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Kolmogorov-type inequalities for
hypersingular integrals with homogeneous
characteristics

Abstract. In this article we obtain sharp Kolmogorov-type inequalities
that estimate the uniform norm of a hypersingular integral operator

Dw,Ω
K f(x) :=

∫
C

w(|t|K)(f(x+ t)− f(x))Ω(t)dt, x ∈ C,

using the uniform norm of the function f and either the norm ‖f‖Hω
K

(C)

determined by a modulus of continuity ω, or the weighted integral norm
‖Ω

1
p · |∇f |K◦‖Lp(C) of the gradient ∇f . Here C is a convex cone in Rd,

d ≥ 2, Ω: C → R is a non-negative homogeneous of degree 0 locally
integrable function, w : (0,∞) → [0,∞) is some weight function, | · |K is
an arbitrary norm in Rd, | · |K◦ is its polar norm, and p ∈ (d,∞].
Key words: Kolmogorov-type inequality, hypersingular integral operator,
modulus of continuity

Анотацiя. Ми доводимо точну нерiвнiсть типу Колмогорова, яка оцi-
нює рiвномiрну норму гiперсингулярного iнтегрального оператора

Dw,Ω
K f(x) :=

∫
C

w(|t|K)(f(x+ t)− f(x))Ω(t)dt, x ∈ C,

за допомогою рiвномiрної норми функцiї f , а також норми ‖f‖Hω
K

(C),
що визначається модулем неперервностi ω, або вагової iнтегральної
норми ‖Ω

1
p · |∇f |K◦‖Lp(C) градiєнта ∇f . Тут C — опуклий конус у

Rd, d ≥ 2, Ω: C → R — це невiд’ємна однорiдна степеня 0 локально
iнтегровна функцiя, w : (0,∞)→ [0,∞) — деяка вагова функцiя, | · |K
— довiльна норма у Rd, | · |K◦ — її полярна норма, i p ∈ (d,∞].
Ключовi слова: Нерiвнiсть типу Колмогорова, гiперсингулярний iн-
тегральний оператор, модуль неперервностi
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1. Introduction

Inequalities for derivatives is an important topic in approximation theory.
It has a rich more than century-long history and is still actively researched.
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We refer to [6] for many results related to the Kolmogorov-type inequalities
for univariate functions and the derivatives of integer orders. Kolmogorov-type
inequalities for multivariate functions for derivatives of both integer and fracti-
onal orders were also heavily studied. A survey on Kolmogorov-type inequalities
for fractional derivatives for functions of one and many variables is contained
in [11, Chapter 2].

For x, y ∈ Rd denote by (x, y) the dot product of x and y. Let K ⊂ Rd
be an open convex symmetric with respect to the origin θ bounded set with
θ ∈ intK. Denote by K the family of all such sets K. For K ∈ K and x ∈ Rd
denote by |x|K the norm of x generated by the set K, i.e.,

|x|K := inf{λ > 0: x ∈ λK}.

If K is the unit ball in Rdp i.e.,

K =

{
(x1, . . . , xd) ∈ Rd :

{∑d
k=1 |xk|p ≤ 1, p ∈ [1,∞)

maxk=1,...,d |xk| ≤ 1, p =∞

}

then we write | · |p instead of |x|K .
A set C ⊂ Rd is called a cone, if x ∈ C =⇒ λx ∈ C for all λ > 0. By C

we denote the set of all open convex cones in Rd.
For R > 0, BR denotes the Euclidean ball with center at the origin θ of Rd.

By Sd−1 we denote the unit Euclidean sphere in Rd with the center θ. Let a
set C ∈ C be given, and Ω: C → R be a non-negative homogeneous of degree
0 (i.e., Ω(λx) = Ω(x) for all λ > 0 and x ∈ C) integrable on C ∩ Sd−1 with
respect to the spherical measure function. This function Ω will be referred to
as a non-negative characteristic.

In this article for a setK ∈ K, cone C ∈ C and a non-negative characteristic
Ω we consider the following integral operator

Dw,Ω
K f(x) :=

∫
C
w(|t|K)(f(x+ t)− f(x))Ω(t)dt, x ∈ C, (1)

where w : (0,∞) → R is some non-negative weight; precise definitions for the
classes of function where Dw,Ω

K is defined and conditions on the functions w
and Ω will be given later. Note that in the case when K is the Euclidean unit
ball in Rd, Ω ≡ 1, C = Rd and w(t) = t−(d+α), 0 < α < 1, we obtain the Riesz
derivative Dα of order α, see [14, §26.7].

The goal of this article is to obtain sharp Kolmogorov-type inequalities that
estimate the uniform norm ‖Dw,Ω

K f‖L∞(C) via the uniform norm ‖f‖L∞(C) of
the function f and either an Hω-norm of the function f , or an integral norm
of the gradient ∇f , which is understood in the distributional sense.

In [4] the univariate case d = 1 with C = (0,∞), w(t) = t−(1+α),
α ∈ (0, 1), Ω ≡ 1, K = (−1, 1) was considered. In this case operator Dw,Ω

K

becomes the Marchaud (see e.g. [14, §5.4]) fractional derivative, and a sharp
Kolmogorov-type inequality that estimates ‖Dw,Ω

K f‖L∞(R) via ‖f‖L∞(R) and
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‖f‖Hω(R) was obtained. In the same situation, a sharp inequality that estimates
‖Dw,Ω

K f‖L∞(R+) via ‖f‖L∞(R+) and ‖f ′‖Ls(R+), 1 < s < ∞, 0 < α < 1 − 1
s , is

contained in [11, §2.4].
In the case when C = Rd, K = B1, and w(t) = t−(d+α), a sharp inequali-

ty that estimates ‖Dw,Ω
K f‖L∞(Rd) via ‖f‖L∞(Rd) and ‖f‖Hω(Rd), where the

modulus of continuity ω is such that
∫ 1

0
ω(t)
t1+αdt converges, was obtained in [5].

In the case when C = Rd, K = B1, and w(t) = t−(d+α), a sharp inequality
that estimates ‖Dw,Ω

K f‖L∞(Rd) via ‖f‖L∞(Rd) and ‖|Ω
1
s · ∇f |2‖Ls(Rd), s > d,

0 < α < 1 − d
s is contained in [12]. The corresponding result for Ω ≡ 1 was

obtained earlier in [7].
Finally, the case when Ω ≡ 1 and the cone C is generated by a finite set of

points was considered in [3]. In this article we further refine the results from [3]
in several directions: first of all, we allow Ω to be non-unit, and the cone C to
be an arbitrary convex cone; moreover, we remove the additional conditions
imposed in [3] on the weight w for the case, when K is not a polytope (by
a polytope we mean the convex hull of a finite number of points). We also
generalize the results of [5] by allowing C to be an arbitrary convex cone, K to
be a unit ball of an arbitrary norm in Rd, and weight w to belong to a rather
large set of functions.

The article is organized as follows. In Section 2 we give necessary definitions
and notations, and prove several auxiliary technical results. In Section 3 we
prove two Ostrowski-type inequalities. These inequalities on the one hand have
independent interest on their own, and on the other hand are a crucial step in
the proofs of the Kolmogorov-type inequalities. Finally, in Section 4, we prove
Kolmogorov-type inequalities, which are the main results of this paper.

2. Definitions, notations and auxiliary facts

For a set K ∈ K, denote by K◦ its polar set (see e.g. [13, Section 14]),

K◦ =

{
y ∈ Rd : sup

x∈K
(x, y) ≤ 1

}
.

It is well known that

|z|K◦ = sup{(x, z) : |x|K ≤ 1}.

In particular for all x, y ∈ Rd (see e.g., [13, Section 15]), (x, y) ≤ |x|K · |y|K◦ .
From the definition of the set K◦ it also follows that |y|K◦ = 1 =⇒
supx∈K(x, y) = 1.

A d − 1 dimensional hyperplane α is called a supporting hyperplane for a
convex set K, if K is contained in one of the two closed half-spaces generated
by α, and α ∩ ∂K 6= ∅. A supporting hyperplane α of a convex set K is called
a tangent hyperplane at x ∈ ∂K, if x ∈ α and there is only one supporting
hyperplane of the set K that contains x.

23



V. F. BABENKO, O. V. KOVALENKO, N. V. PARFINOVYCH

Lemma 1. Let K ∈ K, α be a supporting hyperplane of K, δ be the distance
between α and the origin θ, and n be the unit (i.e., |n|2 = 1) external normal
of α. Then |n|K◦ = δ. In particular, this equality holds if K is a polytope and
α contains a face γ of K.

Proof. By definition, K lies on one side of the hyperplane α, hence

|n|K◦ = sup{(x, n) : |x|K ≤ 1} ≤ δ.

On the other hand, if y ∈ α ∩ ∂K, and {ym} ⊂ K is a sequence of points
converging to y, then |ym|K → 1 and (ym, n)→ δ as m→∞.

The following consequence of the coarea (see e.g. [8, Theorem 3.2.12])
formula will be needed. This result essentially is contained in [3].

Lemma 2. Let C ∈ C, K ∈ K be a polytope, γ be a face of K ∩ C that
does not contain the origin θ and δ be the distance between θ and the plane
that contains γ. For (a, b) ⊂ (0,∞) set Γ :=

⋃
λ∈(a,b) λγ. For all integrable

g : Γ→ R ∫
Γ
g(x)dx = δ

∫ b

a
ρd−1

∫
γ
g(ρy)dydρ.

Proof. Let n be the unit external normal of the face γ. Consider the function
u(x) = 1

δ (n, x). Then |∇u(x)|2 = 1
δ for all x ∈ Rd, γ ⊂ {x ∈ Rd : u(x) = 1},

and using the coarea formula we obtain∫
Γ
g(x)dx = δ

∫
Γ
g(x)|∇u(x)|2dx = δ

∫ b

a

∫
ρ·γ
g(y)dydρ

= δ

∫ b

a
ρd−1

∫
γ
g(ρz)dzdρ.

Observe that the set γ is contained in a d− 1-dimensional hyperplane and
we can integrate over the d− 1-dimensional Lebesgue measure (and write dz)
instead of the d− 1 Hausdorff measure Hd−1.

IfK ∈ K, then |·|K is a finite convex homogeneous function on Rd. Accordi-
ng to [13, Theorem 25.5] the set D ⊂ Rd of points where | · |K is differenti-
able is dense in Rd and its complement has Lebesgue measure zero. Due to
homogeneity of | · |K , Rd \ D is a cone in Rd, and hence the set ∂K \ D has
zero d−1-dimensional Hausdorff measure Hd−1. At each point x ∈ ∂K∩D the
function | · |K is differentiable, and hence K has a tangent hyperplane (with a
normal ∇|x|K). Thus Hd−1-almost everywhere on ∂K we can define a function
n that maps a point x to the external unit normal of the tangent hyperplane
of K at x.

For a convex function f by ∂f(x) we denote the subgradient of f at x i.e.,
the set of all vectors x∗ ∈ Rd such that f(z) ≥ f(x) + (x∗, z − x) for all z
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from the domain of definition of f (see e.g., [13, Section 23]). If K ∈ K is a
polytope, and x belongs to the interior of a face γ of K, then the subgradient
∂|x|K is a singleton that contains an orthogonal to γ vector; if x ∈ ∂K is not in
the interior of a face, then ∂|x|K contains vectors orthogonal to all supporting
planes of K at x, in particular it contains vectors orthogonal to each of the
adjacent to x faces of K.

Let Ω be a non-negative characteristic defined on a cone C ∈ C. From the
homogeneity of Ω it follows that for each K ∈ K, Ω is integrable on the set
K ∩ C with respect to d− 1-dimensional Hausdorff measure Hd−1.

For K ∈ K, C ∈ C and a non-negative characteristic Ω set

Ω(K,C) :=

∫
C∩∂K

|n(t)|K◦Ω(t)Hn−1(dt),

where n is the unit external normal of K. We need the following lemma.

Lemma 3. Let K ∈ K, C ∈ C, and a non-negative characteristic Ω be
given. Let {Ki} ⊂ K, be a sequence of polytopes that converges to K in the
Hausdorff metric. Then as i→∞

Ω(Ki, C)→ Ω(K,C).

Proof. The functions | · |Ki converge to | · |K uniformly on Sd−1, and due to
positive homogeneity of the support functions, pointwisely on Rd. For each
ξ ∈ Sd−1, let xi(ξ), i ∈ N, and x(ξ) be the points where the ray {λξ : λ > 0}
intersects ∂Ki and ∂K respectively. Let ε > 0 be fixed. For each ξ ∈ Sd−1 such
that | · |K is differentiable at x(ξ), applying [13, Theorem 24.5] to the sequence
{xi(ξ)}, we can find N = N(ξ) such that for all i > N one has

∂|xi(ξ)|Ki ⊂ ∂|x(ξ)|K +Bε = ∇|x(ξ)|K +Bε.

Hence if γ is a face of Ki that contains xi(ξ) and nγ ∈ ∂|xi(ξ)|Ki is its normal,
then

|nγ −∇|x(ξ)|K |2 ≤ ε. (2)

By [13, Theorem 24.7] the set G :=
⋃
x∈∂K ∂|x|K is closed. Moreover, since

the function | · |K is positively homogeneous, it does not have extrema on ∂K,
and hence 0 /∈ G. Thus G is separated from zero and due to (2) for almost all
ξ ∈ Sd−1 one has

|ni(xi(ξ))|K◦i → |n(x(ξ))|K◦ as i→∞.

Moreover, since |ni(xi(ξ))|K◦i is the distance from the origin to a hyperplane
that contains one of the faces of Ki, there exists A > 0 such that

|ni(xi(ξ))|K◦i · |xi(ξ)|
d−1
2 < A

for all ξ ∈ Sd−1 and i ∈ N. Hence the functions ξ 7→
|ni(xi(ξ))|K◦i |xi(ξ)|

d−1
2 Ω(ξ), ξ ∈ Sd−1 are majorated by an integrable on
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C ∩Sd−1 function ξ 7→ AΩ(ξ) and converge almost everywhere to the function
|n(x(ξ))|K◦ |x(ξ)|d−1

2 Ω(ξ). Thus as i→∞,∫
C∩∂Ki

|ni(s)|K◦i Ω(s)Hn−1(ds) =

∫
C∩Sd−1

|ni(xi(ξ))|K◦i |xi(ξ)|
d−1
2 Ω(ξ)dξ

→
∫
C∩Sd−1

|n(x(ξ))|K◦ |x(ξ)|d−1
2 Ω(ξ)dξ =

∫
C∩∂K

|n(t)|K◦Ω(t)Hn−1(dt),

as desired.

For 0 ≤ a < b ≤ +∞ and p ∈ [1,∞], denote by Lp(a, b) the space of all
measurable functions w : (a, b)→ R+ with finite norm

‖w‖Lp(a,b) =


(∫ b

a t
d−1wp(t)dt

)1/p
, p <∞,

ess supt∈(a,b) t
d−1w(t), p =∞.

For (a, b) ⊂ (0,∞) and K ∈ K we set

K(a, b) :=
⋃

λ∈(a,b)

λ · ∂K.

The following lemma is a key tool to prove the Ostrowski-type inequality for the
class Hω

K(K ∩C) defined in Section 3.1 (see Theorem 1 below), which in turn
is a key step in the proof of a sharp Kolmogorov-type inequality formulated in
Theorem 3.

Lemma 4. Let K ∈ K, C ∈ C, (a, b) ⊂ (0,∞), w ∈ L1(a, b) and Ω be a
non-negative characteristics. Then∫

C∩K(a,b)
w(|t|K)Ω(t)dt = Ω(K,C) · ‖w‖L1(a,b).

Proof. Assume that K is a polytope first. Let γ, Γ, δ and n be as in Lemma 2.
Using Lemmas 1 and 2 we obtain∫

Γ
w(|t|K)Ω(t)dt = δ

∫ b

a
ρd−1

∫
γ
w(|ρs|K)Ω(ρs)dsdρ

= ‖w‖L1(a,b)

∫
γ
|n|K◦Ω(s)ds.

Summing all such equalitites, we obtain the required equality.
Let K ∈ K be an arbitrary set now, and let {Ki} ⊂ K be a sequence of

polytopes that converges to K in the Hausdorff metric.
For each ξ ∈ Sd−1 set r(ξ) = sup{λ > 0: λξ ∈ K} and analogously set

ri(ξ) = sup{λ > 0: λξ ∈ Ki}. Switching to the spherical coordinates, and
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using homogeneity of Ω, we obtain∫
C∩K(a,b)

w(|t|K)Ω(t)dt−
∫
C∩Ki(a,b)

w(|t|Ki)Ω(t)dt

=

∫
C∩Sd−1

br(ξ)∫
ar(ξ)

ρd−1w

(
ρ

r(ξ)

)
Ω(ξ)dρdξ −

∫
C∩Sd−1

bri(ξ)∫
ari(ξ)

ρd−1w

(
ρ

ri(ξ)

)
Ω(ξ)dρdξ

=

∫
C∩Sd−1

Ω(ξ)

∫ b

a

(
rd(ξ)− rdi (ξ)

)
ρd−1w(ρ)dρdξ → 0 as i→∞,

since ri uniformly on C ∩ Sd−1 converges to r and hence the internal integral
tends to 0 as i → ∞ uniformly on C ∩ Sd−1. Using Lemma 3 and already
proved case of the lemma for polytopes, we obtain as i→∞∫

C∩K(a,b)
w(|t|K)Ω(t)dt =

∫
C∩Ki(a,b)

w(|t|Ki)Ω(t)dt+ o(1) =

= Ω(Ki, C) · ‖w‖L1(a,b) + o(1) = Ω(K,C) · ‖w‖L1(a,b) + o(1).

This finishes the proof of the lemma for arbitrary K ∈ K.

The following lemma is a key tool to prove Theorem 2. Note that the
techniques of its proof were gradually refined in several works. The case d = 1
is contained e.g., in [11, Theorem 4.1]. The case K = B1 is contained in [7];
note that in this case, a switch to the polar coordinate system and back can
be (and was) used instead of the arguments related to the coarea formula
(see formula (6) below). In [2] the techniques were extended to the case K =
(−1, 1)d, which has the property that ∇| · |K is piecewise-constant and has
constant Euclidean length Hd−1-almost everywhere on ∂K. Finally, in [2] this
technique was extended to polytopial sets K, for which ∂K (up to a set of
Hd−1 zero measure) can be split into a finite number of subsets with constant
Euclidean length of ∇| · |K (but the length may differ on different pieces).

Lemma 5. Let K ∈ K, C ∈ C, h > 0, Ω be a non-negative
characteristics and non-negative measurable functions f : C ∩ K(0, h) → R,
w : (0, h) → R be such that w ∈ L1(u, h) for all u ∈ (0, h), and the integral∫
C∩K(0,h) gw(|t|K)f(t)Ω(t)dt exist, where

gw : (0, h)→ R, gw(u) =
1

ud−1

∫ h

u
w(ρ)ρd−1dρ. (3)

Then∫ 1

0

∫
C∩K(0,h)

w(|s|K)|s|Kf(ρs)Ω(s)dsdρ =

∫
C∩K(0,h)

gw(|t|K)f(t)Ω(t)dt.
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Proof. Since | · |K is a convex function on Rd, by [13, Theorem 24.7] it is
Lipschitz on the unit ball B1. Since in addition | · |K is positively homogeneous,
| · |K is Lipschitz on the whole space Rd (with the same Lipschitz constant).
Thus by the Rademacher theorem, it is differentiable almost everywhere. Again
by positively homogeneity of |·|K we obtain that∇|λx|K = ∇|x|K for all λ > 0.

Let R > 0 be such that K ⊂ BR. For arbitrary θ 6= x ∈ Rd such that
∇|x|K exists, set v = x

|x|2 . Then

|∇|x|K |2 ≥ (∇|x|K , v) = lim
s→0

|x+ s · v|K − |x|K
s

≥ 1

R
. (4)

On the other hand, according to [13, Theorem 24.7] applied to the function
| · |K and S = ∂K, we obtain that there exists r > 0 such that at each point
x ∈ ∂K where | · |K is differentiable (and hence for each x ∈ Rd, where | · |K is
differentiable), one has

|∇|x|K |2 ≤
1

r
. (5)

Let A ⊂ C be an open cone. From (4) and (5) it follows that the numbers
RA and rA such that

1

RA
= inf

x
|∇|x|K |2,

1

rA
= sup

x
|∇|x|K |2

are finite and positive, where the supremum and the infimum are taken over
points x ∈ A ∩ ∂K, where | · |K is differentiable.

Applying the coarea formula, changing the order of integration, and then
again the coarea formula, we obtain

∫ 1

0

∫
A∩K(0,h)

w(|y|K)|y|Kf(ty)Ω(y)dydt

≤ RA
∫ 1

0

∫
A∩K(0,h)

w(|y|K)|y|Kf(ty)Ω(y)|∇|y|K |2dydt

= RA

∫ 1

0

∫ h

0

∫
A∩ρ∂K

w(|x|K)|x|Kf(tx)Ω(x)Hd−1(dx)dρdt
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= RA

∫ 1

0

∫ h

0

∫
A∩∂K

ρd−1w(|ρx|K)|ρx|Kf(tρx)Ω(ρx)Hd−1(dx)dρdt

= RA

∫
A∩∂K

Ω(x)

∫ h

0

∫ 1

0
ρdw(ρ)f(tρx)dtdρHd−1(dx)

= RA

∫
A∩∂K

Ω(x)

∫ h

0

∫ ρ

0
ρd−1w(ρ)f(sx)dsdρHd−1(dx)

= RA

∫
A∩∂K

Ω(x)

∫ h

0
f(sx)

∫ h

s
ρd−1w(ρ)dρdsHd−1(dx)

= RA

∫
A∩∂K

Ω(x)

∫ h

0
sd−1f(sx)gw(s)dsHd−1(dx)

= RA

∫ h

0

∫
A∩∂K

sd−1f(sx)gw(|sx|K)Ω(sx)Hd−1(dx)ds

= RA

∫
A∩K(0,h)

f(y)gw(|y|K)Ω(y)|∇|y|K |2dy

≤ RA
rA

∫
A∩K(0,h)

f(y)gw(|y|K)Ω(y)dy. (6)

This estimate in particular implies that the integral on the left-hand side of (6)
exists. Applying the same arguments, but using an estimate from below for
|∇|y|K |2 in the first inequality, and from above for |∇|y|K |2 in the second
inequality in (6), one can obtain the inequality∫ 1

0

∫
A∩K(0,h)

w(|y|K)|y|Kf(ty)Ω(y)dydt

≥ rA
RA

∫
A∩K(0,h)

f(y)gw(|y|K)Ω(y)dy. (7)

Next we fix an arbitrary ε > 0. Since |·|K is differentiable almost everywhere
in Rd, we can find an open cone Aε ⊂ Rd such that measAε ∩K < ε and | · |K
is differentiable on ∂K \Aε. Using (5) and (4) together with (6) we obtain that∫ 1

0

∫
C∩K(0,h)∩Aε

w(|y|K)|y|Kf(ty)Ω(y)dydt = o(1), ε→ 0. (8)

For the chosen ε and each x ∈ ∂K by [13, Corollary 24.5.1] we find δ(x) > 0
such that

∂|z|K ⊂ ∂|x|K +Bε ∀z : |z − x|2 < δ(x).

Thus [13, Theorem 25.1] implies that for all x ∈ ∂K \Aε

|∇|x|K −∇|z|K |2 ≤ ε∀z ∈ (K \Aε) ∩ (x+Bδ(x)). (9)

The family of open balls with center x and radius δ(x), x ∈ ∂K \Aε is an open
cover of the compact set ∂K \ Aε, and hence it has a finite subcover. Let it
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be determined by points x1, . . . , xm, m ∈ N. Let Ai be the interior of the cone
generated by the set ∂K ∩ (xi + Bδ(xi)) \ Aε, i = 1, . . . ,m, and set A1 = A1,
Ai+1 = Ai+1 \ ∪ij=1Aj , i = 1, . . . ,m− 1. From the construction it follows that
the sets C ∩K ∩Ai, i = 1, . . . ,m and C ∩K ∩Aε up to a set of zero measure
form a partition of the set C ∩K, and from (4) and (9) it follows that

1 ≤ RAi
rAi

< 1 + α(ε), i = 1, . . . ,m,

where α = o(1) as ε → 0. Thus from (6), (7) applied to each of the sets
K ∩Ai ∩ C, i = 1, . . . ,m, and (8) we obtain that as ε→ 0,

∫ 1

0

∫
C∩K(0,h)

w(|y|K)|y|Kf(ty)Ω(y)dydt

= (1 + o(1))

∫
C∩K(0,h)

f(y)gw(|y|K)Ω(y)dy + o(1),

which implies the required.

Lemma 6. Let K ∈ K and y ∈ Rd, y 6= 0 be such that | · |K is differentiable
at K. Then (y,∇|y|K) = |y|K and

|∇|y|K |K◦ = 1. (10)

Proof. We prove (10) first. According to [13, Theorem 14.5], the function |y|K
is equal to the support function of K◦. Hence all subgradient vectors of | · |K
belong to ∂K◦ in virtue of [13, Corollary 23.5.3]. Thus |∇|y|K |K◦ = 1, since
∇|y|K is the unique subgradient of | · |K at y (see [13, Theorem 25.1]).

The hyperplane orthogonal to ∇|y|K that contains y is a supporting
hyperplane of |y|K ·K, and hence (the first equality holds due to (10))

1 = sup
x∈K

(x,∇|y|K) =
1

|y|K
sup

x∈|y|K ·K
(x,∇|y|K) =

1

|y|K
(y,∇|y|K).

Lemma 7. Let K ∈ K and g be an integrable on (0, 1) function. For the
function

f : K → R, f(y) =

|y|K∫
0

g(u)du, y ∈ K

almost everywhere (more precisely, at all points y ∈ K, where ∇|y|K exists)

∇f(y) = g(|y|K) · ∇|y|K and |∇f(y)|K◦ = |g(|y|K)|. (11)
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Proof. Let ej be the j-th element of the usual basis in Rd, j = 1, . . . , d.
Assume that y ∈ K is such that ∇|y|K exists. Consider a function F (η) =∫ |y+ηej |K

0 g(u)du of real variable η. Then

∂f

∂xj
(y) = F ′(0) = g(|y|K) · (|y + ηej |K)′

∣∣
η=0

= g(|y|K)(∇|y|K , ej)

and the first equality in (11) follows. The second equality now follows from (10).

3. Ostrowski-type inequalities

For arbitrary h > 0, K ∈ K and C ∈ C, we consider the following quantity

S(f ;w,Ω, h) = S(h) =

∫
hK∩C

w(|t|K)(f(t)− f(θ))Ω(t)dt,

where f(θ) := limx→θ f(x), we assume the existence of this limit, and further
conditions on the function f and weights w and Ω will be specified later. This
quantity on the one hand is related to Ostrowski type inequalities, and on
the other hand is intimately connected to fractional derivatives. The latter
connection will be discussed in Section 4 in more details.

3.1. Classes of functions with given majorant of modulus of
continuity

Let ω be a modulus of continuity i.e., ω : [0,∞) → [0,∞) is a continuous
non-decreasing semi-additive function such that ω(0) = 0. For K ∈ K and
C ⊂ Rd we consider the space Hω

K(C) of functions f : C → R such that the
quantity

‖f‖Hω
K(C) := sup

x,y∈C,x6=y

|f(x)− f(y)|
ω(|x− y|K)

is finite. It is easy to see that all functions from Hω
K(C) are continuous.

The following theorem in the case when C = Rd, and K is the unit Eucli-
dean ball and w(t) = t−(d+α), α ∈ (0, 1), is contained in [5].

Theorem 1. Assume that a set K ∈ K, a cone C ∈ C, a weight function
w, a modulus of continuity ω, and a non-negative characteristic Ω are given.
If w · ω ∈ L1(0, h) for some h > 0, then

sup
‖f‖Hω

K
(hK∩C)≤1

S(f ;w,Ω, h) = Ω(K,C) · ‖w · ω‖L1(0,h). (12)

The supremum is attained on functions

f(t) = ±ω(|t|K) +A,A ∈ R. (13)
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Proof. For each f such that ‖f‖Hω
K(hK∩C) ≤ 1, using Lemma 4 we obtain∣∣∣∣∫

hK∩C
w(|t|K)(f(t)− f(θ))Ω(t)dt

∣∣∣∣ ≤ ∫
hK∩C

w(|t|K)ω(|t|K)Ω(t)dt

= Ω(K,C) · ‖w · ω‖L1(0,h).

Moreover, the inequality becomes equality for the functions defined in (13).
It is now enough to show that for functions (13), ‖f‖Hω

K(hK∩C) ≤ 1 (in fact
equality holds). It is sufficient to show this for the function f(t) = ω(|t|K). For
arbitrary t, s ∈ hK∩C, using semi-additivity and monotonicity of ω we obtain

|f(t)− f(s)| = |ω(|t|K)− ω(|s|K)| ≤ ω(||t|K − |s|K |) ≤ ω(|t− s|K),

as desired.

3.2. Classes of functions with restriction on their gradient

For p ∈ [1,∞] and an open set Q ⊂ Rd, we consider the Sobolev class
W 1,p(Q) that consists of all functions f ∈ Lp(Q) such that all their parti-
al derivatives (understood in the distributional sense) belong to Lp(Q) (see
e.g. [10, Section 6.7]). We also consider the classes W 1,p

loc (Q) of functions that
belong to W 1,p(T ) for each compact set T ⊂ Q.

We need the following lemma, which follows from the results in [10, Chapter
6.9].

Lemma 8. Suppose Q ⊂ Rd is an open convex set, f ∈ W 1,1
loc (Q) and

x, y ∈ Q. Then

f(y)− f(x) =

1∫
0

(y − x,∇f [(1− t)x+ ty]) dt.

For a cone C ∈ C, a non-negative characteristic Ω: C → R, and an open
set Q ⊂ C that contains θ in its closure, by LΩ

∞,p(Q) we denote the class of

continuous at θ functions f ∈ L∞(Q) such that for all i = 1, . . . , d, Ω
1
p · f ′xi ∈

Lp(Q). Due to equivalence of finite-dimensional norms, for each K ∈ K and
f ∈ LΩ

∞,p(Q) one has Ω
1
p · |∇f |K◦ ∈ Lp(Q). It is easy to see that LΩ

∞,p(Q) ⊂
W 1,1

loc (Q), and hence Lemma 8 holds for all functions f ∈ LΩ
∞,p(Q), provided Q

is convex.
For h > 0 and p ∈ [1,∞] denote by Wp(0, h) the space of all non-negative

functions w : (0, h) → R such that w ∈ L1(u, h) for all u ∈ (0, h) and the
function gw defined in (3) belongs to Lp(0, h). If a non-zero weight w belongs
to Wp′(0, h), then the integral

∫ h
0 u

(d−1)(1−p)dt converges, which happens only
for p > d.
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Observe that for a convex bounded set Q, an embedding of the class
W 1,p(Q) into the space of bounded continuous on Q functions holds, see [1,
Chapter 4]. Hence in the case Ω ≡ 1, the class LΩ

∞,p(Q) consists of continuous
functions.

Theorem 2. Let p ∈ (d,∞], C ∈ C, K ∈ K, Ω: C → R be a non-negative
characteristic, h > 0 and f ∈ LΩ

∞,p(hK ∩ C). For each w ∈ Wp′(0, h) one has∣∣∣∣∣∣
∫

hK∩C

w(|y|K)[f(y)− f(θ)]Ω(y)dy

∣∣∣∣∣∣
≤ (Ω(K,C))

1
p′ ‖gw‖Lp′ (0,h) ‖Ω

1
p · |∇f |K◦‖Lp(hK∩C). (14)

The inequality is sharp. It becomes equality for the functions a · f + b, where
a, b ∈ R and

f(y) =

|y|K∫
0

gp
′−1
w (u)du, y ∈ hK ∩ C. (15)

Proof. We begin with the case p ∈ (d,∞) first. Using Lemma 8, Lemma 5,
the Hölder inequality, and Lemma 4, we obtain∣∣∣∣∣∣

∫
hK∩C

w(|y|K)[f(y)− f(θ)]Ω(y)dy

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫

hK∩C

w(|y|K)Ω(y)

1∫
0

(y,∇f(ty))dtdy

∣∣∣∣∣∣ ≤∫
hK∩C

1∫
0

w(|y|K)|y|K |∇f(ty)|K◦Ω(y)dtdy =

∫
hK∩C

|∇f(y)|K◦gw(|y|K)Ω(y)dy

≤ ‖Ω
1
p · |∇f |K◦ ‖Lp(hK∩C)

(∫
hK∩C

gp
′
w (|y|K)Ω(y)dy

) 1
p′

= (Ω(K,C))
1
p′ ‖gw‖Lp′ (0,h) ‖Ω

1
p · |∇f |K◦‖Lp(hK∩C). (16)

By the definition, the function f defined in (15) is continuous. The fact that
it belongs to the class LΩ

∞,p(hK ∩ C), follows from equality

(p′ − 1)p = p′ (17)

and Lemmas 4 and 7. Next we prove that both inequalities in (16) turn into
equality for the function f defined in (15). Using Lemmas 7 and 6 we obtain

(y,∇f(ty)) = (y, gp
′−1
w (|ty|K) · ∇|y|K) = |∇f(ty)|K◦ · |y|K ,
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and the first inequality indeed becomes an equality. Using (17) and Lemma 7
we obtain |∇f(y)|pK◦ = gp

′
w (|y|K), and hence the second inequality in (16) also

becomes an equality for f .
In the case p =∞, f(y) = |y|K , and the fact that chain (16) holds and all

inequalities in it become equalities can be checked directly, under the agreement
that Ω0 ≡ 1. Moreover, it is easy to see that f ∈ LΩ

∞,∞(hK ∩ C) in this case
too.

Observe that this theorem solves the extremal problem to find the quantity

sup
‖|∇f |K◦‖Lp(hK∩C)≤1

∣∣∣∣∣∣
∫

hK∩C

w(|y|K)[f(y)− f(θ)]Ω(y)dy

∣∣∣∣∣∣ ,
which under an assumption of integrability of w(| · |K) on hK ∩ C is the
deviation between the operators Λf :=

∫
hK∩C

w(|y|K)f(y)dy and If :=

Λ(χhK∩C(·)f(θ)), where χ is the characteristic function. Moreover, the proof
of Theorem 2 follows the approach outlined in [9, Lemma 1]; the key step of the
proof is a piece of inequality (16) that estimates from above the left-hand side
of (16) by the quantity

∫
hK∩C

|∇f(y)|K◦gw(|y|K)Ω(y)dy, which is a functional

of λf := |∇f(y)|K◦ and becomes equality for a large enough set of functions
f ∈ LΩ

∞,p(hK ∩ C).

4. Kolmogorov-type inequalities

4.1. Truncated hypersingular integral operators

Let K ∈ K, C ∈ C, Ω be a non-negative characteristic on C and
w : (0,∞) → R be a non-negative weight, additional conditions on w and
Ω will be defined later.

Below on the classes Hω
K(C)∩L∞(C) and LΩ

∞,p(C) together with hypersi-
ngular operator (1) we also consider the operator

Dw,Ω
K,hf(x) :=

∫
C\hK

w(|t|K)(f(x+ t)− f(x))Ω(t)dt, h > 0.

Lemma 9. For any function w ∈ L1(h,∞) the operator Dw,Ω
K,h : L∞(C)→

L∞(C) is bounded and

‖Dw,Ω
K,h‖ = 2 · Ω(K,C) · ‖w‖L1(h,∞).

The supremum in the definition of the norm of operator Dw,Ω
K,h is attained on

the function

f(x) =

{
ω(|x|K)− 1

2ω(h), |x|K ≤ h,
1
2ω(h), |x|K > h,

(18)
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which is continuous and belongs to Hω
K(C) ∩ L∞(C), and on

f(x) =


|x|K∫
0

gp
′−1
w (u)du− 1

2

h∫
0

gp
′−1
w (u)du, |x|K ≤ h,

1
2

h∫
0

gp
′−1
w (u)du, |x|K > h,

(19)

provided additionally w ∈ Wp′(0, h), p ∈ (d,∞]. Under this additional
assumption on w, function (19) is continuous and belongs to LΩ

∞,p(C).

Proof. Using Lemma 4 for each f 6= 0 and x ∈ C, we obtain

1

2‖f‖L∞(C)
·

∣∣∣∣∣
∫
C\hK

w(|t|K)(f(x+ t)− f(x))Ω(t)dt

∣∣∣∣∣ ≤
∫
C\hK

w(|t|K)Ω(t)dt

= ‖w‖L1(h,∞) · Ω(K,C).

This implies
‖Dw,Ω

K,h‖ ≤ 2 · ‖w‖L1(h,∞) · Ω(K,C).

The fact that function (18) belongs to Hω
K(C) can be proved similarly to the

proof that function (13) belongs to Hω
K(hK ∩ C). For arbitrary K ∈ K and

the function f defined in (18), the function Dw,Ω
K,hf is continuous at θ, since for

arbitrary x ∈ C, due to Lemma 4∣∣∣Dw,Ω
K,hf(x)−Dw,Ω

K,hf(θ)
∣∣∣

=

∣∣∣∣∣
∫
C\hK

w(|t|K)(f(x+ t)− f(x)− f(t) + f(θ))Ω(t)dt

∣∣∣∣∣
≤
∫
C\hK

w(|t|K)(|f(x+ t)− f(t)|+ |f(x)− f(θ))|)Ω(t)dt

≤ 2ω(|x|K)

∣∣∣∣∣
∫
C\hK

w(|t|K)Ω(t)dt

∣∣∣∣∣→ 0 as x→ θ.

For the function f defined in (18), we have ‖f‖L∞(C) = 1
2ω(h) and

‖Dw,Ω
K,h‖ ≥

2

ω(h)
Dw,Ω
K,hf(θ) =

2

ω(h)

∫
C\hK

w(|t|K)(f(t)− f(θ))Ω(t)dt

= 2

∫
C\hK

w(|t|K)Ω(t)dt = 2‖w‖L1(h,∞) · Ω(K,C),

which proves the statement of the lemma for function (18).
Observe that function (19) is continuous on C and constant outside a

compact set. Thus it is uniformly continuous, and hence the same arguments
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as for function (18) imply continuity of Dw,Ω
K,hf at θ for function (19). Hence

‖Dw,Ω
K,hf‖L∞(C) ≥ D

w,Ω
K,hf(θ) =

∫
C\hK

w(|t|K)(f(t)− f(θ))Ω(t)dt

= 2‖f‖L∞(C)

∫
C\hK

w(|t|K)Ω(t)dt = 2‖f‖L∞(C)‖w‖L1(h,∞) · Ω(K,C),

which implies the desired.

4.2. Classes Hω
K(C)

The following theorem in the case when C = Rd, w(t) = t−(d+α), α ∈ (0, 1),
and K is the unit Euclidean ball is contained in [5].

Theorem 3. Let a set K ∈ K, a cone C ∈ C, and a homogeneous
characteristic Ω be given. Then for a modulus of continuity ω and a weight
w such that for some h > 0, w · ω ∈ L1(0, h) and w ∈ L1(h,∞) the inequality

‖Dw,Ω
K f‖L∞(C) ≤ Ω(K,C) ·

(
2‖f‖L∞(C)‖w‖L1(h,∞)

+ ‖f‖Hω
K(C)‖w · ω‖L1(0,h)

)
(20)

holds for each function f ∈ Hω
K(C) ∩ L∞(C) and is sharp. The inequality

becomes equality on function (18).

Proof. For arbitrary x ∈ C using Theorem 1 we obtain the following estimate∣∣∣(Dw,Ω
K f −Dw,Ω

K,h)(x)
∣∣∣ ≤ ∫

hK∩C
w(|t|K)|f(x+ t)− f(x)|Ω(t)dt

≤ ‖f‖Hω
K(x+hK∩C) · Ω(K,C) · ‖w‖L1(0,h) ≤ ‖f‖Hω

K(C) · Ω(K,C) · ‖w‖L1(0,h).

Using the triangle inequality

‖Dw,Ω
K f‖L∞(C) ≤ ‖(D

w,Ω
K −Dw,Ω

K,h)f‖L∞(C) + ‖Dw,Ω
K,hf‖L∞(C),

and applying the obtained estimate together with Lemma 9, we obtain inequali-
ty (20).

For all x ∈ C and t ∈ hK ∩ C, on the one hand

|f(x+ t)− f(x)− f(t) + f(θ)| ≤ |f(x+ t)− f(x)|+ |f(t)− f(θ)| ≤ 2ω(|t|K),

and on the other hand

|f(x+ t)− f(x)− f(t) + f(θ)| ≤ |f(x+ t)− f(t)|+ |f(x)− f(θ)| ≤ 2ω(|x|K).
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For a fixed x ∈ C set ωx(δ) := 2 min{ω(δ), ω(|x|K)}, δ ≥ 0. Using Lemma 4
we obtain as x→ θ∣∣∣(DΩ

K −D
w,Ω
K,h)f(x)− (DΩ

K −D
w,Ω
K,h)f(θ)

∣∣∣
≤
∫
hK∩C

w(|t|K) |f(x+ t)− f(x)− f(t) + f(θ)|Ω(t)dt

≤
∫
hK∩C

w(|t|K)ωx(|t|K)Ω(t)dt = Ω(K,C) · ‖w · ωx‖L1(0,h) → 0.

Thus (DΩ
K −D

w,Ω
K,h)f is continuous at θ. In the proof of Lemma 9 it was shown

that Dw,Ω
K,hf is continuous at θ. Thus DΩ

Kf is continuous at θ.
The function f defined in (18) is extremal in Lemma 9 and its restriction

to hK ∩ C is extremal in Theorem 1, hence

‖Dw,Ω
K f‖L∞(C) ≥ |D

w,Ω
K f(θ)| = Dw,Ω

K f(θ) = (Dw,Ω
K −Dw,Ω

K,h)f(θ) +Dw,Ω
K,hf(θ)

= Ω(K,C) ·
(

2‖f‖L∞(C)‖w‖L1(h,∞) + ‖f‖Hω
K(C)‖w · ω‖L1(0,h)

)
,

which finishes the proof of the theorem.

4.3. Classes LΩ
∞,p(C)

Partial cases of the following theorem are contained in [7, 12, 2].

Theorem 4. Let p ∈ (d,∞], C ∈ C, K ∈ K, Ω: C → R be a non-negative
characteristic, and f ∈ LΩ

∞,p(C). For each h > 0 and w ∈ Wp′(0, h)∩L1(h,∞)
one has

‖Dw,Ω
K f‖L∞(C) ≤ 2 · Ω(K,C) · ‖w‖L1(h,∞)‖f‖L∞(C)

+ (Ω(K,C))
1
p′ ‖gw‖Lp′ (0,h) ‖Ω

1
p · |∇f |K◦‖Lp(C). (21)

The inequality is sharp. It becomes equality on the functions a · f , where a ∈ R
and f is defined in (19).

Proof. The proof of inequality (21) and the fact that for function (19),
Dw,Ω
K f(θ) is equal to the right-hand side of (21), can be done using the same

arguments as in the proof of Theorem 3, because function (19) is extremal in
Lemma 9 and its restriction to hK ∩C is extremal in Theorem 2. In the proof
of Lemma 9 it was shown that for function (19), Dw,Ω

K,hf is continuous at θ, thus
to finish the proof of the theorem, it is sufficient to prove that (Dw,Ω

K −Dw,Ω
K,h)f

is also continuous at θ. For a fixed x ∈ Rd, applying Theorem 1 we obtain

|(Dw,Ω
K −Dw,Ω

K,h)f(x)− (Dw,Ω
K −Dw,Ω

K,h)f(θ)|

=

∣∣∣∣∫
hK∩C

w(|t|K)([f(x+ t)− f(t)]− [f(x)− f(θ)])Ω(t)dt

∣∣∣∣
≤ (Ω(K,C))

1
p′ ‖gw‖Lp′ (0,h) ‖Ω

1
p (·) · |∇f(x+ ·)−∇f(·)|K◦‖Lp(hK∩C). (22)
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Due to Lemma 4, Ω ∈ L1(hK ∩ C); due to (17), Lemmas 4 and 7, |∇f |K◦ ∈
Lp(hK ∩ C) and Ω

1
p |∇f |K◦ ∈ Lp(hK ∩ C). Moreover,∫
hK∩C

∫
hK∩C

Ω(y)|∇f(x+ y)|pK◦dydx

=

∫
hK∩C

Ω(y)

∫
hK∩C

|∇f(x+ y)|pK◦dxdy

=

∫
hK∩C

Ω(y)‖ |∇f |K◦‖pLp(y+hK∩C)dy ≤ ‖Ω‖L1(hK∩C)‖|∇f‖K◦‖
p
Lp(hK∩C),

where the last inequality is true, since ∇f is zero outside hK ∩C. This implies
that Ω

1
p (·)|∇f(·+ x)|K◦ ∈ Lp(hK ∩ C) for almost all x ∈ hK ∩ C, and hence

the right-hand side of (22) is finite for almost all x.
For arbitrary ε > 0 and any compact set T ⊂ (hK ∩ C) \ Bε such that

| · |K is differentiable on T , the function ∇f is uniformly continuous on T
due to Lemma 7, continuity of the function gw on sets separated from 0 and
continuity of the gradient ∇| · |K (see [13, Theorem 25.5]). Thus the quantity
|∇f(x + ·) − ∇f(·)|K◦ can be made arbitrarily small on the set Tε := {y ∈
T : y + Bε ⊂ T} by choosing x close enough to θ. Moreover, by absolute
continuity of the integral the quantity ‖Ω

1
p (·)·|∇f(x+·)−∇f(·)|K◦‖Lp(hK∩C\Tε)

can be made arbitrary small by appropriate choices of T and ε. This implies
that the right-hand side of (22) tends to 0 as x→ θ, which implies continuity
of (Dw,Ω

K −Dw,Ω
K,h)f at θ.
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