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The product and existence theorems for
analytic functions in a polydisc of bounded
L-index in direction 1

Abstract. For functions analytic in the unit polydisc with bounded L-
index in a direction there are presented three various results. The product
theorem specifies that the product of analytic functions of bounded L-
index in direction belongs to the same class. Here L is some positive
continuous function which is defined in the unit polydics and its value
at any point from the polydisc is greater than reciprocal of distance from
the point to skeleton of the polydisc. The existence theorem demonstrates
the generality of the class: for every analytic function with bounded multi-
plicities of zeros at every slice in given direction from the unit polydisc
there exists such a positive continuous function L that the primary analytic
function has bounded L-index in the same direction. And the last theorem
claims that every analytic function in the unit polydisc has bounded L-
index in any direction in any domain compactly embedded in the unit
polydisc. All the results presented are generalizations to the polydisc case
of known results for entire functions of several complex variables.
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Анотацiя. Для аналiтичних в одиничному полiкрузi функцiй обмеже-
ного L-iндексу за напрямком отримано три рiзнi результати. Теорема
про добуток вказує, що добуток аналiтичних функцiй обмеженого L-
iндексу за напрямком належить до того самого класу. Тут L — деяка
додатна неперервна функцiя, визначена в одиничному полiкрузi i та-
ка, що її значення в довiльнiй точцi з полiкруга бiльше за величину,
обернену до вiдстанi вiд точки до кiстяка полiкруга. Теорема iсну-
вання показує загальнiсть та широту цього класу: для кожної аналi-
тичної в полiкрузi функцiї з обмеженою кратнiстю нулiв на кожнiй
зрiзцi за заданим напрямком iснує така додатна неперервна функцiя
L, що первинна аналiтична функцiя має обмежений L-iндекс за тим
самим напрямком. Нарештi, остання теорема стверджує, що кожна
аналiтична в одиничному полiкрузi функцiя має обмежений L-iндекс
за будь-яким напрямком у довiльнiй областi, що компактно вкладена
в одиничний полiкруг. Усi представленi результати є узагальнення-
ми на випадок полiкруга вiдомих результатiв для цiлих функцiй вiд
декiлькох комплексних змiнних.
Ключовi слова: аналiтична функцiя, одиничний полiкруг, обмеже-
ний L-iндекс за напрямком, похiдна за напрямком, обмежена кра-
тнiсть нулiв, добуток
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1. Main definitions and notations

Let 0 = (0, . . . , 0), b = (b1, . . . , bn) ∈ Cn \ {0} be a given direction, R+ =
(0,+∞), Dn = {z = (z1, z2, . . . , zn) ∈ Cn : |zj | < 1, j ∈ {1, 2, . . . , n}} be
the unit polydisc, L : Dn → R+ be a continuous function such that for all
z = (z1, z2, . . . , zn) ∈ Dn

L(z) > β max
1≤j≤n

|bj |
1− |zj |

, β = const > 1. (1.1)

In recent papers, there was introduced [4,5] a notion of boundedness of L-
index in direction for the class of analytic functions in the unit polydisc. These
researches indicated necessary and sufficient conditions of belonging function to
this class. This class is characterized by some directional logartihmic derivative
estimates and some uniform distribution of zeros at the slice in the direction,
and some regular local behavior (see below Theorems 1, 3).

An analytic function F : Dn → C is called a function of bounded L-index
in a direction b, if there exists m0 ∈ Z+ such that for every m ∈ Z+ and every
z ∈ Dn the following inequality is valid

|∂mb F (z)|
m!Lm(z)

≤ max

{
|∂kbF (z)|
k!Lk(z)

: 0 ≤ k ≤ m0

}
, (1.2)

where ∂0
bF (z) = F (z), ∂bF (z) =

n∑
j=1

∂F (z)
∂zj

bj , ∂
k
bF (z) = ∂b

(
∂k−1
b F (z)

)
, k ≥ 2.

The definition was firstly introduced for entire functions of single variable in
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the paper of B. Lepson [12] if L ≡ 1, b = 1, n = 1 and in paper [11], if L is an
arbitrary positive continuous function and b = 1. The necessity of introducing
of arbitrary positive continuous function L was generated the property that if
l ≡ const then all entire functions of bounded index are of exponential type.
The least integer m0 = m0(b) is called the L-index in the direction b of an
analytic function F and is denoted by Nb(F,L) = m0.

For a given z ∈ Dn we denote Dz = {t ∈ C : z + tb ∈ Dn}. In other
words, Dz = {t ∈ C : |t| < min1≤j≤n

1−|zj |
|bj | }. Here, if bj = 0 then we suppose

1−|zj |
|bj | = +∞. Denote

λb(η) = sup
z∈Dn

sup
t1,t2∈Dz

{
L(z + t1b)

L(z + t2b)
: |t1 − t2| ≤

η

min{L(z + t1b), L(z + t2b)}

}
.

The notation Qb(Dn) stands for a class of positive continuous functions L : Dn → R+,
satisfying (1.1) and (∀η ∈ [0, β]) one has λb(η) < +∞. Since open polydics and open
balls are not biholomorphic equivalent, properties of functions analytic in the unit
polydisc are not identical properties of functions analytic in the unit ball. Mostly,
they require either slightly different conditions or a slightly different proof technique
(compare corresponding results and proofs for slice entire functions [7], for analytic
function in the unit ball [8], for slice holomorphic functions in the unit ball [1, 2], for
analytic functions in the unit polydisc [4, 5, 9]).

Stydying properties of functions belonging to this class or similar classes allows
us to discover properties of analytic solutions of ordinary [16,17], directional [3,6] and
partial differential equations [13] and their systems [14].

2. Auxiliary propositions

Theorem 1 ( [5]). Let L ∈ Qb(Dn). An analytic function F : Dn → C is of
bounded L-index in the direction b if and only if there exist p ∈ Z+ and C > 0 such
that for every z ∈ Dn∣∣∣∣∣∂p+1

b F (z)

Lp+1(z)

∣∣∣∣∣ ≤ C max

{∣∣∣∣∂kbF (z)

Lk(z)

∣∣∣∣ : 0 ≤ k ≤ p
}
. (2.1)

Theorem 2 ( [5]). Let L ∈ Qb(Dn), 1
β < θ1 ≤ θ2 < +∞, θ1L(z) ≤ L∗(z) ≤

θ2L(z). An analytic function F : Dn → C is of bounded L∗-index in the direction b if
and only if F is of bounded L-index in the direction b.

Denote gz0(t) := F (z0 + tb) for a given z0 ∈ Dn. If one has gz0(t) 6= 0 for all
t ∈ Dz0 , then Gb

r (F, z0) := ∅; if gz0(t) ≡ 0, then Gb
r (F, z0) := {z0 + tb : t ∈ Dz0}.

And if gz0(t) 6≡ 0 and a0
k are zeros of gz0(t), then

Gb
r (F, z0) :=

⋃
k

{
z0 + tb : |t− a0

k| ≤
r

L(z0 + a0
kb)

}
, r > 0.

Let
Gb
r (F ) =

⋃
z0∈Dn

Gb
r (F, z0). (2.2)

By n
(
r, z0, 1/F

)
=
∑
|a0k|≤r

1 we denote the counting function of zeros (a0
k) of the

function F (z0 + tb) in the disk {t ∈ C : |t| ≤ r}.
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Theorem 3 ( [5]). Let L ∈ Qb(Dn) and Dn \ Gb
β(F ) 6= ∅. An analityc function

F : Dn → C is of bounded L-index in the direction b if and only if

1) for every r ∈ (0, β] there exists P = P (r) > 0 that for each z ∈ Dn\Gb
r (F )∣∣∣∣∂bF (z)

F (z)

∣∣∣∣ ≤ PL(z); (2.3)

2) for every r ∈ (0, β] there exists ñ(r) ∈ Z+ such that for each z0 ∈ Dn with
F (z0 + tb) 6≡ 0,

n
(
r/L(z0), z0, 1/F

)
≤ ñ(r). (2.4)

3. Product theorem

To prove theorem on product of analytic functions of bounded L-index in direction
we need auxiliary proposition.

Using Theorem 1 we prove the following

Theorem 4. Let L ∈ Qb(Dn). An analytic function F : Dn → C has bounded
L-index in the direction b if and only if there exist numbers C ∈ (0,+∞) and N ∈ N
such that for all z ∈ Dn

N∑
k=0

|∂kbF (z)|
k!Lk(z)

≥ C
∞∑

k=N+1

|∂kbF (z)|
k!Lk(z)

. (3.1)

Proof. Let 1
β < θ < 1. If the function F is of bounded L-index in the direction b, then

by Theorem 2 F is also of bounded L∗-index in the direction b with L∗(z) = θL(z).
Denote N∗ = Nb(F,L∗) and N = Nb(F,L). Thus,

max

{
|∂kbF (z)|
k!Lk(z)

: 0 ≤ k ≤ N∗
}

= max

{
|∂kbF (z)|
k!Lk∗(z)

θk : 0 ≤ k ≤ N∗
}
≥

≥ θN∗ max

{
|∂kbF (z)|
k!Lk∗(z)

: 0 ≤ k ≤ N∗
}
≥

≥ θN∗
|∂jbF (z)|
j!Lj∗(z)

= θN∗−j
|∂jbF (z)|
j!Lj(z)

for all j ≥ 0 and
∞∑

j=N∗+1

|∂jbF (z)|
j!Lj(z)

≤ max

{
|∂kbF (z)|
k!Lk(z)

: 0 ≤ k ≤ N∗
} ∞∑
j=N∗+1

θj−N∗ =
θ

1− θ
×

×max

{
|∂kbF (z)|
k!Lk(z)

: 0 ≤ k ≤ N∗
}
≤ θ

1− θ

N∗∑
k=0

|∂kbF (z)|
k!Lk(z)

,

i.e. we obtain (3.1) with N = N∗ and C = 1−θ
θ .

Now we prove the sufficiency. From (3.1) we obtain

|∂N+1
b F (z)|

(N + 1)!LN+1(z)
≤

∞∑
k=N+1

|∂kbF (z)|
k!Lk(z)

≤

≤ 1

C

N∑
k=0

|∂kbF (z)|
k!Lk(z)

≤N + 1

C
max

{
|∂kbF (z)|
k!Lk(z)

: 0≤k≤N
}
.

Applying Theorem 1, we obtain a desired conclusion.
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Now we consider an application of Theorems 1 and 3. Similar results for entire
functions of single variable were firstly obtained in [10,15].

Theorem 5. Let L ∈ Qb(Dn), F : Dn → C be an analytic function of bounded
L-index in the direction b ∈ Cn \ {0}, Φ : Dn → C be an analytic function in the
unit polydisc and Ψ(z) = F (z)Φ(z). The function Ψ(z) is of bounded L-index in the
direction b if and only if the function Φ(z) is of bounded L-index in the direction b.

Proof. The similar result was obtained for analytic functions in the unit ball having
bounded L-index in direction in [2] and for slice holomorphic functions in the unit
ball [1]. Our proof is similar to proof for analytic and slice holomorphic functions
in the unit ball from [1, 2]. But now we will use Theorem 3, deduced for functions
analytic in the unit polydisc. Since an analytic function F (z) has bounded L-index in
the direction b, by Theorem 3 for every r ∈ (0, β) there exists ñ(r) ∈ Z+ such that
for all z0 ∈ Dn, satisfying F (z0 + tb) 6≡ 0, the estimate n

(
r

L(z0) , z
0, 1
F

)
≤ ñ(r) holds.

Hence,

n

(
r

L(z0)
, z0,

1

Φ

)
≤ n

(
r

L(z0)
, z0,

1

Ψ

)
≤ n

(
r

L(z0)
, z0,

1

Φ

)
+ ñ(r).

Thus, condition 2 of Theorem 3 either holds or does not hold for functions Ψ(z)
and Φ(z) simultaneously. If Φ(z) has bounded L-index in the direction b, then for
every r ∈ (0, β) there exist numbers PF (r) > 0 and PΦ(r) > 0 such that

∣∣∣∂bF (z)
F (z)

∣∣∣ ≤
Pf (r)L(z),

∣∣∣∂bΦ(z)
Φ(z)

∣∣∣ ≤ PΦ(r)L(z) for each z ∈ (Dn \Gb
r (F )) ∩ (Dn \Gb

r (Φ)). Since

Dn \Gb
r (Ψ) ⊂ (Dn \Gb

r (F )) ∩ (Dn \Gb
r (Φ)),∣∣∣∣∂bΨ(z)

Ψ(z)

∣∣∣∣ ≤ ∣∣∣∣∂bF (z)

F (z)

∣∣∣∣+

∣∣∣∣∂bΦ(z)

Φ(z)

∣∣∣∣ ,
for all z ∈ Dn \ Gb

r (Ψ) we have
∣∣∣∂bΨ(z)

Ψ(z)

∣∣∣ ≤ (PF (r) + PΦ(r))L(z), i.e. by Theorem 3
the function Ψ(z) is of bounded L-index in the direction b.

On the contrary, let Ψ(z) be of bounded L-index in the direction b, r > 0. At
first we show that for every z0 ∈ Dn\Gb

r (F ) (r > 0) and for every d̃k = z0 + d0
kb,

where d0
k are zeros of function Φ(z0 + tb), we have

|z0 − d̃k| > r|b|
2L(z0)λb(r)

. (3.2)

On the other hand, let there exist z0 ∈ Dn\Gb
r (Φ) and d̃k = z0 + d0

kb such that
|z0 − d̃k| ≤ r|b|

2L(z0)λb(r) . Then by the definition of λb we have the next estimate

L(d̃k)≤λb(r)L(z0), and hence |z0 − d̃k| = |b| · |d0
k| ≤

r|b|
2L(d̃k)

, i.e. |d0
k| ≤ r

2L(d̃k)
, but it

contradicts z0 ∈ Dn\Gb
r (Φ).

We consider K0 =
{
z0 + tb : |t| ≤ r

2L(z0)λb(r)

}
. It does not contain zeros of

Φ(z0 + tb), but it may contain zeros c̃k = z0 + c0kb of the function Ψ(z0 + tb). Since
Ψ(z) is of bounded L-index in the direction b, the set K0 by Theorem 3 contains at
most ñ1 = ñ1

(
r

2λb(r)

)
zeros c0k of the function Ψ(z0 + tb). For all c0k ∈ K0, using the

definition ofQb(Dn), we obtain the following inequality L(z0+c0kb) ≥ 1

λb

(
r

λb(r)

)L(z0).
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Thus, every setm0
k =

{
z0 + tb : |t− c0k| ≤

r1
L(z0+c0kb)

}
with r1 = r

4(ñ1+1)λb

(
r

λb(r)

)
λb(r)

is contained in the set s0
k =

{
z0 + tb : |t − c0k| ≤

r1λb

(
r

λb(r)

)
L(z0)

}
. The total sum of di-

ameters of these sets does not exceed

2ñ1r1λb

(
r

λb(r)

)
L(z0)

=
r

2λb(r)L(z0)
· ñ1

(ñ1 + 1)
<

r

2λb(r)L(z0)
.

Therefore, there exists r∗ ∈
(
0, r

2λb(r)

)
such that if |t| = r∗

L(z0) , then z
0 + tb /∈ Gb

r1(Ψ),

and therefore z0 + tb /∈ Gb
r1(F ). By Theorem 3 for all these points z0 + tb we obtain∣∣∣∣∂bΦ(z0 + tb)

Φ(z0 + tb)

∣∣∣∣ ≤ ∣∣∣∣∂bΨ(z0 + tb)

Ψ(z0 + tb)

∣∣∣∣+

∣∣∣∣∂bF (z0 + tb)

F (z0 + tb)

∣∣∣∣ ≤ (P ∗Ψ + P ∗F )L(z0 + tb), (3.3)

where P ∗Ψ and P ∗F depend only on r1, i.e., only on r. Since the function ∂bΦ(z)
Φ(z) is

analytic in K0, applying the maximum modulus principle to the function ∂bΦ(z0+tb)
Φ(z0+tb)

as a function of variable t, we obtain that the modulus of this function at the
point t = 0 does not exceed the maximum modulus of this function on the circle{
t ∈ C : |t| = r∗

L(z0)

}
. It means that obtained inequality (3.3) holds for z0.

Thus, for arbitrary r ∈ (0, β) and z0 ∈ Dn\Gb
r (F ) we have proved the first

condition of Theorem 3. Above we have already shown that the second condition of
Theorem 3 is true. Hence, by the mentioned theorem the function Φ(z) has bounded
L-index in the direction b.

4. L-index in direction in a domain compactly embedded in
the unit polydisc

Let D be an arbitrary bounded domain in Dn such that dist(D,Bn) > 0. If
inequality (1.2) holds for all z ∈ D instead Dn, then the analytic function F : Dn → C
is called a function of bounded L-index in the direction b in the domain D. The least
such integer m0 is called the L-index in the direction b ∈ Cn \ {0} in domain D and
is denoted by Nb(F,L,D) = m0. The notation D stands for a closure of the domain
D.

Lemma 1. Let D be an arbitrary domain in Dn such that d = dist(D, ∂Dn) > 0,
b ∈ Cn \ {0} be an arbitrary direction. If L : Dn → R+ is a continuous function such
that L(z) ≥ β|b|

d , and F : Dn → C is an analytic function such that (∀z0 ∈ D) :
g(t) := F (z0 + tb) 6≡ 0 for all t such that z0 + tb ∈ D, then Nb(F,L,D) <∞.

Proof. For every fixed z0 ∈ D we expand the analytic function F (z0 +tb) in a power
series by powers of t in the disc

{
t ∈ C : |t| ≤ 1

L(z0)

}
F (z0 + tb) =

∞∑
m=0

∂mb F (z0)

m!
tm. (4.1)

The quantity |∂
m
b F (z0)|
m! is the modulus of a coefficient of the power series (4.1) at the

point t ∈ C such that |t| = 1
L(z0) . Since F (z) is analytic function, for every z0 ∈ D

|∂mb F (z0)|
m!Lm(z0)

→ 0 (m→∞),
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i.e., there exists m0 = m(z0,b) such that inequality (1.2) holds at the point z = z0

for all m ∈ Z+.
We prove that sup{m0 : z0 ∈ D} < +∞. On the contrary we assume that the set

of all values m0 is unbounded in z0, i.e., sup{m0 : z0 ∈ D} = +∞. Hence, for every
m ∈ Z+ there exists z(m) ∈ D and pm > m

|∂pmb F (z(m))|
pm!Lpm(z(m))

> max

{
|∂kbF (z(m))|
k!Lk(z(m))

: 0 ≤ k ≤ m
}
. (4.2)

Since {z(m)} ⊂ D, there exists subsequence z′(m) → z′ ∈ G asm→ +∞. By Cauchy’s
integral formula

∂pbF (z)

p!
=

1

2πi

∫
|t|=r

F (z + tb)

tp+1
dt

for any p ∈ N, z ∈ D. Rewrite (4.2) as following

max

{
|∂kbF (z(m))|
k!Lk(z(m))

: 0 ≤ k ≤ m
}
<

<
1

Lpm(z(m))

∫
|t|=r/L(z(m))

|F (z(m) + tb)|
|t|pm+1

|dt| ≤ 1

rpm
max{|F (z)| : z ∈ Dr}, (4.3)

where Dr =
⋃
z∗∈D{z ∈ Cn : |z − z∗| ≤ |b|r

L(z∗)}. We can choose r ∈ (1, β), because F
is a function analytic in the unit polydisc. Evaluating the limit for every directional
derivative of fixed order in (4.3) as m→∞ we obtain

(∀k ∈ Z+) :
1

k!Lk(z′)

∣∣∣∣∂kF (z′)

∂bk

∣∣∣∣ ≤ lim
m→∞

1

rpm
max{|F (z)| : z ∈ Dr} ≤ 0.

Thus, all derivatives in the direction b of the function F at the point z′ equals 0 and
F (z′) = 0. In view of (4.1) F (z′ + tb) ≡ 0. It is a contradiction.

5. Existence theorem

We consider the function F (z0 + tb) if z0 ∈ Dn is fixed. If F (z0 + tb) 6≡ 0, then
we denote by pb(z0 + a0

kb) the multiplicity of the zero a0
k of the function F (z0 + tb).

If F (z0 + tb) ≡ 0 for some z0 ∈ Dn, then we put pb(z0 + tb) = −1.

Theorem 6. In order that for an analytic function F : Dn → C there exist a
positive continuous function L : Dn → R+ such that F (z) is a function of bounded
L-index in the direction b it is necessary and sufficient that (∃p ∈ Z+) (∀z0 ∈ Dn)
(∀k) : pb(z0 + a0

kb) ≤ p.

Proof. Necessity. To simplify the notation we consider everywhere in the proof p0
k ≡

pb(z0 + ak0b). Necessity follows from the definition of analytic function of bounded
L-index in direction. Indeed, assume on the contrary that (∀p ∈ Z+) (∃z0) (∃k) :
p0
k > p. This means that

∂
p0k
b F (z0 + a0

kb) 6= 0 and ∂jbF (z0 + a0
kb) = 0

9
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for all j ∈ {1, . . . , p0
k − 1}. Therefore L-index in the direction b at the point z0 + a0

kb
is not less than p0

k > p
Nb(F,L, z0 + a0

kb) > p.

If p→ +∞, then we obtain that Nb(F,L, z0 + a0
kb)→ +∞. But this contradicts the

boundedness of L-index in the direction of the function F.
Sufficiency. If for some z0 ∈ Dn, F (z0 + tb) ≡ 0, then inequality (1.2) is obvious.
Let p be the smallest integer such that ∀z0 ∈ Dn F (z0+tb) 6≡ 0, and ∀k pk(z0) ≤ p.

For any point z ∈ Dn we define unambiguously the choice of z0 ∈ Cn and t0 ∈ C such
that z = z0 + t0b. We choose a point z0 ∈ Dn on a hyperplane 〈z,b〉 = 0, i.e. the
point z0 is a projection of point z on the hyperplane. Therefore, there exists t0 ∈ Dz0

such that z = z0 + tb. Let R ∈ (0, 1−|z0|
|b| ). We define r0 = 1

2 min{1 − R,R} We put

KR = {t ∈ C : R− r0 ≤ |t| ≤ R+ r0} for all R ∈ (0, 1−|z0|
|b| ) and

m1(z0, R) = min
a0k∈KR

max
0≤s≤p

{∣∣∂sbF (z0 + a0
kb)
∣∣

s!

}
,

where a0
k are zeros of the function F (z0 + tb).

Since F is an analytic function, there exists ε = ε(z0, R) > 0 such that∣∣∂s0b F (z0 + tb)
∣∣

s0!
≥ m1(z0, R)

2

for some s0 = s(a0
k) ∈ {0, . . . , p} and for all t ∈ KR ∩ {t ∈ C : |t− a0

k| < ε(R, z0)} and
for all k. We denote G0

ε =
⋃
a0k∈KR

{t ∈ C : |t − a0
k| < ε}, m2(z0, R) = min{|F (z0 +

tb)| : |t| ≤ R+ r0, t /∈ G0
ε},

Q(R, z0) = min

{
m1(R, z0)

2
,m2(R, z0), 1

}
.

We take R = |t0|. Then at least one of the numbers |F (z0+t0b)|,
∣∣∂bF (z0 + t0b)

∣∣ ,
. . . , 1

p!

∣∣∂pbF (z0 + t0b)
∣∣ is not less than Q(R, z0) (respectively, 1

s0!

∣∣∣∂s0b F (z0 +t0)b)
∣∣∣ for

t0 ∈ G0
ε and |F (z0 + t0b)| for t /∈ Gε). Hence

max

{
1

j!

∣∣∣∂jbF (z0 + t0b)
∣∣∣ : 0 ≤ j ≤ p

}
≥ Q(R, z0). (5.1)

On the other hand, for |t0| = R and j ≥ p+ 1 Cauchy’s inequality is valid

1

j!

∣∣∣∂jbF (z0 + t0b)
∣∣∣ =

∣∣∣∣∣ 1

2πi

∫
|τ−t0|=r0

F (z0 + τb)

(τ − t0)j+1
dτ

∣∣∣∣∣ ≤
≤ 1

rj0
max{|F (z0 + τb)| : |τ | ≤ R+ r0}. (5.2)

We choose a positive continuous function L(z) such that

L(z0 + t0b) ≥

≥ max

{
max{1,max{|F (z0 + tb)| : |τ | ≤ R+ r0}}

Q(R, z0)r2
0

,
β

1− |z0 + t0b|

}
> 1.
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From (5.1) and (5.2) with |t0| = R and j ≥ 2 · p we obtain

1
j!Lj(z0+t0b) ·

∣∣∣∂jbF (z0 + t0b)
∣∣∣

max
{

1
k!Lk(z0+t0b)

∣∣∂kbF (z0 + t0b)
∣∣ : 0 ≤ k ≤ p

} ≤ L−j(z0 + t0b)

rj0Q(R, z0)L−p(z0 + t0b)
×

×
(

max{1,max{|F (z0 + t0b)| : |τ | ≤ R+ r0}}
Q(R, z0)r2

)j/2
≤ Lp−j/2(z0 + t0b) ≤ 1.

Since z = z0 + tb, we have∣∣∣∂jbF (z)
∣∣∣

j!Lj(z)
≤ max

{∣∣∂kbF (z)
∣∣

k!Lk(z)
: 0 ≤ k ≤ p

}
.

In view of arbitrariness of z, the function F has bounded L-index in the direction
b.
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