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Dynamics of an Infinite-Dimensional
Symmetric Logistic Mapping !

Abstract. There are many generalizations of the famous logistic mappi-
ng. In the paper, we considered discrete dynamical systems of an infi-
nite number of variables, generated by a symmetric polynomial map
that generalizes the logistic mapping for the ring of multisets. Using
homomorphisms of the ring of multisets (multinumbers), it is possible to
represent the infinite-dimensional symmetric logistic map as a sequence
of classical logistic mappings. We observed that the converse statement is
also true: for any finite sequence of classical logistic mappings, there exists
a logistic map on the ring of multinumbers that agrees with the sequence.
We found some nontrivial fixed points of the logistic map on the ring of
multinumbers and proved that under some conditions, the initial point of
the logistic dynamical system on the ring of multinumbers can be uniquely
discovered by any nth iteration. This fact allows us to propose an appli-
cation of the dynamical system to the construction of collision-free hash
functions of data that is important in cryptography. Also, we observed
that the logistic map on the ring of multinumbers can be represented as
a transformation on a set of rational functions.
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DYNAMICS OF AN INFINITE-DIMENSIONAL SYMMETRIC LOGISTIC MAPPING

Amnoraiiis. Icuye 6araro y3zarajbHEHb BiJJOMOTO JIONICTHYHOrO Bimobpa-
JKEHHs. Y CTaTTi PO3IVISHYTO MUCKPETHI JWHAMIYHI CHCTEMH HECKiHYeH-
HOI KIJIBKOCTI 3MIiHHUX, IOPO/2KEHI CHUMETPUYHUM IIOJIHOMIiaJbHUM Bifl-
OOparkeHHsIM, sIKEe y3araJibHIOE JIONICTUYHE BiJIOOparKeHHs I KiJIbIlsd
MYJIBTUMHOXKUH. BUKOPHUCTOBYIOYH TOMOMOP®I3MHU KUIbISI MYJIBTHMHO-
KUH (MyJIBTHYHCEN ), MOXKHA 300pa3uTH HECKIHIEHHOBUMIDHE CHMETDH-
qHEe JIOTICTUYHE BiJJOOparKeHHs K IMOCJIJOBHICTD KJIACUIHUX JIOTICTUIHUX
Binobpaxkenb. [lokazano, 1m0 obGepHEHE TBED/ZKEHHsI TAKOXK IPaBUJIbHE:
st Oy/Ib-SKOI CKIiHYE€HHOI TOCJIiIOBHOCTI KJIACHYHUX JIOTICTUYHUX Bif-
obpaXkeHb iCHY€ JoricTUYHE BifloOparkeHHs Ha KiJIbIll MYJbTUYHCE, SKe
Y3rO/IKYETHCST 3 II€I0 TOCJIIIOBHICTIO. 3HANIEHO JiesiKi HeTPUBiaIbHI He-
PYXOMi TOYKH JIOTICTHYHOTO BifOOparkeHHs Ha KiJIbIl MYJIBTHIUCEN 1 JT0-
BEJIEHO, 1110 33 IIEBHUX YMOB MOYATKOBY TOYKY JIOTICTUYHOI JIMHAMIYHOL CU-
CTeMU Ha KiJbIll MYJIBTHINCE] MOXKHA OJTHO3HAYHO 3HANTH 3a 6YIb-sIKO0
n-10 ireparmiero. lleit dakT mO3BOJIsIE HAM 3aIPONOHYBATH 3aCTOCYBAHHS
JUHAMITHOI CUCTEMU JI0 TTOOYI0BM OE3KOMIBIHHUX Xell-(DPyHKINH JaHuX, 110
€ BaxKJIMBUM y Kpurnrorpadii. Takox, y crarTi 3ayBarKeHo, 1110 JIOTICTUYHE
BioOpaXkeHHsT Ha KiJIbI[I MYJIBTHYHMCE] MOYKHA 300pa3WUTH sIK [IEPETBOPE-
HHSI Ha MHOXKHHI PaIliOHAJbHUX (DYHKITIA.

KuarouoBi cioBa: sorictuane BifobpazkeHHsI, CHAMETPUYHI MOJIHOMH, CY-
IIEPCUMETPUYHI MOJIHOMU, KiJIbIle MYJIbTUMHOXKHUH, JIMHAMIYHA CHUCTEMA,
xer-yHKITist

MSC2020: Prr 46B70, SEc 47A16, 22A05

1. Introduction and Preliminaries

The logistic map (or logistic difference equation) generates one of the most
known chaotic discrete dynamical systems. Historically, it appears as a model
of developing a biological population [23|. However, this dynamical system is
applicable for a description of various models of economics, sociology, physi-
cs, and others (see e.g [1,3,26]). There is a lot of applications of the chaos,
generated by the logistic equation in cryptography [2,19,21,22]. Many authors
considered different generalizations of the logistic map (see e.g. [27,32] and
references therein). In particular, some versions of multidimensional logistic
equations can be found in [5,6,24,28]. In [16], a generalization of the logistic
equation on rings of multisets (multinumbers) was proposed. It can be consi-
dered as a symmetric analogue of the logistic map of infinite many variables.

The semiring of multisets Mg can be defined as the set of unordered
sequences of complex numbers consisting of a finite number of nonzero elements
and endowed with some natural operations of addition and multiplication (see
below for the precise definition). Using a standard procedure, the semiring
./\/lg can be extended to a commutative ring M. The ring M was introduced
in [17] and considered in [10]. Elements of Mg were called multinumbers in [10].

Any function on the ring M can be considered as a (super)symmetric
function of an infinite many variables. Thus, the generalized logistic map on
M, gives us a (super)symmetric infinite dimensional analogue of the classi-
cal logistic map. On the other hand, My can be identified with the set of
point evaluation complex homomorphisms of the algebra of supersymmetric
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polynomials on an infinite-dimensional linear space [17]. Symmetric and
supersymmetric polynomials and their various generalizations on infinite-
dimensional spaces were investigated in [4,7-9,12,15,20,25,29,30|. Some public
key algorithms of encryption based on multinumbers were proposed in [10,18].

In this paper, we consider the dynamics of the logistic map of the vari-
able in My and its completion M,,. In Section 2 we give necessary definitions
and preliminary results concerning symmetric polynomials on sequence Banach
spaces and related (semi)rings of multinumbers. In Section 3.1 we show that
parameters of the logistic map on M, can be chosen so that its compositions
with real-valued ring homomorphisms will be chaotic. In Section 3.2 we investi-
gate conditions of the existence of nontrivial fixed points of the logistic map of
multinumbers and in Section 3.3 the problem about the inverse image of the
logistic map. In particular, we show that under some conditions, the starting
point ug of the logistic dynamical system on Mg can be uniquely determined
by its any end-point u,. Finally, in Section 3.4, we propose a collision-free hash
function of data based on the logistic map of multinumbers.

2. Definitions and Preliminary Results

Let coo be the linear space of all eventually finite sequences = =
(1,...,2m,0,0,...), &; € C, where C is the field of complex numbers and
m belongs to the set of natural numbers N. The linear space cgg is infinite
dimensional and its completion with respect to the norm

folly = (1)
j=1

for some 1 < p < oo is denoted by ¢,. For a given x in coo or £, we denote
by supp (z) = {j € N: x; # 0}. We say that elements « and z are equivalent
(write z ~ 2) if there is a bijection o : supp (z) — supp (2) such that z; = 2,(;),
j € supp (z). We denote by M{ the quotient set coo/ ~ and by M the
quotient set £,/ ~ . A class of equivalence containing z is denoted by [z]. We
will use notations [0] = [(0,0,...)] for the class containing the zero vector and
[(z1,...,2m)] instead of [(21,...,%m,0,0,...)]. Thus, nonzero elements of M
can be considered as finite multisets (that is, sets with possible repetition of
elements) of nonzero complex numbers.

Both ./\/lar and ./\/l; are commutative semirings with respect to the following
operations [8,10,17|:

[z] + [2] = [z e 2],

where
xez=(r1,21,T2, 22,...),

and
[2][2] = [z < 2],
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where x ¢ z is a vector with coordinates x;z; ordered by some fixed order.

It is known (see e.g. [10]) that [z] = [2] in M} if and only if P(z) = P(z2)
for every symmetric polynomial P on £,. Since cop C ¢1, [2] = [2] in M{ if and
only if P(x) = P(z) for every symmetric polynomial P on ¢;. Here symmetric
polynomial P on ¢, is a polynomial P: ¢, — C which is invariant with respect
to any permutation of coordinates. That is,

P(a:l,xg, .. ) = P(xa(1)7:130(2), .o )

for every bijection o: N — N. It is well known (see [15,25]) that polynomials

Fk(aﬁ):Zx?, xely, k>IJpl|,
j=1

where [p] is the ceiling of p, form an algebraic basis of symmetric polynomials
on /,. Note that symmetric polynomials on ¢, can be extended to ./\/lz,r by
P([z]) = P(z) and this extension does not depend on the representative.
Moreover, polynomials F}, are ring homomorphisms of ./\/l;r , that is,

Fr(la] + [2]) = Fr(lz)) + Fe(lv)

and

Fi([2][2]) = Fr([2]) Fr ([y])
for all [z], [z] € M} and integer k > [p]. Clearly, the same is true if [z],
[z2] € M{ and k € N.

The semiring ./\/l; (respectively ./\/l(')F ) can be included to a commutative
ring M,, (respectively M) using the following approach. Let u = (y|z) and
u = (y'|2’) be vectors in the Cartesian product ¢, x ¢,. We say that u ~ v’ if
Ti(u) = Ti(u') for every k > [p], where

[e.o] o0

Ti(u) = Fr(z) — Fr(y) = Y k= > o,
j=1 j=1

Similarly, u ~ v’ in cgg X cqg if and only if Ty (u) = Ty (u") for every k € N. Note
that polynomials T} form an algebraic basis in the algebra of supersymmetric
polynomials on £, x £, [9,17]. We denote by M, the quotient set £, x £,/ ~
and by M the quotient set cop X coo/ ~ and by u = [u] = [(y|z)] the class
of equivalence containing u = (y|x). Clearly, coo X coo/ ~ is a proper subset
in ¢, x £,/ ~ for every p > 1. We know that M, is a commutative ring with
respect to the following operations:

utu' = [(ylo)] + [(¢/|2)] = [(y o y/'|x e 2)],

ua’ = [(y|a)][(y']2")] = [(y o 2) o (v 0 2)|(z 0 2") & (y 0 1/))],
—[l2)] = [(z[y)];
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where 0 = [(0|0)] is zero and 1 = [(0|1)] is unity in this ring. Note that

[(y|2)] = [(y ® alz @ a)]

for every vector a € £p.

Clearly, that the semiring M} can be included to M, by [z] — [(0]z)].
As we indicated, [z] can be identified with the multiset of nonzero numbers
{x1,22,...} so that [0] corresponds to the empty set. By this reason, [(y|z)]
can be identified with the pair of multisets {z1,x2,...} and {y1,y2,...} that
are opposite each other in the sense that [(z|x)] = [(0|0)]. Note that a similar
construction was used in [13,14], where the authors developed a theory of o-
sets consisting of elements x and antielements z* such that x Uz* = @. In the
following, we will call elements u = [(y|z)] € M), as multinumbers.

It is well-known that the algebra of symmetric polynomials on #¢; admi-
ts more algebraic bases. In particular, the both sequences of elementary
symmetric polynomials (G) and complete symmetric polynomials (Hy) form
algebraic bases on f1, where

E Ly = Ty,
11 < <lp

and

Z Ty« Ty k e N.

115y

Similarly, there is another basis (W}) of supersymmetric polynomials on 1 x ¢;
(see [17])

k
Wi(ylx) :ZGm VHi—m(—y), (ylz) €ty x4, keN.
m=0

For us it is important that the generating function of the sequence (Wj(y|z))
can be written as

H'Oi1(1 + tx;)
(y]2)) e Wi(yle) = L (LE ), 2.1
=) Z )= =, ) @1

t € C,Wy = 1. In particular, if u = [(y|x)] € Mo, then from (2.1) it follows
that W(u)(t) = W((y|z))(t) is a rational function

P(t)
W((y|lx))(t) = —=, 2.2
((yla))(t) 0 (2.2)
where P and @ are polynomials of ¢t € C with zeros at t = —1/2;, ¢ € supp (z)
and at t = —1/y;, j € supp (y), respectively.
A representative (y|z) of u = [(y|z)] is said to be irreducible if for every
nonzero coordinate y; of y and every coordinate z; of x we have that y; # x;. It
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is known [9,17] that every u € M,, admits an irreducible representative, and if
(y|x) and (y'|2") are irreducible representatives of u, then there are bijections
o: supp (x) — supp (z') and p: supp (y) — supp (¢') so that z; = x;(i) and
Yy = y;(j) for all ¢ € supp (z) and j € supp (y). Clearly that if (y|z) is an
irreducible representative of u, then polynomials P and @ in (2.2) have no
common divisors.

Since for a given u = [(y|z)] € M,, vectors x and y are in £,, we can define

a norm of u using norms of z and y in ¢, [9,17] by

Jully = inf { (2"l + 1115) 7 [(5/1a)] = u}.

Note that M, is not a linear space but the introduced norm has natural
properties of the usual norm. In particular, the norm generates a metric d,
on My, by d,(u,v) = ||u — v||, and the following theorem holds.

Theorem 2.1.

) [all, = (2l + lyllp) 1/p, where (y|x) is an irreducible representative of
u and the value of norm does not depend on the choice of the irreducible
representative.

(ii) For every 1 < p < oo, the metric space (/\/lp, dp) is complete.
(ili) My is a dense subring in any M,,.
Let
tn+1 :L)\(tn> = Atn(l—tn), 0<ty < 1, 0< <4

be the dynamical system related to the logistic equation. Basic properties of
Ly can be found in [11] (see also the references given there).
Let us consider a mapping L, of the form

Lr(“n) = Upt1 = run(l - un)7

where u,, = [uy] = [(Ynlzn)] = [(- -, Yn2, Yn1|Tn1, Tn2,...)], n € N and r =
[(1]s)] = [(--.,l2,l1]51,52,...)] are elements in M,. Suppose that T*(u;) and
T*(r) are real positive numbers for every k in some subset M = {m1,ma,...} C
N satisfying the following inequalities: 0 < T%(ug) < 1, and 0 < T(r) < 4.
Then we say that the sequence of multinumbers (u,,) satisfies logistic equation

Lr,uo,M'

3. Main Results

3.1. Dynamics of L,
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Proposition 3.1. Let (u,) satisfies logistic equation Ly u, ar. Then for every
k € M, the sequence Ty (u,) satisfies logistic equation Ly 4, for A = Tj(r) and
to = Ti(up), that is, Tj(wnt1) = Ti(r)Th(wn) (1 — Th(un)).

Proof. Since functions T} are ring homomorphisms, we get

Ty (Lr(un)) =T (run(l — un))
= T (r) T (wn) (1 = Ti(up)) = Ly (Th(un)).
According to the conditions, 0 < T%(ug) < 1 and 0 < Ty(r) < 4 for k € M.

Theorem 3.2. For any given finite subsets M = {mi,...,m;} C N,
{A,..., A} € [0,4] and {tél), . ,t((]j)} C (0,1) there are multinumbers r and
ug of the form r = [(0|ry,...,7y,)] and ug = [(0|zo1, - .., Zom,)] such that the

sequence u, satisfies the logistic equation Ly u, ar so that T*(r) = A\, and

T*(ug) = t(()k). Here we assume that m; < --- <m;.

Proof. Let us construct the multinumber r. Let ¢; = A; if i € {my,...,m;}
and ¢; be a parameter if i ¢ {m1,...,m;}. Numbers 71,..., 7y, can be found
from the following system of equations:

m;
Ti(r) = Zrlk =c;, ke{l,2,...,m;}.
=1

This system can be reduced to an algebraic equation of a single complex vari-
able by the following way. Let e; = ¢; and

1 _
ey = E(Clek—l — coep_a+ -+ (-1 lck)- (3.1)
It is easy to see that ¢ = Ty(r), k € {1,2,...,m;} are the power symmetric
polynomials of rq,...,7y,, and equation (3.1) nothing else than the Newton
relation between power and elementary symmetric polynomials on C™J. Thus,
ek, are elementary symmetric polynomials of ry,...,rp;, that is,
e = Z Tic T, k€{1,2,...,mj}.

11<...<ip <my
By the Vieta theorem, 71, ..., 7y, are roots of the following algebraic equation
7 —eqt™ T 4 (=1) ey, = 0.

As we observed above, ¢; = \; if i € {m,...,m;} and we can put any values
of parameters ¢; for i ¢ {m1,...,m;}.

By the same reason, if we set d; = xy; if ¢ € {mq,...,m;} and d; is a
parameter if i ¢ {m1,...,m;}, then we can find components xo1, ..., Zom; of
ug from the following system of equations:

mj
Ti(uo) = Y ag =dp, ke{1,2,...,m;}.
=1
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In other words, Theorem 3.2 asserts that for any prescribed dynamical
systems LM ., k € M, we can find r and ug in M such that Ty (Lyugn) =
to

L A8 Note that this theorem does not guarantee anything if k ¢ M. Let us
b

consider some cases if M are infinite sets.

For a given u = [(...,y2,y1|x1,22,...)] € M we denote by u =
[(...,¥y,U1|T1, T2, ...)] the complex conjugate of u, where Z is the complex
conjugate of the complex number z. A multinumber u is self-conjugated if
u=nu.

Ezample 3.3. It is easy to check that u = [(1,4,—4|2,1 + 4,1 — 7)] is self-
conjugated and v = [(1,1 +4|2,1 — )] is not.

Theorem 3.4. The following conditions are equivalent.
(i) u € My is self-conjugated.
(ii) Tk(u) is a real number for every k € N.

(iii) Let (ym ---,y2,y1|x1,22,...,25) be an irreducible representation of u.
Every component x; is either real or there is a component x;, = 7; with
the same multiplicity as z;, and every component y; is either real or
there is a component y, = y; with the same multiplicity as y;.

Proof. (i) = (ii). Let
u=[(Ym,---, Y2, y1|x1, T2, ..., 2Tn)]

be self-conjugated. Then for every k € N,

Tk(u) = Tk(ﬁ) = Tk(u).

Thus, all T;(u) are real.

(13) = (dii). Let (y|z) = (ym .-, y2,y1|21,22,...,2y) be an irreducible
representative of u. Without loss of generality, we may suppose that x; # 0,
1 <i<mnandy; #0,1<j<m. From (2.2) it follows that the generating
rational function W(u)(+) is of the form

P(t)
W()(t) = ==, teC,
Qt)
where P is an n-degree polynomial with roots —1/z1, —1/x9,...,—1/x,, Q is
an m-degree polynomial with roots —1/y1, —1/y2, ..., —1/ym, and polynomials

P and @ have no common denominators. Since W(u)(t) is supersymmetric for
every t, from (i) it follows that it is real. Thus, polynomials P and @ are
real. Hence —1/x1,—1/x9,...,—1/xy, and —1/y1, —1/y2, ..., —1/yym, are roots
of real polynomials. It is well known that if a real polynomial has a complex
root, then it has a complex conjugate of the same multiplicity.

The implication (iii) = (i) is obvious.
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(a) Trajectories (b) Contour plot

Fig. 1. Trajectories and contour plot of the dynamical system L%k(r)ka(uO) for r =
[(0]1,1,1,1)], uo = [(0[0.5,0.4)], k =1,...,20, n =1,...,20

(a) Trajectories (b) Contour plot

Fig. 2. Trajectories and contour plot of the dynamical system L7, 1, (u,) for r =
[(01,1,1,1)], uo = [(0.2,0.2/0.5,0.5)], k=1,...,20, n=1,...,20

Let us denote by M? the following subring of M,,

My = {u=[(ylo)] € My: |zi| <1, |y <1, 4,5 € N}.

Theorem 3.5. Let ug and r be self-conjugate multinumbers such that uy and
r are in M2 with |[r|, < ¥4 and |Jugl|, < 1 for some 1 < p < cc. Then the
sequence u, = ru,_1(1 —u,_1), n > 1 satisfies logistic equation Ly vy, v for
M ={[pl,[pl +1,...}.

Proof. Let ugp = [(yo|zo)] = [(- .-, Y02, Yo1|To1, To2, - ..)]. For every k > p we
have

o0 o
ITe(ao)l < lwail” + > o7 = [luoll?,
i—1 j=1
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(a) Trajectories (b) Contour plot

Fig. 3. Trajectories and contour plot of the dynamical system L;L—’k(r)»Tk(UO) for r =
[(0[1,1,1,1)], uo = [(00.3,0.3,0.3)], k=1,...,20, n =1,...,20

because the condition ug € Mﬁ implies that all |zo;| and |yo;| do not exceed
1. Thus, from condition |lug||, < 1 we have that |T;(up)| < 1 if & > p. By the
same reason we get

IT0)] < [l < 4.

Hence, u, satisfies logistic equation Ly u, v for M = {[p], [p] +1,...}.

The following examples show that for a given L, y, n, dynamical systems
L7, (r),1,(uy) may have very different behavior. The chaotic behaviors of
L7, (v) T (ug) for different r and ug are demonstrated in Figures (1)—(4).

Ezample 3.6. Let A\ = 1, Ay = 3, A3 = 4, and £” = 0.5, £ = 0.125,
té?’) = 0.125. Proceeding as in the proof of Theorem 3.2, we can find ry, 79,73
from

ri+re+ry=1,

r% + 7“% + 7“§ =3,

r+ s 43 =4.

The solution is {0, 1+2‘/5, 1%@} Thus, r = [(0|#5, 1_2‘/5)]. By the similar

way we can find that ug = [(0|%, —2%, $)]. Note that for k > 4 we have Ty (r) > 4.

Ezample 3.7. Let v = [(0] — 4,4, —1,1)]. Then for any self-conjugate ug € M5
with |lui|li < 1, the sequence u,4; = ru,(1 — u,) satisfies Ly y,n. On the
other hand,

4 if k = 4m for some m € N,

0 otherwise.

Ti(r) = {

Thus, corresponding one-dimensional dynamical systems L ), () are chaotic if
ksl

k = 4m and trivial otherwise, where \;, = Tj(r) and t(()k) = Ti(ug).
Ezxample 3.8. If

r = [(0[0.99999,0.99999, 0.99999, 0.99999)],

63



Z. NOVOSAD, V. M. PYLYPIV, S. SHARYN, A. V. ZAGORODNYUK

then the behavior of Ly, (1) 7, (u,) 18 chaotic for any self-conjugate multinumber
uy € M§ such that ||ugll; < 1 while L1, (v),T3.(uo) @pproaches zero if k —
00. On the other hand, if r = [(0.9]1,1,1,1)], then Lz, () 7, (y,) is stable but
L1, (v), T3, (uo) 18 chaotic if k is big enough.

~-08

-07

- 06

0.5

04

0.3

0.2

0.1

(a) Trajectories (b) Contour plot

Fig. 4. Trajectories and contour plot of the dynamical system L7, 1, (v, for r =
[(0.91,1,1,1)], uo = [(0]0.4,0.5)], k=1,...,20, n=1,...,20

Ezxample 3.9. Let r = [(—1,—1|1,1)]. For every self-conjugate multinumber
Uy € M3 such that |jugl; < 1 and k € N, L1, (v),13,(uo) has chaotic behavior
but if ug = [(0]a, —a)] for some 0 < a < 1/2, then Ly, (1) 1,(uy) = 0 for all
k € N. Indeed,

ru; = [(—1, =11, 1)][(0]a, —a)]

= [(_ , —a, a, alaa a,—a, —CL)] =0.

3.2. Fixed Points

A multinumber u € M, is said to be a fized point of the logistic map L, if
Ly(u) = u, that is,

ru(l—u)=u. (3.2)

Clearly, u = [(0]0)] is a trivial solution of (3.2). Since M, has divisors of zero

(see e.g. [10]) we can not just cancel nonzero u in (3.2). However, if u satisfies

r(l—u)=1, (3.3)

then it satisfies (3.2) as well. The equality (3.3) means that r is invertible and
1—u is the (multiplicative) inverse of r. If r is of the form r = [(0|\)], where A is
a nonzero number, then 1 —u = [(0[1/A)] and so u = 1 —[(0[]1/A\)] = [(1/A|1)].
On the other hand, if |Jul|, < 1, then 1 — u is always invertible and its inverse
can be written as

(1—u)'= Z u” (3.4)
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(see e.g. [9,17]). Thus, we have the following theorem.
Theorem 3.10.

(i) If r is of the form r = [(0|\)] for some number A # 0, then u = [(1/A|1)]
is a nonzero fixed point of L.

11 or every u € ull, < 1 thereisr € such that u 1s a fixe oint
(if) For every u € My, [[ufl, < 1 there is ¥ € M, such that u is a fixed poi
of Ly. If ||ull, < 3/4, then ||r||, < 4.

(iii) If u is a fixed point of L, such that Ty (u) # 0 for every k € N and v is
an another fixed point of L, such that Tj(v) # 0 for every k € N, then
u=v.

Proof. (i). As we mentioned above, u = [(1/A|1)] is a fixed point of L, for

= [(O[A)]-
(ii). Let

oo
r= g u”.
n=0

By formula (3.4), r = (1 —u)~! and so Ly(u) = u. If ||ul, < 3/4, then

HI'HP—H;:OUn Snz:O”qu Z( ) 1_3/4
(iii). Let u be a fixed point of Ly. Then, for every k € N,

Tip(u) = Tip(r)Ti (a) (1 — Ti(u)).

Since all T (u) # 0, we have

By the same reason, if v is another fixed point of L, such that Tj(v) # 0,

k € N, then
1

Ti(r)
Hence, T (u) = Ty (v) for every k € N. From [10] we have that u = v.

Tk(V) =1-

We do not know does exist a multinumber r such that L, admits two di-
fferent nontrivial fixed points. Statement (i:) of Theorem 3.10 can be illustrated
by the following example.

Ezample 3.11. Let u = [(0[1/4,1/4)]. Then

w =[]z z)]

27‘1
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and we can set

r_iw_m

1 11 1 1 )}
o )]

By (3.4), r = (1 —u)~!. This equality can be checked by the straightforward

computation
7l 1 11 1 1
1- = (7771>]|i(01a7777 S Tttty oy )]
(T—wr={77 AR TR
~—_——
271
1 1
= (7777 '7477'--7473
27’7,
11 1 1
LA Y — o=
S TR o] =1
2n

Thus, ru(l —u) = u.

3.3. Inverse Mappings
Let us consider the following problem:
for given n, r and u,41 find ug.
This problem leads to a quadratic equation in multinumbers
ru? — ru —w = [(0/0)], (3.5)

where u is unknown. We will use the fact that u = v if and only if Ty(u) =
Ty (v) for every k € N. Applying T} to (3.5), we have

Ti(x) (Te(w)” = T(x) Ti(w) = Th(w) = 0

and so

2T} ()T () = Th(r) =/ (Tk(1))® + 4T (1) Tr(w), k€ .
If ug is a solution of (3.5), then
(2Tx (W) Ty (r) — Ti(r))? = (Ti(r))? + 4Tx (x) T (w)
for every k. Thus, there is a multinumber
d=r1"+4rw
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such that the equation ¢? = d has a solution ¢ = 2ur —r. Hence, to solve (3.5)
we should be able to solve equations of the following forms for unknown u:

bu=v and u’=d.

It is easy to check that these equations may have no solutions. In [31] it is
observed that if b and v are in M and Ty (b) # 0, T;(v) # 0 for every k € N,
then if u is a solution of bu = v, then it is unique. Note that in this case
Ti(b)Ti(u) = Ti(v) for every k € Z,. Let us suppose for simplicity that b
and v are of the form b = [(0[b1, ..., by,)] and v = [(O|vy, ..., Vp.s)] for some m
and s, where all b; and v; are nonzero. Then the solutions u = [(0|u1, . .., us)],
where all u; are nonzero, can be found from the following system of polynomial
equations

iibfuﬁzfjvﬁ, k=1,...,ms. (3.6)
i=1 j=1 =1

Note that the complexity of the algorithm of solution of (3.6) is much more
higher than in the case of the scalar equation bu = v and is equivalent to
solution of an ms-degree algebraic equation.

The general case when b and v € Mj is more complicated because the
ring My has divisors of zero. For example (cf. [10]), [(—al|a)][(0] — a,a)] =
[(—a?,a?|a?, —a?)] = [(0)] for every complex number a.

Let us consider the square equation

u2:d, d € M.

If d € M, then s = Ty(d) must be of the form s = m? for some m € N, and
u = [(O]uq, ..., un)] can be found from

m m2
(Tk(u))2 = Z ufuf =Ti(v) = Zvlk, E=1,...,m?
ij=1 =1

In the general case, if we look for solutions in My, the is situation is much
more complicated. For example, the unity [(0]1)] has two square roots in Mg
[(0]1)] and [(0O] — 1)] while in M there are two square roots more: [(1]0)] and
[(—1]0)]. Moreover, in [31] (Example 3.6) it is shown that the multinumber
d =[(0]1,1,1,1)] has at least 8 different square roots, namely:

{[(0‘1’1)]7 [(1’1’0)]7 [(0| - 17_1)]) [(_17_1|0)])
[(1| - 17i7 _i)]v [(_1’17i7 _7:)]7 [(_17i7 _7:|1)]’ [(17i7 _i| - 1)]}

We do not know does d = [(0]1,1, 1,1)] have more square roots.

Let us denote by Z the subring of My consisting of elements [(y|z)] with
nonnegative integer entries x; and y;. That is

Z=A{[(ylz)] € Mo: z = (z1,22,....), y = (Y1, 92, -, ) },
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zi, y; € Z4. In [10] it is proved that Z is an integral domain, that is, it does
not contain divisors of zero. Using this fact in [31] if was observed that ifd € Z
and ug is a solution of u? = d in Z, then vg = —ug is another solution and
this quadratic equation has no more solutions in Z. Indeed, if u% — v% =0,
then (up — vop)(up + vo) = 0 and since Z does not contain divisors of zero,
either ug = vy or ug = —vg. To use this result for our purpose, we consider
the map from Z to My, n — v = n{=1} defined by

vi:{ 1/n; ifn; #0,

0 otherwise.

In other words, if n = [(n},...,n5, nf|n1,na,...,ny)] € Z, then
_ 1 1 1,1 1 1

vontn (AL LL Ly
n, nb’ nyIng’ ny Nm

Let us denote by Z{=1} the range of Z under the map n — ni=1},
Proposition 3.12. Z{=1} is an integral domain.

Proof. It is easy to check that the map n — n{=1} is a ring isomorphism from
Z to 2171, Thus Z2{-1} is an integral domain.

Corollary 3.13. Let r, w € Z{=1 and uy be a solution of the quadratic
equation (3.5) in Z{=1}. Then (3.5) has another solution vy =1 —ug € 2{-1}
and (3.5) has no more solutions in Z{~1,

Proof. From the conditions it follows that d = r? + 4rw is in Z{-1}, If ug is
a solution of (3.5) in Z{~1}, then

2

(2uer — r)? =r? + 4rw =d,

and ¢y = 2ugr —r is a solution of the equation ¢? = d. As we observed above,
since Z{~1} is an integral domain, another solution of ¢ = d in Z{~1} is only
—cg. For vo = 1 — ug we obtain

2V0r —r = 2(1 — uO)I' —r = —2]_101' —r = —cCp.
Thus, another root of (3.5) can be equal only to 1 — uy.

Proposition 3.14. Let ug = [(y©]2(9)] € Mg be such that

[(y(O)’l,(O))] =[(... ’y§0)’ y§0)|x§0)’ xgo), )]

and for all nonzero components :1350) and y](-o) we have 0 < :UZ(-O) <1,0< yj(o) < 1.
Also, we suppose that r = [(0|ry,r2,...)] and all nonzero components of r
satisfy 0 < 7, < 1. Then for every n € N, u,, = [(y™]2(™)] = L?(uo) has
the same property, that is, 0 < azgn) < land 0 < yj(n) < 1 for all nonzero
components.
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Proof. It is enough to check for the case n = 1.

0 0 0 0
w = Ly(ug) = [(0fr1r2, )y p” el 2, )
0 0 0 0
(R e I T S
Clearly that all components of u; are nonnegative and the maximal component
is equal to
max(ry) max(z;, y;) < 1.
/L?]

Theorem 3.15. Let r, ug and v be in Z~! such that all components of ug
and all components of vg are in the interval (0,1) and all components of r
are in (0, 1]. Suppose that L} (ug) = L} (vp) for some natural number N. Then
ug = Vo.

Proof. Let us find u,_1 from the equation
I‘ui_l —ru,_1 —u, = [(0[0)].

From Corollary 3.13 it follows that there are only two roots of this equation
in Z=', u,_; and 1 — u,,_1. But only u,,_; satisfies the condition that all its
components are in (0,1). So, we correctly recover u,_j. Next we can consider

I'u72172 —rup,—2 —Up—1 = [(0’0)]

to find u,_o and so on. At the nth step we will get a unique possibility for
ug.

Note that Theorem 3.15 describes a different situation than we usually have
in the case of classical logistic equation. If we know ¢, = At,—1(1 — t,,—1) then
there are two candidates t,_; and 1 — ¢,,_1 for the original ¢,,_1 and there no

way to make a right choice. At the last step we have 2" starting points t(()i)

such that Ly (t((]i)) = t,,. Thus, if we will try to use some iteration of Ly (o) as a
(3)

hash function of ¢g, then points ¢;” will make collisions. The following example
gives a comparing of classical logistic equation and the multinumber one.

Ezample 3.16. Let A =4, to = 0.1, and ¢, = At,—1(1 — t,,—1). Then t; = 0.36
and to = 0.9216. If we will try to recover ty from to we will get tgl) = 0.36,
=064, t) =01, 6% =09, t =02 and £ = 0.8.

Let us consider now the similar values of parameters but in means of multi-
numbers. Set r = [(0[1,1,1,1)], up = [(0/0.1)], and u,, = ru,_1(1 —u,_1). To
avoid long formulas, we will use notation (a**) instead of (a,...,a). Then

———

k

u; = [(0]1,1,1, 1)][(0]0.1)}[(0.1[1)]
= [(0[1°4)][(0.1]0.01)] = [(0.01*4]0.1°4)],
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uy = [(0[1°4)][(0.01°4]0.1°4)][(0.1°4|1,0.01°)]
= [(0.01°2°,0.0001°"%]0.1°*,0.001*%2)].

Like in the classical case, there are two solutions of equation us, =
ruy(1 — u;) with unknown wuy: [(0.01°4]0.1*4)] and [(0.1*4|1,0.01°%)] but only
[(0.01°4]0.1°4)] satisfies the condition that all components are less than 1. By
the same reason we have two candidates for ug: [(0]0.1)] and [(0.1]|1)] but only
[(0]0.1)] satisfies the condition. Thus ug is completely defined by n, u,, r and
conditions of Theorem 3.15.

3.4. Dynamics of Rational Functions

Using equation (2.1) we can identify multinumbers with rational functions.
To make it more convenient for the visualization, we modify this identification
by the following way. Let Q be a map from My to the set of rational functions
of a complex variable ¢ such that

[T, (f— )

Q:u= Y, y1lT1, . m0)] T, (t—wi)

In other words, Q(u)(t) is a rational function of ¢ with zeros at z1,...,x, and
poles at y1,...,ym. The following relations easily follows from the definition
of Q.

Proposition  3.17. Let u = [(Ym,---,¥1]71,...,2)] and v =

[(ds,...,di|b1,...,x;)]. Then
(i) u = v if and only if Q(u) = Q(v).
(i)

(i) Q(u+ v) = Qu)A(v).

(iv)

[Ty (8 — wib))
[102, (= vidj)

Hence, the logistic map L, generates a dynamical system on the set of
rational functions by the following formula:

Quv) =

Q(Le(u)) = Q(ru(l — u)).

Let v = [(ry,...,r7|r{,...,r))]. Since Q(1)(t) =t — 1, we have
q7n +
vim1 (8 — 1 )
Qru)(t) = =5 —

j,i:l(t - Tj_yi)
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and
vy = DTIE = )
2wl =" oy

’ + 2 1Yy -+
(Ea(u) () = Wm0 = 7o) TLE2 (= 1)
(61 ) Ty (6 — ) viar)

Thus

3.5. Possible Application in Cryptography

Let us consider a practical example how to use obtained results to creating
a hash function of data. Suppose that incoming data is presented as a sequence
of natural numbers a = (a1, ag, ..., as). We can transform it to a multinumber
n = n(a) using the following algorithm proposed in [10].

input a;

set m := [(0[0)];

while 1 < j < s:

begin if a; # 0, then n:=n+[(0] j,...,7)] end;

——
a; times

output n.

For example, if a = (1,0,0,1,0,1,1), then n = [(0|1,4,6,7)]; if a =
(0,1,1,2,0,1,2,3), then n = [(0/2,3,4,4,6,7,7,8,8,8)]. Clearly, that the
mapping a — n is invertible.

In order to use the logistic map with chaotic behavior, we need to have a
multinumber u with ||ul[, < 1. To make sure that the norm of the multinumber
is less than one, we can set

u= [(O’nl + m,n2 +m,..., Ny + m)]{_l}

_ (o 1 1 1

o [( ‘n1+m’n2+m"”’nm+m>}'
Therefore, the incoming data a can be converted to a multinumber ug = u =
[(Out, ..., um)] € Z71 such that all components u; are nonnegative and less
than 1. Thus, we can apply the logistic map L, to n for an appropriate r. The
map ug — u, = L}(ug) is a mapping with a hardly computable inverse if
n is big enough. If r = [(0|1,1,1,1)], then all Tj(u,) have a chaotic behavi-
or. From Theorem 3.15 it follows that the function uy — u, has no collisi-
ons. Thus the map a — u, can be used as a hash function. Also, the vector
(Ti(up), ..., Tn(uy)) can be used as a hash function of a for a big enough N.
Note that the sizes of the proposed hash functions depend on the size of a and
so, for practical using, it can be normalized using some known methods.

4. Discussion and Conclusions

We can see that the logistic mapping L, can generate a chaos on the ring
of multinumbers in the sense that for some (or all) complex homomorphisms

71



Z. NOVOSAD, V. M. PYLYPIV, S. SHARYN, A. V. ZAGORODNYUK

T}, the composition Ty o L, is chaotic on the interval (0, 1). On the other hand,
Ly(u) formally depends on infinite many variables u = [(...y2, y1|21, 22, ...)].
Note that the dynamical system generated by L, can not be restricted to
any finite-dimensional subspace. Indeed, if supp () has s elements, supp (z)
has k elements, and supp (y) has m elements, then supp (Lr(u)) may have
s(k +m)(k + m + 1) elements. That is, the number of nonzero components
of Ly(u) may grow with every iteration. However, we found some conditions
when L, has a nontrivial fixed point and when it is unique. In addition, we
proved that every multinumber u € M, is a fixed point for a special r. From
this point of view, it would be interesting to know something about periodical
points of L,. It can be considered in further investigations.

In order to use the chaos generated by L, in cryptography, we found a
narrow subring of multinumbers where L, still has the chaotic behavior and
the initial value ug is completely defined by u,, = L}*(ug). This property never
holds for the classical logistic map, and it allows us to use L} for creating a
hash function of data. We proposed an algorithm for the construction of a hash
function.
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