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The product and existence theorems for

analytic functions in a polydisc of bounded

L-index in direction !

Abstract. For functions analytic in the unit polydisc with bounded L-
index in a direction there are presented three various results. The product
theorem specifies that the product of analytic functions of bounded L-
index in direction belongs to the same class. Here L is some positive
continuous function which is defined in the unit polydics and its value
at any point from the polydisc is greater than reciprocal of distance from
the point to skeleton of the polydisc. The existence theorem demonstrates
the generality of the class: for every analytic function with bounded multi-
plicities of zeros at every slice in given direction from the unit polydisc
there exists such a positive continuous function L that the primary analytic
function has bounded L-index in the same direction. And the last theorem
claims that every analytic function in the unit polydisc has bounded L-
index in any direction in any domain compactly embedded in the unit
polydisc. All the results presented are generalizations to the polydisc case
of known results for entire functions of several complex variables.
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AmnoTanis. /s anamiTHIHUX B OMHAYIHOMY IOJIKPY3i DYHKIIIH 0OMexKe-
HOro L-iHJIEKCY 3a HAIpsIMKOM OTPHMAHO TPH Pi3Hi pe3ysbraru. Teopema
mpo J00YTOK BKa3ye, MO JOOYTOK aHAMITUIHUX (PYHKIIH oOMexeHoro L-
iHIEKCY 3a HAIPSAMKOM HAJIEXKUTH J0 TOro caMmoro kjiacy. Tyt L — meska
Jlo1laTHA HellepepBHa (DYHKIIis, BU3HAYEHA B OJUHIUYIHOMY MOJIKPY3i 1 Ta-
Ka, o i1 3HaYeHHs B MOBIIbHIN TOUIl 3 HOIiKpyra 6iibIre 3a Besndnmy,
obepHEHyY 0 BiJCTaHi BiJl TOYKHM 110 KicTska MoJikpyra. Teopema icHy-
BaHH{A II0Ka3y€ 3arajlbHICTh Ta IIMPOTY IIBOIO KJIACY: JIJIS KOXKHOI aHaJIi-
THYHOI B NMOJKPY3i dyHKHil 3 00MeKEeHOI0 KPATHICTIO HYJIB Ha KOXKHIN
3pi3ni 3a 3aJJaHUM HAIPSIMKOM ICHY€E Taka JI0/aTHA HellepepBHa (DYHKIis
L, mo nepBuHHa aHaJiTHYHA (DYHKIis Mae obMmexkeHuit L-iHmekc 3a TuM
camuM HampsiMkoMm. Haperrnri, ocTaHHS TeopeMa CTBEPAXKYE, M0 KOXKHA
aHAJITUYHA B OJUHUIHOMY IMOJIKPY3i DYHKISA Mae oOMexKeHuit L-iHaexc
3a Oy/Ib-sIKUM HaIPSIMKOM Yy JOBiIbHINM 06J1aCTi, [0 KOMITAKTHO BKJIAJIEHA
B OQUHUYHMI MOJIKPYT. YCi IpeicTaBiieHi pPe3ysibTaTd € y3arabHEeHHs-
MU Ha BUIJOK MOJIKPyra BiIOMUX pe3yJIbTaTiB JJsl MIUX (DYHKINH Bij
JEKIJIbKOX KOMILJIEKCHUX 3MiHHUX.

Kumro4doBi ciioBa: anasituana QyHKIS, OJUHIYIHUNA OJIKPYT, oOMeKe-
HUl L-1HAeKC 3a HaIlpsIMKOM, IOXIJHA 3a HAIPIMKOM, OOMEXKeHa Kpa-
THICTb HYJIB, TOOYTOK

MSC2020: Prr 32A10, SECc 32A17, 32A22

1. Main definitions and notations

Let 0 = (0,...,0), b= (b1,...,b,) € C"\ {0} be a given direction, R} =
(0,400), D" = {z = (21,22,...,2n) € C" : |2j] < 1,5 € {1,2,...,n}} be
the unit polydisc, L : D™ — R, be a continuous function such that for all
z=(21,22,...,2,) €ED"

b1 _
L(z) > Blrgjagnm, B = const > 1. (1.1)

In recent papers, there was introduced [4, 5] a notion of boundedness of L-
index in direction for the class of analytic functions in the unit polydisc. These
researches indicated necessary and sufficient conditions of belonging function to
this class. This class is characterized by some directional logartihmic derivative
estimates and some uniform distribution of zeros at the slice in the direction,
and some regular local behavior (see below Theorems 1, 3).

An analytic function F' : D® — C is called a function of bounded L-index
in a direction b, if there exists mg € Z4 such that for every m € Z, and every
z € D" the following inequality is valid

Wﬁmax{w: Oékémo}a (1.2)

where OpF(z) = F(z),0pF(2) = 231 agz(;) bj, OLF(2) = Bb(aﬁ_lF(z)>, k> 2.
=
The definition was firstly introduced for entire functions of single variable in
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ANALYTIC FUNCTIONS IN A POLYDISC OF BOUNDED L-INDEX

the paper of B. Lepson [12] if L =1, b =1, n =1 and in paper [11], if L is an
arbitrary positive continuous function and b = 1. The necessity of introducing
of arbitrary positive continuous function L was generated the property that if
[ = const then all entire functions of bounded index are of exponential type.
The least integer mg = mq(b) is called the L-index in the direction b of an
analytic function F and is denoted by Ny(F, L) = my.

For a given z € D" we denote D, = {t € C : z + tb € D"}. In other

words, D, = {t € C: |t| < mini<j<p l‘%jj'} Here, if b; = 0 then we suppose

1_|%j‘ = +00. Denote
[b5]
L(z 4+ t:1b) U }
Ao(n) = ETD Lty — ] < .
b() = sup sup {L(z+t2b) =t s T T hb) L+ b))

The notation Qp(D™) stands for a class of positive continuous functions L : D™ — R,
satisfying (1.1) and (V7 € [0, 8]) one has Ap(n) < +00. Since open polydics and open
balls are not biholomorphic equivalent, properties of functions analytic in the unit
polydisc are not identical properties of functions analytic in the unit ball. Mostly,
they require either slightly different conditions or a slightly different proof technique
(compare corresponding results and proofs for slice entire functions [7], for analytic
function in the unit ball [8], for slice holomorphic functions in the unit ball [1,2], for
analytic functions in the unit polydisc [4,5,9]).

Stydying properties of functions belonging to this class or similar classes allows
us to discover properties of analytic solutions of ordinary [16,17], directional [3,6] and
partial differential equations [13] and their systems [14].

2. Auxiliary propositions

Theorem 1 ( [5]). Let L € Qun(D™). An analytic function F : D" — C is of
bounded L-index in the direction b if and only if there exist p € Z4 and C > 0 such

that for every z € D"
< C'max {

Theorem 2 ( [5]). Let L € Qpn(D™), % <01 < 0y < 400, 01L(2) < Li(z) <
02L(z). An analytic function F : D™ — C is of bounded L,-index in the direction b if
and only if F is of bounded L-index in the direction b.

op T F(2)
Lr1(z)

OpF(2)
LF(z)

:nggp}. (2.1)

Denote g.o(t) := F (2" + tb) for a given 2 € D". If one has g.o(t) # 0 for all
t € Do, then GP(F,2%) := 0; if g,0(t) = 0, then GP(F,2°) := {2 +tb:t € D,o}.
And if g,o(t) # 0 and a) are zeros of g,o(t), then

GP(F,2°) :U{ZOthb: [t —al] < r > 0.

r
- = L(2° + alb) } ’
Let
GR(F)= |J GR(F.2°). (2:2)
20ehn
By n(r,2°,1/F) = Z\ag\gr 1 we denote the counting function of zeros (a) of the
function F(2° + tb) in the disk {t € C: [¢| <r}.
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Theorem 3 ( [5]). Let L € Qn(D™) and D™\ GE(F) # 0. An analityc function
F :D" — C is of bounded L-index in the direction b if and only if

1) for every r € (0, 8] there exists P = P(r) > 0 that for each z € D"\GP(F)

< PL(2); (2.3)

2) for every r € (0, 3] there exists ni(r) € Zy such that for each 2° € D" with
F(z° +tb) #0,
n(r/L(z°),2°,1/F) <n(r). (2.4)

3. Product theorem

To prove theorem on product of analytic functions of bounded L-index in direction
we need auxiliary proposition.
Using Theorem 1 we prove the following

Theorem 4. Let L € Qn(D™). An analytic function F : D™ — C has bounded
L-indezx in the direction b if and only if there exist numbers C € (0,+00) and N € N
such that for all z € D™

|05 F (2)| |OFF (2)
Z k'Lk(z 2C z KLk (z) (3.1)
k=0 k=N+1

Proof. Let % < 0 < 1. If the function F' is of bounded L-index in the direction b, then
by Theorem 2 F' is also of bounded L,-index in the direction b with L.(z) = 0L(z).
Denote N, = Np(F, L) and N = Ny,(F, L). Thus,

|05 F (2)] |05 F (2)] i
: < < * = . < < * >
maX{k!Lk(z) 0<k<N, max i 0" . 0<k<N,,; >

k
zeN*max{w;o<k<N*}>

KlLE(z) "7 =7 =
F(2)] ZQN*_J-IG{;F(Z)I
GILL(2) J1L7(2)

for all 7 > 0 and

e e] J k [ee]
Z W<max{wzogk§N*} Z 0j—N*:1LX

J=N.+1 ij +1 — 9
OB F(2)] | 4
Xmax{k!Lk(z) 0< k<N, 1_

(2)
k'Lk (2)

i.e. we obtain (3.1) with N = N, and C' = 1=¢
Now we prove the sufficiency. From (3.1) we obtain

0y T F(2)] — |0FF(2)|
WP OINE S X R S

k=N+1
|OFF(2)] N +1 |OEF (2)|
< 0<E<N ;.
_CZ k'Lk ST M ik 0ShS

Applying Theorem 1, we obtain a desired conclusion.
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Now we consider an application of Theorems 1 and 3. Similar results for entire
functions of single variable were firstly obtained in [10,15].

Theorem 5. Let L € Qp(D™), F : D" — C be an analytic function of bounded
L-indez in the direction b € C™\ {0}, ® : D™ — C be an analytic function in the
unit polydisc and V(z) = F(2)®(z). The function V(z) is of bounded L-index in the
direction b if and only if the function ®(z) is of bounded L-index in the direction b.

Proof. The similar result was obtained for analytic functions in the unit ball having
bounded L-index in direction in [2] and for slice holomorphic functions in the unit
ball [1]. Our proof is similar to proof for analytic and slice holomorphic functions
in the unit ball from [1,2]. But now we will use Theorem 3, deduced for functions
analytic in the unit polydisc. Since an analytic function F'(z) has bounded L-index in
the direction b, by Theorem 3 for every r € (0, 8) there exists n(r) € Zy such that

for all 20 € D", satisfying F(z° +tb) # 0, the estimate n (ﬁ, 29, %) < 7(r) holds.

Hence,
r o 1 r o 1 r o 1 ~
— )< _— — < - — .
(i 5) < (g ) = (g = 5) + 70

Thus, condition 2 of Theorem 3 either holds or does not hold for functions ¥(z)
and ®(z) simultaneously. If ®(z) has bounded L-index in the direction b, then for

every r € (0,) there exist numbers Pp(r) > 0 and Pg(r) > 0 such that a"%z()z) <
Pr(r)L(2), | %25 | < Po(r)L(2) for each 2 € (D" \ GE(F)) N (D" \ G2(®)). Since

D"\ GR(¥) € (D" \ G?(F)) N D"\ GR(2)),

OV (2) ‘ﬁbé
U(z)

81, F

for all z € D™ \ GP(¥) we have ‘B?I,‘I(lz(f)‘ < (Pp(r) + Ps(r))L(2), i.e. by Theorem 3

the function ¥(z) is of bounded L-index in the direction b.
On the contrary, let U(z) be of bounded L-index in the direction b, r > 0. At

first we show that for every 20 € D"\GP(F) (r > 0) and for every d* = 20 + dYb,
where d? are zeros of function ®(z° + tb), we have

r|b
|20 — d¥| > WJM (3.2)
On the other hand, let there exist 2 € D"\GP(®) and db = 20 4 dlb such that
120 — dF| < %)b/\‘(r) Then by the definition of A\, we have the next estimate
L(d*) <A (r)L(2"), and hence |20 — d¥| = |b| - |d0| < 2;‘(3'k), ie. | but it
contradicts z° € D"\GP(®).

We consider K, = {ZO +tb:|t| < m} It does not contain zeros of
®(2° +tb), but it may contain zeros ¢* = 2% + ¢)b of the function ¥(z° + tb). Since
U(z) is of bounded L-index in the direction b, the set Ko by Theorem 3 contains at
most 1 = ny (ﬁ(ﬂ) zeros ) of the function (2 +tb). For all ¢} € K, using the
L(2%).

= 2L(d‘)’

definition of @, (D™), we obtain the following inequality L(2°+c2b) > ﬁ
LAPYNED)
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Thus, every set m{ = {ZO +tb:|t—c)| < } with ry = r

ry
L(z0+0Db) 4(514_1))%(%))%@)

A ((—2
is contained in the set s = {zo +tb:|t—c < leL((:U")(”)} The total sum of di-

ameters of these sets does not exceed

2%17‘1)\]3 ()\br(r)) r ﬁl T

L2 2wLE) it D) - 2L

Therefore, there exists r* € (O, ﬁ(r)) such that if |t| = #;0), then 2° +tb ¢ GP (¥),

and therefore 20 +tb ¢ G (F). By Theorem 3 for all these points 2° + tb we obtain
O ®(2° +tb)‘ - OV (20 + tb)‘ O F(2° + tb)

] < (Py+ PHL(" +1b), (3.3)

O(20 + tb) U (20 4 tb) F (20 +tb)
where Py and Py depend only on ry, i.e., only on r. Since the function 85’%2()2) is
Op®(2°+1tb)

analytic in K, applying the maximum modulus principle to the function “SG0Tb)
as a function of variable ¢, we obtain that the modulus of this function at the
point ¢ = 0 does not exceed the maximum modulus of this function on the circle

{t eC:|t|= ﬁ} . It means that obtained inequality (3.3) holds for 2°.

Thus, for arbitrary r € (0,3) and 2 € D"\GP(F) we have proved the first
condition of Theorem 3. Above we have already shown that the second condition of
Theorem 3 is true. Hence, by the mentioned theorem the function ®(z) has bounded
L-index in the direction b.

4. [-index in direction in a domain compactly embedded in
the unit polydisc

Let D be an arbitrary bounded domain in D™ such that dist(D,B™) > 0. If
inequality (1.2) holds for all z € D instead D™, then the analytic function F : D™ — C
is called a function of bounded L-indez in the direction b in the domain D. The least
such integer myg is called the L-index in the direction b € C™ \ {0} in domain D and
is denoted by Ny, (F, L, D) = mg. The notation D stands for a closure of the domain
D.

Lemma 1. Let D be an arbitrary domain in D™ such that d = dist(D, 9D") > 0,
b € C"\ {0} be an arbitrary direction. If L: D™ — Ry Is a continuous function such
that L(z) > %, and F : D" — C is an analytic function such that (V2" € D):
g(t) := F(2° + tb) # 0 for all t such that 2 +tb € D, then Ny,(F, L, D) < oo.

Proof. For every fixed 20 € D we expand the analytic function F(z°+tb) in a power

series by powers of ¢ in the disc {t eC:t| < ﬁ}

F(z° +tb) = f: O F(")

m=0

£ (4.1)

m/!

l6g F (%)
ml

The quantity is the modulus of a coefficient of the power series (4.1) at the

point t € C such that t] = ﬁ Since F(z) is analytic function, for every zg € D

08 F(2%))]

ML (20) -0 (m— o0),
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i.e., there exists mg = m(2°,b) such that inequality (1.2) holds at the point z = 2°
for all m € Z..
We prove that sup{mg: 2° € D} < +00. On the contrary we assume that the set
of all values my is unbounded in 2°, i.e., sup{mq: 2° € D} = +o0. Hence, for every
m € Z4 there exists 2(m) €D and p,, >m

D (m) K (m)
P {wa(z )l

: <k< . 4.9
pm!LPm (2(m) MLk - O kS m} (4.2)

Since {z(m)} C D, there exists subsequence Zm 5 2 e Gasm — +o. By Cauchy’s
integral formula

dt

pl 2w tptl

OLF(z) 1 / F(z +tb)
f

for any p € N, z € D. Rewrite (4.2) as following

|51'§F(2(m))\.

1 IF( ) + tb)| 1
S Tom (200 —dt< —max{|F(z)| : 2 € Dy}, (4.3
me(z(m)) /|t_7‘/L(z("7)) |t|1"m+1 ‘ ‘ {| ( )| } ( )

where D, = J,..5{z € C" : [z — 2| < L'E’ZIT)} We can choose r € (1, 5), because F

is a function analytic in the unit polydisc. Evaluating the limit for every directional
derivative of fixed order in (4.3) as m — oo we obtain

(Vk € Z,):

1 ‘8}“F(z’)

1
WIFZ) | obF < lim e max{|F(z)|:z€ D,} <O0.

~ m—oo 1P

Thus, all derivatives in the direction b of the function F' at the point 2z’ equals 0 and
F(z') = 0. In view of (4.1) F(2' +tb)=0. It is a contradiction.

5. Existence theorem

We consider the function F(z° + tb) if 20 € D" is ﬁxed If F(2° +tb) # 0, then
we denote by pp(2° + alb) the multiplicity of the zero af of the functlon F(2° +tb).
If F(2° +tb) = 0 for some z° € D", then we put py,(2° + tb) =

Theorem 6. In order that for an analytic function F : D™ — C there exist a
positive continuous function L : D™ — R, such that F(z) is a function of bounded
L-index in the direction b it is necessary and sufficient that (Ip € Z) (V2° € D")
(Vk): pp(2°+ alb) < p.

Proof. Necessity. To simplify the notation we consider everywhere in the proof p) =
(20 + afb). Necessity follows from the definition of analytic function of bounded
L-index in direction. Indeed, assume on the contrary that (Vp € Zy) (32°) (Fk):
pg > p. This means that

8§2F(z +ab) #0 and & F(2° +alb) =0
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for all j € {1,... 7p2 — 1}. Therefore L-index in the direction b at the point 20 + a%b
is not less than p{ > p
Np(F,L,2° + a)b) > p.

If p — +o0, then we obtain that Ny, (F, L, 2° + a2b) — +o0. But this contradicts the
boundedness of L-index in the direction of the function F.
Sufficiency. If for some z° € D", F(z° +tb) = 0, then inequality (1.2) is obvious.
Let p be the smallest integer such that Vz° € D" F(20+tb) # 0, and V& pr(2°) < p.
For any point z € D" we define unambiguously the choice of z° € C" and tq € C such
that z = 2% + tob. We choose a point 2 € D™ on a hyperplane (z,b) = 0, i.e. the
point 20 is a projection of point z on the hyperplane. Therefore, there exists ty € Do

such that z = 2% + tb. Let R € (0, 1_‘50‘). We define 7o = £ min{1 — R, R} We put

Kp={teC: R—ry <[t <R+ro} forall Re (0, 7)) and

{ |07 (2° + alb)] }

m1(2°, R) = min max

a%EKR 0<s<p s!

where a)) are zeros of the function F(2° + tb).

Since F is an analytic function, there exists ¢ = ¢(2°, R) > 0 such that

|05 F(2° + tb)| - m (2%, R)
So! - 2

for some sp = s(a?) € {0,...,p} and for all t € KpN{t € C: |t —al)| < e(R,2°)} and
for all k. We denote GY = a‘;eKR{t € C: |t—af| <e}, ma(2% R) = min{|F(2° +
tb)|: [t| < R+7o,t ¢ G2},

Q(R,2°) = min {Trll(];’zo),mQ(R, 20, 1} .

We take R = |to|. Then at least one of the numbers |F(z°+tob)|, |0pF(2° + tob)],
ey ﬁ |00 F(2° + tob)| is not less than Q(R, 2°) (respectively, s%)! ‘8§°F(zo —|—t0)b)’ for

to € G2 and |F(2° + tob)| for t ¢ G.). Hence

{1
max < —
4!

On the other hand, for |ty] = R and j > p + 1 Cauchy’s inequality is valid

1 F(z'+7b
L / FE D) gl <
2mi [T—to|="r0 (T - to)

HNF( + tob)‘ 0<j< p} > Q(R, 2°). (5.1)

1 .
5 ‘8f)F(zO + tob)‘ -

1
< —jmax{|F(zo—|—Tb)|: |7| < R+ 1o} (5.2)
o

We choose a positive continuous function L(z) such that

L(z° + tob) >

0 . <
> max max{1, max{|F(z" + tb)|2. 7| <R+ 7“0}}, B <1
Q(R, 2%)r2 1 — |20 +tob]

10
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From (5.1) and (5.2) with |tg| = R and j > 2 - p we obtain

ﬁﬁﬁ%ﬁ”%ﬂﬁ+QM‘ ) L3(20 + tob)
max {7k!m(;+tob) |0EF (20 +tob)| : 0 < k < p} - QR 2°)LP(20 +tob)

" (max{l,max{F(zO +tob)|: |7| < R+1o}}

il2
< LPTI2(20 4 4b) < 1.
QR )2 ) s )<

Since z = 20 + tb, we have

AFG)| - flakrc)
JLi(z) =) kLR ()

:nggp}.

In view of arbitrariness of z, the function F' has bounded L-index in the direction
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