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Action of derivations on polynomials and on
Jacobian derivations

Abstract. Let K be a field of characteristic zero, A := K|z1,x2] the
polynomial ring and W2 (K) the Lie algebra of all K-derivations on A.
Every polynomial f € A defines a Jacobian derivation Dy € W3(K) by
the rule Ds(h) = det J(f,h) for any h € A, where J(f,h) is the Jacobi
matrix for f, h. The Lie algebra W5(K) acts naturally on A and on itself
(by multiplication). We study relations between such actions from the
viewpoint of Darboux polynomials of derivations from W>(K). It is proved
that for a Jordan chain T'(f1) = Afi + f2, ooy T(fe—1) = Mfe—1 + [,
T(fx) = Afx for a derivation T' € W2(K) on A there exists an analogous
chain [T, Dy ] = (A —divT)Dy, + Dy,, ..., [T, Dy ] = (A —divT)Dy, in
W3 (K). In case A := K[zy,...,z,], the action of normalizers of elements
f from A in W, (K) on the principal ideals (f) is considered.

Key words: Lie algebra, Jacobian derivation, centralizer, normalizer,
annihilator

Amnoranisi. Hexaii K mose xapaxkrepuctuxu 0, A := K[z1, z2] inbie muO-
rounenis, a Wa(K) anre6pa JIi Beix K-mudepenniosans kimbna A. Koxen
muorounen f € A susnauae axobianne aqudepenuiosanna Dy € Wa(K) 3a
upasunoMm Dy (h) = det J(f, h) must 6yap-sikoro h € A, ne J(f, h) marpuns
Ako6i mua f, h. Anre6pa JIi W2 (K) npupoganm amroM mie Ha A i cama Ha
co6i (MuOxKeHHAM). BUB9aI0TBCS 3B A3KU MiK TAKMMU AisIMH 3 TOYKH 30Dy
muOTouIeHiB [lapOy madepenmiosans 3 W (K). Josemeno, mo maisa Kop-
manosoro garmora T(f1) = Af1 + f2, <., T(fe—1) = AMfe—1 + fx, T(fx) =
Afr nna nudepenuiosanna T € Wa(K) kinbuga A icuye anasoriunuii san-
jisoy [T,Dfl] = ()\ - diVT)Df1 + Dyyy ooy [T,ka} = ()\ — diVT)ka B
W2 (K). ¥ Bunagxy A := K|z1,...,2zn] posragayTa mia HOpMai3aTopis
enementis f 3 A B Wy, (K) na ronosui ineamn (f).

Kuro4osi cioBa: anrebpa JIi, sikobiamue gudepeHIiioBaH s, IeHTPAJI-
3aTOp, HOPMAJIi3aTOD, AHITIAATOD

MSC2020: Prr 17B66, SEc 17B80, 12H05

1. Introduction

Let K be an arbitrary field of characteristic zero, A := K|z1,...,z,] the
polynomial ring, and R := K(z1,...,z,) the field of rational functions in n

© 0. YA. KOZACHOK, A. P. PETRAVCHUK, 2024 93



O. YA. KOZACHOK, A. P. PETRAVCHUK

variables. Let us recall that a K-derivation D on A is a K-linearmap D : A — A
such that D(fg) = D(f)g + fD(g) for any f,g € A. The vector space W, (K)
(over K) of all K-derivation is a Lie algebra with respect to the Lie bracket
[Dl,DQ] = DDy — DsDy, D1,Dy € Wn(K) Every element D € Wn(K) can
be uniquely written in the form

B, B,
D=fi— 4+ fa—,f € A,
figg+ g fi€

i.e. W, (K) is a free module of rank n over A.

We study the natural action of elements D from W, (K) on polynomials
from A and on W, (K) itself (by multiplication) from the viewpoint of "ei-
genvectors"with polynomial "eigenvalues". Recall that a polynomial f € A
is a Darboux polynomial for a derivation D € W,(K) if D(f) = Af for
some A € A, the polynomial A is called a cofactor for D. For a derivation
D= fla%l + -+ fn% one can consider an autonomous system of ODE of
the form

dxy dxn_
E _fl(xla"'vxn)v"')ﬁ _fn(xl)"'wrn)

and Darboux polynomials for D are very useful for searching solutions of this
system (see, for example, [4], [5]).

First, we consider the Lie algebra W5(K) and denote for convenience
A = Klz,y]. Let f € A, f # 0. The polynomial f defines a derivation
D¢ € W5(K) by the rule: D¢(h) = det J(f, h) for any h € K[z, y] (here J(f,h)
is the Jacobi matrix for f and h). The derivation Dy is called the Jacobian deri-
vation associated with the polynomial f. Note that all the Jacobian derivations
form a subalgebra of W5 (KK) which coincides with the subalgebra sas(K) consi-
sting of all divergence-free derivations. If for some derivation 7' € W5 (K) there
exists a Jordan chain consisting of polynomials

T(fr) =M1+ fo,- . T(fr=1) = Mi—1 + fr, T(fr) = M

for some A € K, k > 1 then we prove (Theorem 1) that there is an analogous
chain in W5(K) of the form

[T, Dfl] = ()\ - diVT)Dfl + DfQ, [T, DfQ] = ()\ — diVT)Df2 —I—Df3, ceey
[T,Dys] = (A — divT)Dy,.

The subalgebra saz(K) is not an ideal of W5(K) (the latter is a simple Lie
algebra), so it is interesting to know when the product [T, D¢] belongs to sas(K)
for an element 7" € W5(K). It was proved in Propostion 2 that [T', D¢] € sas(K)
if and only if divT = ¢(p) for some polynomial ¢(t) € K[t] and a closed
generative polynomial p for f.

The second part of the paper is devoted to studying normalizers of
polynomials and derivations under the action of W,,(K) on A and on itself (by
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multiplication) respectively. We counsider for any f € A the "normalizer" N (f)
in Wy, (K) of the form

N(f)={T e W,(K) | T(f) = Af for some X\ € A},

i.e. N(f) is the set of all the derivations for which f is a Darboux polynomial.
This normalizer acts on the principal ideal (f) = Af of the ring A and the
restriction of the Lie algebra N(f) on Af is characterized in Proposition 3.
Analogously for any D € W, (K), one can consider the normalizer of D in
W, (K) of the form

N(D) ={T € W, (K) | [T, D] = AD for some X\ € A}

(N(D) is obviously the usual normalizer of the subalgebra AD in the Lie
algebra W,,(K)). An analogous characterization of N (D) is pointed out in
Proposition 4. Note that using the main result of |3] one can easily prove the
next statement: if L is an abelian subalgebra of W), (K) satisfying the conditions
dimgL = n, AL # W, (K), then L is contained in a subalgebra N(f) for some
nonconstant polynomial f € A.

We use standard notations. If D € W5(K), D = P(«, y)% +Q(x, y)a%, the
divergence of D is as usual div D = P, + Q. If T € Wa(K) is a divergence-free
derivation, then T is a Jacobian derivation (see, for example, [6]). A polynomial
f € K[z,y] is called a closed polynomial if the subalgebra K[f] is integrally
closed in the polynomial algebra K[z, y|. For any polynomial f € K]z, y] there
exists a closed polynomial p(z,y) such that f = ¢(p) for some polynomial ¢ €
K[z, y]. This polynomial p(x,y) will be called a generative closed polynomial
for f(z,y) (see, for example, [8], [7]). If L C W,,(K) is a subalgebra, then the
rank of L over A is the dimension dimg RL, notation rky L. Let W, (K) < A
denote the semidirect sum of the Lie algebra W, (K) and of the abelian Lie
algebra A = K[z1,...,x,] with the natural action of W,,(K) on A. Then the
multiplication rule for elements T+ f, S+g from the semidirect sum W,,(K) <A
is as follows

[T+ 1,549 =I[T,S]+T(g) = S(f),
where T, S € W, (K), f,g € A.

2. Action of derivations on polynomials and on Jacobian
derivations

We study the interrelationship between the actions of derivations T' from
W5(K) on A and on Wa(K) (via multiplication). The statement of the next
lemma can be checked immediately.

Lemma 1. (See, for example, [6], [8].) Let D1, Dy € W, (K) and a,b € A.
Then
1) [CLDl, bDQ] = aD1 (b)DQ — DQ(CL)bDl + ab[Dl, DQ]
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2) If f is a Darbouz polynomial for D € W, (K), then an arbitrary divisor
of fis also a Darbouz polynomial for the deriwation D.

3) A derivation D € W(K) is a Jacobian derivation if and only if it is
divergence-free.

4) If f € A is a nonzero polynomial, then Ker Dy = Kip|, where p is a
closed generative polynomial for the polynomial f.

Proposition 1. Let T' € W)(K), f € K[z,y] and T(f) = g for some
polynomial g € K[z, y|. Then [T, Df] = (= divT)Ds + Dy. And conversely, if
[T, D¢] = (—divT) D¢+ Dy for some g € A, then T'(f) = g+ ¢ for some ¢ € K.

Proof. Write down the derivation T in the form: T = Pa% + Qa% for some
P,Q € K|z, y]. Then by conditions of the lemma we have

Pfi+Qf, =g (2.1)
The partial derivatives of (2.1) with respect to x and y are, respectively:
Prfy+ Pl + Qufy + Qfyr = gn, (2.2)
Pyfo+ Pfoy + Qufy + Qf2 = g, (2.3)
Write down the product [T, Dy] in the form:
(1,04 = (PLy — P~ Pr— QU)o o
+(PF+ QUL+ QL) — Qf) 5 |
Rewrite (2.2) and (2.3) in the form:
Pl + Qufy+ Qfye = 90 — Pufs, (2.5)
—Pyfi = Pf, — Qfp = —g, + Q) f,- (2.6)

Replace in the coefficient of a% in (2.4) the last three summands by
—gy + Q, f, from (2.6) and analogously in the coefficient of 8% the first three
summands replace by g, — P.f. from (2.5). Then we get after replacing

o 0
T. D)= (Befy + Qufy = 9y) gy + (0o = Pfo = Qu12) 5

The last equality can be written in the form

. 0 . 0 .
[T, Dy] = ((leT)f; - 9,) 2 + (g — fo(divT)) B = (—=divT)Ds + D,.
Now let [T, Dy¢] = divI'Dy 4+ D, for some g € A. Denote h = T'(f). Then
by the first part of the proposition we have [T, D¢] = (—divT)Ds + D,
Subtracting the second equality from the first one we get D, — Dj, = 0. The
later means that g — h = ¢ € K. The proof is complete.
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Corollary 1. Let T' € Wy(K) and let polynomials f1, fa,. .., fr satisfy the
equalities:

T(f1) = fo, T(f2) = f3,.. ., T(fx—1) = fr-

Then for the corresponding Jacobian derivations it holds:
T, ‘Dfl] = (- diVT)Dfl + Dy,, T, sz] = (_diVT)DfQ + Dy, .- -,
[T, kail] = (—diVT)l)fki1 + ka. (27)
In particular, if T(f) =0, then [T, D¢] = —divT Dy.

The next result shows that for any Jordan chain in K[z, y] under the action
of a derivation D there is a corresponding analog for the action of D on W (K).

Theorem 1. Let T' € Wy(K) acts on polynomials f1,... fr by the rule
T(fi) =M1+ fay o, T(fk-1) = M1+ fi, T(fx) = M

for some A € K, k > 1. Then the equalities hold:

[T,Dy,] = (A\—divT)Dy, + Dy,, [T,Dy,] = (A —divT)Dy, + Dy, ...,

[T, Dy, ] = (A—divT)Dy,.
Proof. By Proposition 1, [T, Dy, ] = (—=divT)Dyg, + Dafy4f,- But Dagyyp, =
Dyy, + Dy,. Note that Dyy, = ADy,, because A € K. Therefore
[T,Dyg | = (=divT)Dy, + XDy, + Dy, = (A =divT) Dy, + Dy,.

Analogously one can prove other equalities.
As a corollary from the previous results we get a condition for a product
[T, Dy], T € Wa(K), Dy € sas(K) to belong to sas(K).

Proposition 2. Let T' € W)(K), f € K[z,y], and let p(z,y) be a closed
generative polynomial for f. The product [T, D¢] belongs to saz(K) if and only
if divT = ¢(p) for some polynomial (t) € K[t].

Proof. Let [T, Dy] € sax(K). By Proposition 1,
[T,D¢] = (—divT)Ds + Dy, where g =T(f).

The latter equality implies that (—divT)D; € sap(K). Then by Lemma 1,
div((=divT)Dy) = 0 and therefore Dy(—divT) = 0, i.e., divI € Ker Dy.
Since Ker Dy = K[p] (by Lemma 1), we get the equality divT = ¢(p) for some
polynomial ¢(t) € K[p].

Conversely, let divI' = ¢(p) for a polynomial ¢(t) € KJt]. Then
(=divT)Dy) = —p(p) Dy = Dy y) for a polynomial ¢ (t) € K[t]. But then

[T, Df] = DTZ)(P) + D, = DTZ’(P)+9 € saz(K).
The proof is complete.
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3. Annihilators and normalizers of polynomials in W, (K)

For a polynomial f € A let us define the annihilator of f in W,,(K) to be
the set
Ann(f) ={T € W,(K) | T(f) = 0}.

Lemma 2. Let f € A\ K. Then the annihilator Ann(f) is a subalgebra
of the Lie algebra W, (K) and a submodule of the (left) A-module W, (K) with
rka Ann(f) =n—1.

Proof. One can easily verify that Ann(f) is a subalgebra of W,(K) and a
submodule of the A-module W, (K). Let us show that rkg Ann(f) = n — 1.
We can enlarge the set {f} to a transcendence basis (over K) of the form
fi=1f, fa,..., fn of the field of rational functions R = K(z1,...,2,). Let L
be the subfield of R generated by the polynomials fi, fo,..., fn. Define on L
derivations Dy, ..., D, by the rule:

Di(h) =det J(h, f, for .o\ fire oo fa),i=2,....n

where ﬁ denotes the removed term from the Jacobi matrix. Obviously, f €
KerD;, ¢ = 2,...,n. Let us extend the derivations D; on the field R and
denote this extension by D;, ¢ = 2,...,n. Then

3402

ERY (2 .

Di: g] 871‘1',7/22,...,”,
i=1

for some rational functions gj(»l) € R. Let gj(.l) = cg»z) /dy) for some polynomials
(4" € A. Let us denote d; = [[7_; d\". Then obviously d;D; € W,,(K) and
d;D;(f) =0,i=2,...,n. It can be easily checked that the derivations dsDs,
..., dn Dy, are linearly independent over the field R. Therefore rk4 Ann(f) >
n — 1. But this rank does not exceed n — 1, because otherwise Ann(f) =
W, (K) and therefore f € K which contradicts our assumption. The proof is

complete.

c

Lemma 3. For any f € A, the normalizer N(f) is a subalgebra of the
Lie algebra W, (K) and a submodule of the A-module W,,(K). The annihilator
Ann(f) is a subalgebra of N(f) but not in general an ideal of N(f). The subset
Wi (K) is an ideal of the Lie algebra N(f).

Proof. It is easy to see that N(f) is a subalgebra of W,,(K) and a submodule
of W, (K). Since fW,,(K) is obviously contained in N(f) and rka fW,(K) =n
we get tka N(f) = n. Let us show that fW,(K) is an ideal of N(f). Let
S € fWo(K) and T € W,,(K) be arbitrary elements. Then S = fS; for some
S1 € Wi(K) and T'(f) = Af for some A € A. Then we have [T, S] = [T, fSi1] =
T(f)S1+ fIT,51] = AfS1 + f]T,S;] € fW,(K) and therefore fW,(K) is an
ideal of the subalgebra N(f).
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Remark 1. The factor-algebra N(f)/fW,(K) can be considered as a Lie
algebra of derivations that are not divisible by f but for which the polynomial
f is a "true"Darboux polynomial.

For a polynomial f € A let us consider the principal ideal (f) = Af of
the ring A. It can be easily shown that Af is invariant under the natural
action of N(f), i.e., N(f)(Af) C Af. If T € N(f) is an arbitrary element
then the restriction 7 of T on A f is a derivation on Af. All such restrictions
form a subalgebra N(f) of the Lie algebra Derg Af. One can easily show that
N (f) = N(f). The next result provides another realization of the Lie algebra
N(f) € Wa(K).

Proposition 3. The Lie algebra ]V(f) is isomorphic to a subalgebra of the
semidirect sum W, (K) < A.

Proof. Let T € N(f) and T(f) = Af for some A € A. Define a map ¢ :
]V(f) — Wy (K) LA by the rule: o(T') = T+A. One can easily check that ¢ is an
injective K-linear map. Let us show that ¢ is a homomorphism of Lie algebras.
Indeed, for S € N(f) with S(f) = puf we have o([T, S]) = [T, S]+(T(1)—S(\))

because
[p(T), p(9)] = [T, S]+ (T'(1) — S(N))

in the Lie algebra W;,(K) < A and therefore ([T, S]) = [p(T), p(5)]; i-e., ¢
is a homomorphism of the Lie algebra N(f) onto a subalgebra of W,,(K) £ A.
The proof is complete.

FErample 1. Let f € A be a polynomial whose partial derivatives generate
the ideal (1) = A, ie., (f,,..., fs,) = A. Let us show that N(f) = fW,(K)+
Ann(f). Really, then there exist elements ay,...,a, € A such that aif], +
-4 anf,, = 1. The derivation T = ala%l 4+ an% belongs to W, (K)
and therefore fT € fW,(K) and fT(f) = f. Take any derivation S € N(f).
Let S(f) = Af for some A € A. Then

(S = MT)(f) = Af —Af =0

and therefore S — A\fT € Ann(f). This implies the equality N(f) = fW,(K)+
Ann(f).

Let D € W,(K). Then the centralizer C(D) = Chy, )(D) is obviously
a subalgebra of the normalizer N(D) of the derivation D in W, (K) (recall
that N(D) = {T € W,(K) | [T, D] = AD for some A € A}). Centralizers of
elements from W, (K) were studied by many authors (see, for example [1],
[2]). Note that neither N(D) nor C(D) is a submodule of the (left) A-module
W, (K).

Lemma 4. N(D) is a subalgebra of W,,(K) and AD is an ideal of N (D).
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Proof. If T, S € N(D), with [T, D] = AD and [S, D] = uD for some A, u € A.
Then obviously a1 4 S € N(D) for arbitrary «, 8 € K. Moreover,

[[Tv S]vD} = [[Tv D],S] + [T? [S7D]] = [)\D,S] + [Ta ,“D] = (T(u) — S(A\)D

and therefore [S, D] € N(D). Thus N(D) is a subalgebra of the Lie algebra
W, (K). Analogously one can show that AD is an ideal of the Lie algebra N (D).
The proof is complete.

The proof of the following result can be obtained in a manner analogous
to that of Proposition 3.

Proposition 4. Let D € W, (K) and let N(D) be the normalizer of D in
W,(K). Then the restriction N(D) of N(D) on the ideal AD is isomorphic to
a subalgebra of the Lie algebra W,,(K) £ A.

The authors would like to thank the anonymous referee for carefully reading
and giving some useful comments which helped to improve the paper.

References

1. Bedratyuk L.P., Chapovsky Ie.Yu., Petravchuk A.P.: Centralizers of linear and
locally nilpotent derivations. Ukrainian Math. J., 2023; 75(8): pp. 1043-1052. (in
Ukrainian) doi:10.3842/umzh.v75i8.7529

2. Chapouvskyi Y., Efimov D., Petravchuk A.: Centralizers of elements in
Lie algebras of vector fields with polynomial coefficients. Proceedi-
ngs of the International Geometry Center, 2021; 14(4): pp. 257-270.
doi.org/10.15673/tmgc.v14i4.2153

3. Li Jiantao, Du Xiankun: Pairwise Commuting Derivations of Polynomial
Rings. Linear Algebra and its Applications, 2012; 436(7): pp. 2375-2379.
doi.org/10.1016/j.1aa.2011.10.007

4.  Llibre Jaume, Zhang Xiang: Darboux theory of integrability in C”, taking into
account the multiplicity. Journal of Differential Equations, 2009; 246(2): pp. 541—
551. doi.org/10.1016/j.bulsci.2009.06.002

5. Andrzej J. Maciejewski, Maria Przybylska: Darboux polynomials and first
integrals of natural polynomial Hamiltonian systems. Physics Letters A, 2004;
326(3-4): pp. 219-226. doi.org/10.1016/j.physleta.2004.04.034

6. Nowicki A.: Polynomial derivations and their rings of constants. Uniwersytet
Mikolaja Kopernika, Torun, 1994.

7. Nowicki A., Nagata M.: Rings of constants for k-derivations in k[z1,...,z,]. J.
Math. Kyoto Univ., 1988; 28(1): pp. 111-118.

8. Petravchuk A.P., Iena O.G.: On centralizers of elements in the Lie algebra of the
special Cremona group SAs(K). J. Lie Theory, 2006; 16(3): pp. 561-567.

Received: 10.04.2024. Accepted: 19.06.2024

100



