||∞,q2,...,qn;α−1,β−1 = 1;
2) for each Pm of the form (4)

∫
K

Pm · F1dx1...dxn = 0;

3)
∫
K

f · F1dx1...dxn =
∫
K

(f − P ∗m)F1dx1...dxn = ||f − P ∗m||1,p2,...,pn;α,β .

The last equation holds only when F1 satis�es the condition of equality in
the inequality (3), so F ∗0 (x) = F1(x) for all points x for which f −P ∗m 6= 0, and
ess sup
x1∈I1

|F ∗0 | = ess sup
x1∈I1

|F1| almost everywhere on I2 × . . . × In. Then for each

polynomial Pm we have∫
K

Pm · F ∗0 dx1...dxn =

∫
K

Pm · (F ∗0 − F1)dx1...dxn =

=

∫
In

...

∫
I2

∫
e(x2,...,xn)

Pm · (F ∗0 − F1)dx1dx2...dxn =

=

∫
In

...

∫
I2

∫
e(x2,...,xn)

Pm · (−F1)dx1dx2...dxn ≤

≤
∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,α · | − F1|β−1,α−1dx1dx2...dxn =

=

∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,α · |F1|α−1,β−1dx1dx2...dxn ≤

≤
∫
In

...

∫
I2


 ∫
e(x2,...,xn)

|Pm|β,αdx1

(ess sup
x1∈I1

|F ∗0 |α−1,β−1

) dx2...dxn.
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Necessity proved.

We will prove su�ciency.

Suppose that for every polynomial Pm of the form (4) holds condition (5).
Then, using inequality (5) at the end, for each polynomial Qm = P ∗m + Pm we
get

||f −Qm||1,p2,...,pn;α,β = ||f − P ∗m − Pm||1,p2,...,pn;α,β · ||F ∗0 ||∞,q2,...,qn;α−1,β−1 ≥

≥
∫
In

...

∫
I2

∫
I1

|f − P ∗m − Pm|α,βdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn =

=

∫
In

...

∫
I2

∫
I1\e(x2,...,xn)

|f − P ∗m − Pm|α,βdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn+

+

∫
In

...

∫
I2

∫
e(x2,...,xn)

| − Pm|α,βdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn ≥

≥
∫
In

...

∫
I2

∫
I1\e(x2,...,xn)

|f − P ∗m − Pm|α,β · |F ∗0 |α−1,β−1dx1...dxn+

+

∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,αdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn ≥

≥
∫
In

...

∫
I2

∫
I1\e(x2,...,xn)

(f − P ∗m − Pm) · F ∗0 dx1...dxn+

+

∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,αdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn =

=

∫
K

(f − P ∗m)F ∗0 dx1...dxn −
∫
K

PmF
∗
0 dx1...dxn+

+

∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,αdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn ≥

≥
∫
K

(f − P ∗m)F ∗0 dx1...dxn = ||f − P ∗m||1,p2,...,pn;α,β.

This means that P ∗m is the best (α, β)-approximant for f in the metric
L1,p2,...,pn . Theorem proved.

The condition of Theorem 2 can be strengthened.
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Theorem 3. The polynomial P ∗m is a best (α, β)-approximant for the
function f in the metric L1,p2,...,pn (1 < pi < ∞, i = 2, 3, ..., n) if and only
if the condition

−
∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|α,βdx1 ·ess sup
x1∈I1

|F ∗0 | 1
α
, 1
β
dx2...dxn ≤

∫
K

PmF
∗
0 dx1...dxn ≤

≤
∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|β,αdx1 · ess sup
x1∈I1

|F ∗0 | 1
α
, 1
β
dx2...dxn.

holds for any polynomial Pm of the form (4).

To prove this statement, it su�ces to note that for the function F1 from
the proof of the necessary condition of Theorem 2 we have:∫

K

Pm · F ∗0 dx1...dxn =

∫
In

...

∫
I2

∫
e(x2,...,xn)

Pm · (−F1)dx1dx2...dxn =

= −
∫
In

...

∫
I2

∫
e(x2,...,xn)

Pm · F1dx1dx2...dxn ≥

≥ −
∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|α,β · |F1|α−1,β−1dx1dx2...dxn ≥

≥ −
∫
In

...

∫
I2

∫
e(x2,...,xn)

|Pm|α,βdx1 · ess sup
x1∈I1

|F ∗0 |α−1,β−1dx2...dxn.

In this form, the criterion is a generalization of the criterion of the best
approximant in the case α = β = 1 from [5].

References

1. Smirnov G.S.: General form of linear functional and criterion of polynomial of
the best approximation in spaces with mixed integral metric. Ukrainian Math. J.
25(1) (1973), 134�138. doi:10.1007/BF01085405

2. Smirnov G.S.: Criterion of polynomial of the best approximation in spaces
Lp;1, L1;q. Ukrainian Math. J. 25(3) (1973), 415�419. doi:10.1007/BF01091890

3. Traktynska V.M.: Characterization of the best integral approximant of multivari-
able functions. Res. Math. 15 (2007), 134�136. doi:10.15421/240719

4. Traktynska V.M., Tkachenko M.Ye.: Criterion of the best non-symmetric approxi-
mant for multivariable functions in spaces Lp1,...,pn . Res. Math. 23 (2015), 90�97.
doi:10.15421/241511

5. Kostyuk O.D., Traktynska V.M., Tkachenko M.Ye.: Criterion of the best approxi-
mant for multivariable functions in spaces L1,p2,...,pn and Lp1,...,pn−1,1. Res. Math.
24 (2016), 44�51. doi:10.15421/241608

Received : 15.09.2021. Accepted: 25.11.2021

62


