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Action of derivations on polynomials and on

Jacobian derivations

Abstract. Let K be a �eld of characteristic zero, A := K[x1, x2] the
polynomial ring and W2(K) the Lie algebra of all K-derivations on A.
Every polynomial f ∈ A de�nes a Jacobian derivation Df ∈ W2(K) by
the rule Df (h) = det J(f, h) for any h ∈ A, where J(f, h) is the Jacobi
matrix for f, h. The Lie algebra W2(K) acts naturally on A and on itself
(by multiplication). We study relations between such actions from the
viewpoint of Darboux polynomials of derivations fromW2(K). It is proved
that for a Jordan chain T (f1) = λf1 + f2, ..., T (fk−1) = λfk−1 + fk,
T (fk) = λfk for a derivation T ∈ W2(K) on A there exists an analogous
chain [T,Df1 ] = (λ − div T )Df1 + Df2 , ..., [T,Dfk ] = (λ − div T )Dfk in
W2(K). In case A := K[x1, . . . , xn], the action of normalizers of elements
f from A in Wn(K) on the principal ideals (f) is considered.

Key words: Lie algebra, Jacobian derivation, centralizer, normalizer,
annihilator

Àíîòàöiÿ. Íåõàé K ïîëå õàðàêòåðèñòèêè 0, A := K[x1, x2] êiëüöå ìíî-
ãî÷ëåíiâ, àW2(K) àëãåáðà Ëi âñiõ K-äèôåðåíöiþâàíü êiëüöÿ A. Êîæåí
ìíîãî÷ëåí f ∈ A âèçíà÷à¹ ÿêîáiàííå äèôåðåíöiþâàííÿ Df ∈W2(K) çà
ïðàâèëîì Df (h) = det J(f, h) äëÿ áóäü-ÿêîãî h ∈ A, äå J(f, h) ìàòðèöÿ
ßêîái äëÿ f, h. Àëãåáðà Ëi W2(K) ïðèðîäíèì ÷èíîì äi¹ íà A i ñàìà íà
ñîái (ìíîæåííÿì). Âèâ÷àþòüñÿ çâ'ÿçêè ìiæ òàêèìè äiÿìè ç òî÷êè çîðó
ìíîãî÷ëåíiâ Äàðáó äèôåðåíöiþâàíü ç W2(K). Äîâåäåíî, ùî äëÿ æîð-
äàíîâîãî ëàíöþãà T (f1) = λf1 + f2, ..., T (fk−1) = λfk−1 + fk, T (fk) =
λfk äëÿ äèôåðåíöiþâàííÿ T ∈W2(K) êiëüöÿ A iñíó¹ àíàëîãi÷íèé ëàí-
öþã [T,Df1 ] = (λ − div T )Df1 + Df2 , ..., [T,Dfk ] = (λ − div T )Dfk â
W2(K). Ó âèïàäêó A := K[x1, . . . , xn] ðîçãëÿíóòà äiÿ íîðìàëiçàòîðiâ
åëåìåíòiâ f ç A â Wn(K) íà ãîëîâíi iäåàëè (f).

Êëþ÷îâi ñëîâà: àëãåáðà Ëi, ÿêîáiàííå äèôåðåíöiþâàííÿ, öåíòðàëi-
çàòîð, íîðìàëiçàòîð, àíiãiëÿòîð

MSC2020: Pri 17B66, Sec 17B80, 12H05

1. Introduction

Let K be an arbitrary �eld of characteristic zero, A := K[x1, . . . , xn] the
polynomial ring, and R := K(x1, . . . , xn) the �eld of rational functions in n
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variables. Let us recall that aK-derivationD on A is aK-linear mapD : A→ A
such that D(fg) = D(f)g + fD(g) for any f, g ∈ A. The vector space Wn(K)
(over K) of all K-derivation is a Lie algebra with respect to the Lie bracket
[D1, D2] = D1D2 − D2D1, D1, D2 ∈ Wn(K). Every element D ∈ Wn(K) can
be uniquely written in the form

D = f1
∂

∂x1
+ · · ·+ fn

∂

∂xn
, fi ∈ A,

i.e. Wn(K) is a free module of rank n over A.

We study the natural action of elements D from Wn(K) on polynomials
from A and on Wn(K) itself (by multiplication) from the viewpoint of "ei-
genvectors"with polynomial "eigenvalues". Recall that a polynomial f ∈ A
is a Darboux polynomial for a derivation D ∈ Wn(K) if D(f) = λf for
some λ ∈ A, the polynomial λ is called a cofactor for D. For a derivation
D = f1

∂
∂x1

+ · · · + fn
∂
∂xn

one can consider an autonomous system of ODE of
the form

dx1

dt
= f1(x1, . . . , xn), . . . ,

dxn
dt

= fn(x1, . . . , xn)

and Darboux polynomials for D are very useful for searching solutions of this
system (see, for example, [4], [5]).

First, we consider the Lie algebra W2(K) and denote for convenience
A = K[x, y]. Let f ∈ A, f 6= 0. The polynomial f de�nes a derivation
Df ∈W2(K) by the rule: Df (h) = detJ(f, h) for any h ∈ K[x, y] (here J(f, h)
is the Jacobi matrix for f and h). The derivationDf is called the Jacobian deri-
vation associated with the polynomial f . Note that all the Jacobian derivations
form a subalgebra of W2(K) which coincides with the subalgebra sa2(K) consi-
sting of all divergence-free derivations. If for some derivation T ∈W2(K) there
exists a Jordan chain consisting of polynomials

T (f1) = λf1 + f2, . . . , T (fk−1) = λfk−1 + fk, T (fk) = λfk

for some λ ∈ K, k ≥ 1 then we prove (Theorem 1) that there is an analogous
chain in W2(K) of the form

[T,Df1 ] = (λ− div T )Df1 +Df2 , [T,Df2 ] = (λ− div T )Df2 +Df3 , . . . ,

[T,Dfk ] = (λ− div T )Dfk .

The subalgebra sa2(K) is not an ideal of W2(K) (the latter is a simple Lie
algebra), so it is interesting to know when the product [T,Df ] belongs to sa2(K)
for an element T ∈W2(K). It was proved in Propostion 2 that [T,Df ] ∈ sa2(K)
if and only if div T = ϕ(p) for some polynomial ϕ(t) ∈ K[t] and a closed
generative polynomial p for f .

The second part of the paper is devoted to studying normalizers of
polynomials and derivations under the action of Wn(K) on A and on itself (by
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multiplication) respectively. We consider for any f ∈ A the "normalizer"N(f)
in Wn(K) of the form

N(f) = {T ∈Wn(K) | T (f) = λf for some λ ∈ A} ,

i.e. N(f) is the set of all the derivations for which f is a Darboux polynomial.
This normalizer acts on the principal ideal (f) = Af of the ring A and the
restriction of the Lie algebra N(f) on Af is characterized in Proposition 3.
Analogously for any D ∈ Wn(K), one can consider the normalizer of D in
Wn(K) of the form

N(D) = {T ∈Wn(K) | [T,D] = λD for some λ ∈ A}

(N(D) is obviously the usual normalizer of the subalgebra AD in the Lie
algebra Wn(K)). An analogous characterization of N(D) is pointed out in
Proposition 4. Note that using the main result of [3] one can easily prove the
next statement: if L is an abelian subalgebra ofWn(K) satisfying the conditions
dimKL = n, AL 6= Wn(K), then L is contained in a subalgebra N(f) for some
nonconstant polynomial f ∈ A.

We use standard notations. If D ∈W2(K), D = P (x, y) ∂
∂x +Q(x, y) ∂∂y , the

divergence of D is as usual divD = P ′x+Q′y. If T ∈W2(K) is a divergence-free
derivation, then T is a Jacobian derivation (see, for example, [6]). A polynomial
f ∈ K[x, y] is called a closed polynomial if the subalgebra K[f ] is integrally
closed in the polynomial algebra K[x, y]. For any polynomial f ∈ K[x, y] there
exists a closed polynomial p(x, y) such that f = ϕ(p) for some polynomial ϕ ∈
K[x, y]. This polynomial p(x, y) will be called a generative closed polynomial
for f(x, y) (see, for example, [8], [7]). If L ⊆ Wn(K) is a subalgebra, then the
rank of L over A is the dimension dimRRL, notation rkA L. Let Wn(K) i A
denote the semidirect sum of the Lie algebra Wn(K) and of the abelian Lie
algebra A = K[x1, . . . , xn] with the natural action of Wn(K) on A. Then the
multiplication rule for elements T+f , S+g from the semidirect sumWn(K)iA
is as follows

[T + f, S + g] = [T, S] + T (g)− S(f),

where T, S ∈Wn(K), f, g ∈ A.

2. Action of derivations on polynomials and on Jacobian
derivations

We study the interrelationship between the actions of derivations T from
W2(K) on A and on W2(K) (via multiplication). The statement of the next
lemma can be checked immediately.

Lemma 1. (See, for example, [6], [8].) Let D1, D2 ∈Wn(K) and a, b ∈ A.
Then

1) [aD1, bD2] = aD1(b)D2 −D2(a)bD1 + ab[D1, D2]
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2) If f is a Darboux polynomial for D ∈ Wn(K), then an arbitrary divisor
of f is also a Darboux polynomial for the derivation D.

3) A derivation D ∈ W2(K) is a Jacobian derivation if and only if it is
divergence-free.

4) If f ∈ A is a nonzero polynomial, then KerDf = K[p], where p is a
closed generative polynomial for the polynomial f .

Proposition 1. Let T ∈ W2(K), f ∈ K[x, y] and T (f) = g for some
polynomial g ∈ K[x, y]. Then [T,Df ] = (−div T )Df + Dg. And conversely, if
[T,Df ] = (−div T )Df +Dg for some g ∈ A, then T (f) = g+ c for some c ∈ K.

Proof. Write down the derivation T in the form: T = P ∂
∂x + Q ∂

∂y for some
P,Q ∈ K[x, y]. Then by conditions of the lemma we have

Pf ′x +Qf ′y = g. (2.1)

The partial derivatives of (2.1) with respect to x and y are, respectively:

P ′xf
′
x + Pf ′′x2 +Q′xf

′
y +Qf ′′yx = g′x, (2.2)

P ′yf
′
x + Pf ′′xy +Q′yf

′
y +Qf ′′y2 = g′y. (2.3)

Write down the product [T,Df ] in the form:

[T,Df ] =
(
P ′xf

′
y − P ′yf ′x − Pf ′′yx −Qf ′′y2

) ∂

∂x

+
(
Pf ′′x2 +Qf ′′xy +Q′xf

′
y −Q′yf ′x

) ∂
∂y
.

(2.4)

Rewrite (2.2) and (2.3) in the form:

Pf ′′x2 +Q′xf
′
y +Qf ′′yx = g′x − P ′xf ′x, (2.5)

−P ′yf ′x − Pf ′′xy −Qf ′′y2 = −g′y +Q′yf
′
y. (2.6)

Replace in the coe�cient of ∂
∂x in (2.4) the last three summands by

−g′y + Q′yf
′
y from (2.6) and analogously in the coe�cient of ∂

∂y the �rst three

summands replace by g′x − P ′xf ′x from (2.5). Then we get after replacing

[T,Df ] =
(
P ′xf

′
y +Q′yf

′
y − g′y

) ∂

∂x
+
(
g′x − P ′xf ′x −Q′yf ′x

) ∂
∂y
.

The last equality can be written in the form

[T,Df ] =
(
(div T )f ′y − g′y

) ∂

∂x
+
(
g′x − f ′x(div T )

) ∂
∂y

= (−div T )Df +Dg.

Now let [T,Df ] = div TDf + Dg for some g ∈ A. Denote h = T (f). Then
by the �rst part of the proposition we have [T,Df ] = (−div T )Df + Dh.
Subtracting the second equality from the �rst one we get Dg − Dh = 0. The
later means that g − h = c ∈ K. The proof is complete.
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Corollary 1. Let T ∈W2(K) and let polynomials f1, f2, . . . , fk satisfy the
equalities:

T (f1) = f2, T (f2) = f3, . . . , T (fk−1) = fk.

Then for the corresponding Jacobian derivations it holds:

[T,Df1 ] = (−div T )Df1 +Df2 , [T,Df2 ] = (−div T )Df2 +Df3 , . . . ,

[T,Dfk−1
] = (−div T )Dfk−1

+Dfk . (2.7)

In particular, if T (f) = 0, then [T,Df ] = −div TDf .

The next result shows that for any Jordan chain in K[x, y] under the action
of a derivation D there is a corresponding analog for the action of D onW2(K).

Theorem 1. Let T ∈W2(K) acts on polynomials f1, . . . fk by the rule

T (f1) = λf1 + f2, . . . , T (fk−1) = λfk−1 + fk, T (fk) = λfk

for some λ ∈ K, k ≥ 1. Then the equalities hold:

[T,Df1 ] = (λ− div T )Df1 +Df2 , [T,Df2 ] = (λ− div T )Df2 +Df3 , . . . ,

[T,Dfk ] = (λ− div T )Dfk .

Proof. By Proposition 1, [T,Df1 ] = (−div T )Df1 + Dλf1+f2 . But Dλf1+f2 =
Dλf1 +Df2 . Note that Dλf1 = λDf1 , because λ ∈ K. Therefore

[T,Df1 ] = (−div T )Df1 + λDf1 +Df2 = (λ− div T )Df1 +Df2 .

Analogously one can prove other equalities.
As a corollary from the previous results we get a condition for a product

[T,Df ], T ∈W2(K), Df ∈ sa2(K) to belong to sa2(K).

Proposition 2. Let T ∈ W2(K), f ∈ K[x, y], and let p(x, y) be a closed
generative polynomial for f . The product [T,Df ] belongs to sa2(K) if and only
if div T = ϕ(p) for some polynomial ϕ(t) ∈ K[t].

Proof. Let [T,Df ] ∈ sa2(K). By Proposition 1,

[T,Df ] = (−div T )Df +Dg, where g = T (f).

The latter equality implies that (−div T )Df ∈ sa2(K). Then by Lemma 1,
div((−div T )Df ) = 0 and therefore Df (−div T ) = 0, i.e., div T ∈ KerDf .
Since KerDf = K[p] (by Lemma 1), we get the equality div T = ϕ(p) for some
polynomial ϕ(t) ∈ K[p].

Conversely, let div T = ϕ(p) for a polynomial ϕ(t) ∈ K[t]. Then
(−div T )Df ) = −ϕ(p)Df = Dψ(p) for a polynomial ψ(t) ∈ K[t]. But then

[T,Df ] = Dψ(p) +Dg = Dψ(p)+g ∈ sa2(K).

The proof is complete.
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3. Annihilators and normalizers of polynomials in Wn(K)

For a polynomial f ∈ A let us de�ne the annihilator of f in Wn(K) to be
the set

Ann(f) = {T ∈Wn(K) | T (f) = 0} .

Lemma 2. Let f ∈ A \ K. Then the annihilator Ann(f) is a subalgebra
of the Lie algebra Wn(K) and a submodule of the (left) A-module Wn(K) with
rkA Ann(f) = n− 1.

Proof. One can easily verify that Ann(f) is a subalgebra of Wn(K) and a
submodule of the A-module Wn(K). Let us show that rkA Ann(f) = n − 1.
We can enlarge the set {f} to a transcendence basis (over K) of the form
f1 = f, f2, . . . , fn of the �eld of rational functions R = K(x1, . . . , xn). Let L
be the sub�eld of R generated by the polynomials f1, f2, . . . , fn. De�ne on L
derivations D2, . . . , Dn by the rule:

Di(h) = detJ(h, f, f2, . . . , f̂i, . . . , fn), i = 2, . . . , n

where f̂i denotes the removed term from the Jacobi matrix. Obviously, f ∈
KerDi, i = 2, . . . , n. Let us extend the derivations Di on the �eld R and
denote this extension by Di, i = 2, . . . , n. Then

Di =

n∑
j=1

g
(i)
j

∂

∂xi
, i = 2, . . . , n,

for some rational functions g
(i)
j ∈ R. Let g

(i)
j = c

(i)
j /d

(i)
j for some polynomials

c
(i)
j , d

(i)
j ∈ A. Let us denote di =

∏n
j=1 d

(i)
j . Then obviously diDi ∈Wn(K) and

diDi(f) = 0, i = 2, . . . , n. It can be easily checked that the derivations d2D2,
. . . , dnDn are linearly independent over the �eld R. Therefore rkA Ann(f) ≥
n − 1. But this rank does not exceed n − 1, because otherwise Ann(f) =
Wn(K) and therefore f ∈ K which contradicts our assumption. The proof is
complete.

Lemma 3. For any f ∈ A, the normalizer N(f) is a subalgebra of the
Lie algebra Wn(K) and a submodule of the A-module Wn(K). The annihilator
Ann(f) is a subalgebra of N(f) but not in general an ideal of N(f). The subset
fWn(K) is an ideal of the Lie algebra N(f).

Proof. It is easy to see that N(f) is a subalgebra of Wn(K) and a submodule
of Wn(K). Since fWn(K) is obviously contained in N(f) and rkA fWn(K) = n
we get rkAN(f) = n. Let us show that fWn(K) is an ideal of N(f). Let
S ∈ fWn(K) and T ∈ Wn(K) be arbitrary elements. Then S = fS1 for some
S1 ∈Wn(K) and T (f) = λf for some λ ∈ A. Then we have [T, S] = [T, fS1] =
T (f)S1 + f [T, S1] = λfS1 + f [T, Si] ∈ fWn(K) and therefore fWn(K) is an
ideal of the subalgebra N(f).
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Remark 1. The factor-algebra N(f)/fWn(K) can be considered as a Lie
algebra of derivations that are not divisible by f but for which the polynomial
f is a "true"Darboux polynomial.

For a polynomial f ∈ A let us consider the principal ideal (f) = Af of
the ring A. It can be easily shown that Af is invariant under the natural
action of N(f), i.e., N(f)(Af) ⊆ Af . If T ∈ N(f) is an arbitrary element
then the restriction T̂ of T on Af is a derivation on Af . All such restrictions
form a subalgebra N̂(f) of the Lie algebra DerKAf . One can easily show that
N̂(f) ' N(f). The next result provides another realization of the Lie algebra
N(f) ⊆Wn(K).

Proposition 3. The Lie algebra N̂(f) is isomorphic to a subalgebra of the
semidirect sum Wn(K) iA.

Proof. Let T ∈ N̂(f) and T (f) = λf for some λ ∈ A. De�ne a map ϕ :
N̂(f)→Wn(K)iA by the rule: ϕ(T ) = T+λ. One can easily check that ϕ is an
injective K-linear map. Let us show that ϕ is a homomorphism of Lie algebras.
Indeed, for S ∈ N̂(f) with S(f) = µf we have ϕ([T, S]) = [T, S]+(T (µ)−S(λ))
because

[ϕ(T ), ϕ(S)] = [T, S] + (T (µ)− S(λ))

in the Lie algebra Wn(K) i A and therefore ϕ([T, S]) = [ϕ(T ), ϕ(S)], i.e., ϕ
is a homomorphism of the Lie algebra N̂(f) onto a subalgebra of Wn(K) iA.
The proof is complete.

Example 1. Let f ∈ A be a polynomial whose partial derivatives generate
the ideal (1) = A, i.e., (f ′x1

, . . . , f ′xn) = A. Let us show that N(f) = fWn(K)+
Ann(f). Really, then there exist elements a1, . . . , an ∈ A such that a1f

′
x1

+

· · · + anf
′
xn = 1. The derivation T = a1

∂
∂x1

+ · · · + an
∂
∂xn

belongs to Wn(K)
and therefore fT ∈ fWn(K) and fT (f) = f . Take any derivation S ∈ N(f).
Let S(f) = λf for some λ ∈ A. Then

(S − λfT )(f) = λf − λf = 0

and therefore S−λfT ∈ Ann(f). This implies the equality N(f) = fWn(K)+
Ann(f).

Let D ∈ Wn(K). Then the centralizer C(D) = CWn(K)(D) is obviously
a subalgebra of the normalizer N(D) of the derivation D in Wn(K) (recall
that N(D) = {T ∈ Wn(K) | [T,D] = λD for some λ ∈ A}). Centralizers of
elements from Wn(K) were studied by many authors (see, for example [1],
[2]). Note that neither N(D) nor C(D) is a submodule of the (left) A-module
Wn(K).

Lemma 4. N(D) is a subalgebra of Wn(K) and AD is an ideal of N(D).
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Proof. If T, S ∈ N(D), with [T,D] = λD and [S,D] = µD for some λ, µ ∈ A.
Then obviously αT + βS ∈ N(D) for arbitrary α, β ∈ K. Moreover,

[[T, S], D] = [[T,D], S] + [T, [S,D]] = [λD, S] + [T, µD] = (T (µ)− S(λ))D

and therefore [S,D] ∈ N(D). Thus N(D) is a subalgebra of the Lie algebra
Wn(K). Analogously one can show that AD is an ideal of the Lie algebra N(D).
The proof is complete.

The proof of the following result can be obtained in a manner analogous
to that of Proposition 3.

Proposition 4. Let D ∈ Wn(K) and let N(D) be the normalizer of D in
Wn(K). Then the restriction N(D) of N(D) on the ideal AD is isomorphic to
a subalgebra of the Lie algebra Wn(K) iA.

The authors would like to thank the anonymous referee for carefully reading
and giving some useful comments which helped to improve the paper.
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