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Dynamics of an Infinite-Dimensional
Symmetric Logistic Mapping 1

Abstract. There are many generalizations of the famous logistic mappi-
ng. In the paper, we considered discrete dynamical systems of an infi-
nite number of variables, generated by a symmetric polynomial map
that generalizes the logistic mapping for the ring of multisets. Using
homomorphisms of the ring of multisets (multinumbers), it is possible to
represent the infinite-dimensional symmetric logistic map as a sequence
of classical logistic mappings. We observed that the converse statement is
also true: for any finite sequence of classical logistic mappings, there exists
a logistic map on the ring of multinumbers that agrees with the sequence.
We found some nontrivial fixed points of the logistic map on the ring of
multinumbers and proved that under some conditions, the initial point of
the logistic dynamical system on the ring of multinumbers can be uniquely
discovered by any nth iteration. This fact allows us to propose an appli-
cation of the dynamical system to the construction of collision-free hash
functions of data that is important in cryptography. Also, we observed
that the logistic map on the ring of multinumbers can be represented as
a transformation on a set of rational functions.
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DYNAMICS OF AN INFINITE-DIMENSIONAL SYMMETRIC LOGISTIC MAPPING

Анотацiя. Iснує багато узагальнень вiдомого логiстичного вiдобра-
ження. У статтi розглянуто дискретнi динамiчнi системи нескiнчен-
ної кiлькостi змiнних, породженi симетричним полiномiальним вiд-
ображенням, яке узагальнює логiстичне вiдображення для кiльця
мультимножин. Використовуючи гомоморфiзми кiльця мультимно-
жин (мультичисел), можна зобразити нескiнченновимiрне симетри-
чне логiстичне вiдображення як послiдовнiсть класичних логiстичних
вiдображень. Показано, що обернене твердження також правильне:
для будь-якої скiнченної послiдовностi класичних логiстичних вiд-
ображень iснує логiстичне вiдображення на кiльцi мультичисел, яке
узгоджується з цiєю послiдовнiстю. Знайдено деякi нетривiальнi не-
рухомi точки логiстичного вiдображення на кiльцi мультичисел i до-
ведено, що за певних умов початкову точку логiстичної динамiчної си-
стеми на кiльцi мультичисел можна однозначно знайти за будь-якою
n-ю iтерацiєю. Цей факт дозволяє нам запропонувати застосування
динамiчної системи до побудови безколiзiйних хеш-функцiй даних, що
є важливим у криптографiї. Також, у статтi зауважено, що логiстичне
вiдображення на кiльцi мультичисел можна зобразити як перетворе-
ння на множинi рацiональних функцiй.
Ключовi слова: логiстичне вiдображення, симетричнi полiноми, су-
персиметричнi полiноми, кiльце мультимножин, динамiчна система,
хеш-функцiя

MSC2020: Pri 46B70, Sec 47A16, 22A05

1. Introduction and Preliminaries

The logistic map (or logistic difference equation) generates one of the most
known chaotic discrete dynamical systems. Historically, it appears as a model
of developing a biological population [23]. However, this dynamical system is
applicable for a description of various models of economics, sociology, physi-
cs, and others (see e.g [1, 3, 26]). There is a lot of applications of the chaos,
generated by the logistic equation in cryptography [2,19,21,22]. Many authors
considered different generalizations of the logistic map (see e.g. [27, 32] and
references therein). In particular, some versions of multidimensional logistic
equations can be found in [5, 6, 24, 28]. In [16], a generalization of the logistic
equation on rings of multisets (multinumbers) was proposed. It can be consi-
dered as a symmetric analogue of the logistic map of infinite many variables.

The semiring of multisets M+
0 can be defined as the set of unordered

sequences of complex numbers consisting of a finite number of nonzero elements
and endowed with some natural operations of addition and multiplication (see
below for the precise definition). Using a standard procedure, the semiring
M+

0 can be extended to a commutative ringM0. The ringM0 was introduced
in [17] and considered in [10]. Elements ofM0 were called multinumbers in [10].

Any function on the ring M0 can be considered as a (super)symmetric
function of an infinite many variables. Thus, the generalized logistic map on
M0 gives us a (super)symmetric infinite dimensional analogue of the classi-
cal logistic map. On the other hand, M0 can be identified with the set of
point evaluation complex homomorphisms of the algebra of supersymmetric
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polynomials on an infinite-dimensional linear space [17]. Symmetric and
supersymmetric polynomials and their various generalizations on infinite-
dimensional spaces were investigated in [4,7–9,12,15,20,25,29,30]. Some public
key algorithms of encryption based on multinumbers were proposed in [10,18].

In this paper, we consider the dynamics of the logistic map of the vari-
able inM0 and its completionMp. In Section 2 we give necessary definitions
and preliminary results concerning symmetric polynomials on sequence Banach
spaces and related (semi)rings of multinumbers. In Section 3.1 we show that
parameters of the logistic map onMp can be chosen so that its compositions
with real-valued ring homomorphisms will be chaotic. In Section 3.2 we investi-
gate conditions of the existence of nontrivial fixed points of the logistic map of
multinumbers and in Section 3.3 the problem about the inverse image of the
logistic map. In particular, we show that under some conditions, the starting
point u0 of the logistic dynamical system onM0 can be uniquely determined
by its any end-point un. Finally, in Section 3.4, we propose a collision-free hash
function of data based on the logistic map of multinumbers.

2. Definitions and Preliminary Results

Let c00 be the linear space of all eventually finite sequences x =
(x1, . . . , xm, 0, 0, . . .), xj ∈ C, where C is the field of complex numbers and
m belongs to the set of natural numbers N. The linear space c00 is infinite
dimensional and its completion with respect to the norm

‖x‖p =
( ∞∑
j=1

|xj |p
)1/p

for some 1 ≤ p < ∞ is denoted by `p. For a given x in c00 or `p we denote
by supp (x) = {j ∈ N : xj 6= 0}. We say that elements x and z are equivalent
(write x ∼ z) if there is a bijection σ : supp (x)→ supp (z) such that xj = zσ(j),

j ∈ supp (x). We denote by M+
0 the quotient set c00/ ∼ and by M+

p the
quotient set `p/ ∼ . A class of equivalence containing x is denoted by [x]. We
will use notations [0] = [(0, 0, . . .)] for the class containing the zero vector and
[(x1, . . . , xm)] instead of [(x1, . . . , xm, 0, 0, . . .)]. Thus, nonzero elements ofM+

0

can be considered as finite multisets (that is, sets with possible repetition of
elements) of nonzero complex numbers.

BothM+
0 andM+

p are commutative semirings with respect to the following
operations [8, 10,17]:

[x] + [z] = [x • z],

where
x • z = (x1, z1, x2, z2, . . .),

and
[x][z] = [x � z],
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where x � z is a vector with coordinates xizj ordered by some fixed order.
It is known (see e.g. [10]) that [x] = [z] inM+

p if and only if P (x) = P (z)

for every symmetric polynomial P on `p. Since c00 ⊂ `1, [x] = [z] inM+
0 if and

only if P (x) = P (z) for every symmetric polynomial P on `1. Here symmetric
polynomial P on `p is a polynomial P : `p → C which is invariant with respect
to any permutation of coordinates. That is,

P (x1, x2, . . .) = P (xσ(1), xσ(2), . . .)

for every bijection σ : N→ N. It is well known (see [15,25]) that polynomials

Fk(x) =
∞∑
j=1

xkj , x ∈ `p, k ≥ dpe,

where dpe is the ceiling of p, form an algebraic basis of symmetric polynomials
on `p. Note that symmetric polynomials on `p can be extended to M+

p by
P
(
[x]
)

= P
(
x
)
and this extension does not depend on the representative.

Moreover, polynomials Fk are ring homomorphisms ofM+
p , that is,

Fk
(
[x] + [z]

)
= Fk

(
[x]
)

+ Fk
(
[y]
)

and
Fk
(
[x][z]

)
= Fk

(
[x]
)
Fk
(
[y]
)

for all [x], [z] ∈ M+
p and integer k ≥ dpe. Clearly, the same is true if [x],

[z] ∈M+
0 and k ∈ N.

The semiring M+
p (respectively M+

0 ) can be included to a commutative
ring Mp (respectively M0) using the following approach. Let u = (y|x) and
u′ = (y′|x′) be vectors in the Cartesian product `p × `p. We say that u ∼ u′ if
Tk(u) = Tk(u

′) for every k ≥ dpe, where

Tk(u) = Fk(x)− Fk(y) =
∞∑
j=1

xkj −
∞∑
j=1

ykj .

Similarly, u ∼ u′ in c00×c00 if and only if Tk(u) = Tk(u
′) for every k ∈ N. Note

that polynomials Tk form an algebraic basis in the algebra of supersymmetric
polynomials on `p × `p [9, 17]. We denote by Mp the quotient set `p × `p/ ∼
and by M0 the quotient set c00 × c00/ ∼ and by u = [u] = [(y|x)] the class
of equivalence containing u = (y|x). Clearly, c00 × c00/ ∼ is a proper subset
in `p × `p/ ∼ for every p ≥ 1. We know thatMp is a commutative ring with
respect to the following operations:

u + u′ = [(y|x)] + [(y′|x′)] = [(y • y′|x • x′)],

uu′ = [(y|x)][(y′|x′)] =
[
((y � x′) • (y′ � x)|(x � x′) • (y � y′))

]
,

−[(y|x)] = [(x|y)],
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where 0 = [(0|0)] is zero and 1 = [(0|1)] is unity in this ring. Note that

[(y|x)] = [(y • a|x • a)]

for every vector a ∈ `p.
Clearly, that the semiring M+

p can be included to Mp by [x] 7→ [(0|x)].
As we indicated, [x] can be identified with the multiset of nonzero numbers
{x1, x2, . . .} so that [0] corresponds to the empty set. By this reason, [(y|x)]
can be identified with the pair of multisets {x1, x2, . . .} and {y1, y2, . . .} that
are opposite each other in the sense that [(x|x)] = [(0|0)]. Note that a similar
construction was used in [13, 14], where the authors developed a theory of σ-
sets consisting of elements x and antielements x∗ such that x∪ x∗ = ∅. In the
following, we will call elements u = [(y|x)] ∈Mp as multinumbers.

It is well-known that the algebra of symmetric polynomials on `1 admi-
ts more algebraic bases. In particular, the both sequences of elementary
symmetric polynomials (Gk) and complete symmetric polynomials (Hk) form
algebraic bases on `1, where

Gk(x) =
∑

i1<···<ik

xi1 · · ·xik ,

and
Hk(x) =

∑
i1≤···≤ik

xi1 · · ·xik , k ∈ N.

Similarly, there is another basis (Wk) of supersymmetric polynomials on `1×`1
(see [17])

Wk(y|x) =

k∑
m=0

Gm(x)Hk−m(−y), (y|x) ∈ `1 × `1, k ∈ N.

For us it is important that the generating function of the sequence
(
Wk(y|x)

)
can be written as

W((y|x))(t) =
∞∑
k=0

tkWk(y|x) =

∏∞
i=1(1 + txi)∏∞
j=1(1 + tyj)

, (2.1)

t ∈ C,W0 = 1. In particular, if u = [(y|x)] ∈ M0, then from (2.1) it follows
that W(u)(t) =W((y|x))(t) is a rational function

W((y|x))(t) =
P (t)

Q(t)
, (2.2)

where P and Q are polynomials of t ∈ C with zeros at t = −1/xi, i ∈ supp (x)
and at t = −1/yj , j ∈ supp (y), respectively.

A representative (y|x) of u = [(y|x)] is said to be irreducible if for every
nonzero coordinate yj of y and every coordinate xi of x we have that yj 6= xi. It
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is known [9,17] that every u ∈Mp admits an irreducible representative, and if
(y|x) and (y′|x′) are irreducible representatives of u, then there are bijections
σ : supp (x) → supp (x′) and µ : supp (y) → supp (y′) so that xi = x′σ(i) and
y = y′µ(j) for all i ∈ supp (x) and j ∈ supp (y). Clearly that if (y|x) is an
irreducible representative of u, then polynomials P and Q in (2.2) have no
common divisors.

Since for a given u = [(y|x)] ∈Mp vectors x and y are in `p, we can define
a norm of u using norms of x and y in `p [9, 17] by

‖u‖p = inf
{(
‖x′‖p + ‖y′‖p

)1/p
: [(y′|x′)] = u

}
.

Note that Mp is not a linear space but the introduced norm has natural
properties of the usual norm. In particular, the norm generates a metric dp
onMp by dp(u,v) = ‖u− v‖p and the following theorem holds.

Theorem 2.1.

(i) ‖u‖p =
(
‖x‖p + ‖y‖p

)1/p
, where (y|x) is an irreducible representative of

u and the value of norm does not depend on the choice of the irreducible
representative.

(ii) For every 1 ≤ p <∞, the metric space
(
Mp, dp

)
is complete.

(iii) M0 is a dense subring in anyMp.

Let

tn+1 = Lλ(tn) := λtn(1− tn), 0 < t0 < 1, 0 ≤ λ ≤ 4

be the dynamical system related to the logistic equation. Basic properties of
Lλ can be found in [11] (see also the references given there).

Let us consider a mapping Lr of the form

Lr(un) = un+1 = run(1− un),

where un = [un] = [(yn|xn)] = [(. . . , yn2, yn1|xn1, xn2, . . .)], n ∈ N and r =
[(l|s)] = [(. . . , l2, l1|s1, s2, . . .)] are elements in Mp. Suppose that T k(u1) and
T k(r) are real positive numbers for every k in some subsetM = {m1,m2, . . .} ⊂
N satisfying the following inequalities: 0 < T k(u0) < 1, and 0 ≤ Tk(r) ≤ 4.
Then we say that the sequence of multinumbers (un) satisfies logistic equation
Lr,u0,M .

3. Main Results

3.1. Dynamics of Lr

59



Z. NOVOSAD, V. M. PYLYPIV, S. SHARYN, A. V. ZAGORODNYUK

Proposition 3.1. Let (un) satisfies logistic equation Lr,u0,M . Then for every
k ∈M, the sequence Tk(un) satisfies logistic equation Lλ,t0 for λ = Tk(r) and
t0 = Tk(u0), that is, Tk(un+1) = Tk(r)Tk(un)

(
1− Tk(un)

)
.

Proof. Since functions Tk are ring homomorphisms, we get

Tk
(
Lr(un)

)
= Tk

(
run(1− un)

)
= Tk(r)Tk(un)(1− Tk(un)) = Lλ

(
Tk(un)

)
.

According to the conditions, 0 < T k(u0) < 1 and 0 ≤ Tk(r) ≤ 4 for k ∈M.

Theorem 3.2. For any given finite subsets M = {m1, . . . ,mj} ⊂ N,
{λ1, . . . , λj} ⊂ [0, 4] and {t(1)

0 , . . . , t
(j)
0 } ⊂ (0, 1) there are multinumbers r and

u0 of the form r = [(0|r1, . . . , rmj )] and u0 = [(0|x01, . . . , x0mj )] such that the
sequence un satisfies the logistic equation Lr,u0,M so that T k(r) = λk, and
T k(u0) = t

(k)
0 . Here we assume that m1 < · · · < mj .

Proof. Let us construct the multinumber r. Let ci = λi if i ∈ {m1, . . . ,mj}
and ci be a parameter if i /∈ {m1, . . . ,mj}. Numbers r1, . . . , rmj can be found
from the following system of equations:

Tk(r) =

mj∑
l=1

rkl = ck, k ∈ {1, 2, . . . ,mj}.

This system can be reduced to an algebraic equation of a single complex vari-
able by the following way. Let e1 = c1 and

ek =
1

k

(
c1ek−1 − c2ek−2 + · · ·+ (−1)k−1ck

)
. (3.1)

It is easy to see that ck = Tk(r), k ∈ {1, 2, . . . ,mj} are the power symmetric
polynomials of r1, . . . , rmj and equation (3.1) nothing else than the Newton
relation between power and elementary symmetric polynomials on Cmj . Thus,
ek are elementary symmetric polynomials of r1, . . . , rmj , that is,

ek =
∑

i1<...<ik≤mj

ri1 · · · rik , k ∈ {1, 2, . . . ,mj}.

By the Vieta theorem, r1, . . . , rmj are roots of the following algebraic equation

tmj − e1t
mj−1 + · · ·+ (−1)mjemj = 0.

As we observed above, ci = λi if i ∈ {m1, . . . ,mj} and we can put any values
of parameters ci for i /∈ {m1, . . . ,mj}.

By the same reason, if we set di = x1i if i ∈ {m1, . . . ,mj} and di is a
parameter if i /∈ {m1, . . . ,mj}, then we can find components x01, . . . , x0mj of
u0 from the following system of equations:

Tk(u0) =

mj∑
l=1

xk0l = dk, k ∈ {1, 2, . . . ,mj}.
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In other words, Theorem 3.2 asserts that for any prescribed dynamical
systems L

λk,t
(k)
0

, k ∈M, we can find r and u0 inM+
0 such that Tk(Lr,u0,M ) =

L
λk,t

(k)
0

. Note that this theorem does not guarantee anything if k /∈M. Let us
consider some cases if M are infinite sets.

For a given u = [(. . . , y2, y1|x1, x2, . . .)] ∈ M we denote by u =
[(. . . , y2, y1|x1, x2, . . .)] the complex conjugate of u, where z is the complex
conjugate of the complex number z. A multinumber u is self-conjugated if
u = u.

Example 3.3. It is easy to check that u = [(1, i,−i|2, 1 + i, 1 − i)] is self-
conjugated and v = [(1, 1 + i|2, 1− i)] is not.
Theorem 3.4. The following conditions are equivalent.

(i) u ∈M0 is self-conjugated.

(ii) Tk(u) is a real number for every k ∈ N.

(iii) Let (ym . . . , y2, y1|x1, x2, . . . , xn) be an irreducible representation of u.
Every component xj is either real or there is a component xk = xj with
the same multiplicity as xj , and every component yj is either real or
there is a component yk = yj with the same multiplicity as yj .

Proof. (i)⇒ (ii). Let

u = [(ym, . . . , y2, y1|x1, x2, . . . , xn)]

be self-conjugated. Then for every k ∈ N,

Tk(u) = Tk(u) = Tk(u).

Thus, all Tk(u) are real.
(ii) ⇒ (iii). Let (y|x) = (ym . . . , y2, y1|x1, x2, . . . , xn) be an irreducible

representative of u. Without loss of generality, we may suppose that xi 6= 0,
1 ≤ i ≤ n and yj 6= 0, 1 ≤ j ≤ m. From (2.2) it follows that the generating
rational function W(u)(·) is of the form

W(u)(t) =
P (t)

Q(t)
, t ∈ C,

where P is an n-degree polynomial with roots −1/x1,−1/x2, . . . ,−1/xn, Q is
anm-degree polynomial with roots −1/y1,−1/y2, . . . ,−1/ym, and polynomials
P and Q have no common denominators. SinceW(u)(t) is supersymmetric for
every t, from (i) it follows that it is real. Thus, polynomials P and Q are
real. Hence −1/x1,−1/x2, . . . ,−1/xn, and −1/y1,−1/y2, . . . ,−1/ym are roots
of real polynomials. It is well known that if a real polynomial has a complex
root, then it has a complex conjugate of the same multiplicity.

The implication (iii)⇒ (i) is obvious.
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(b) Contour plot

Fig. 1. Trajectories and contour plot of the dynamical system LnTk(r),Tk(u0) for r =

[(0|1, 1, 1, 1)], u0 = [(0|0.5, 0.4)], k = 1, . . . , 20, n = 1, . . . , 20

(a) Trajectories

0 5 10 15 20

5

10

15

20

n

k

0.11

0.22

0.33

0.44

0.55

0.66

0.77

0.88

(b) Contour plot

Fig. 2. Trajectories and contour plot of the dynamical system LnTk(r),Tk(u0) for r =

[(0|1, 1, 1, 1)], u0 = [(0.2, 0.2|0.5, 0.5)], k = 1, . . . , 20, n = 1, . . . , 20

Let us denote byM∆
p the following subring ofMp

M∆
p = {u = [(y|x)] ∈Mp : |xi| ≤ 1, |yj | ≤ 1, i, j ∈ N}.

Theorem 3.5. Let u0 and r be self-conjugate multinumbers such that u0 and
r are in M∆

p with ‖r‖p ≤ p
√

4 and ‖u0‖p < 1 for some 1 ≤ p < ∞. Then the
sequence un = run−1(1 − un−1), n > 1 satisfies logistic equation Lr,u0,M for
M = {dpe, dpe+ 1, . . .}.

Proof. Let u0 = [(y0|x0)] = [(. . . , y02, y01|x01, x02, . . .)]. For every k ≥ p we
have

|Tk(u0)| ≤
∞∑
i=1

|x0i|p +

∞∑
j=1

|y0j |p = ‖u0‖pp,
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(b) Contour plot

Fig. 3. Trajectories and contour plot of the dynamical system LnTk(r),Tk(u0) for r =

[(0|1, 1, 1, 1)], u0 = [(0|0.3, 0.3, 0.3)], k = 1, . . . , 20, n = 1, . . . , 20

because the condition u0 ∈ M∆
p implies that all |x0i| and |y0j | do not exceed

1. Thus, from condition ‖u0‖p < 1 we have that |Tk(u0)| ≤ 1 if k ≥ p. By the
same reason we get

|Tk(r)| ≤ ‖r‖pp ≤ 4.

Hence, un satisfies logistic equation Lr,u0,M for M = {dpe, dpe+ 1, . . .}.

The following examples show that for a given Lr,u0,M , dynamical systems
LTk(r),Tk(u0) may have very different behavior. The chaotic behaviors of
LnTk(r),Tk(u0) for different r and u0 are demonstrated in Figures (1)–(4).

Example 3.6. Let λ1 = 1, λ2 = 3, λ3 = 4, and t
(1)
0 = 0.5, t

(2)
0 = 0.125,

t
(3)
0 = 0.125. Proceeding as in the proof of Theorem 3.2, we can find r1, r2, r3

from 
r1 + r2 + r3 = 1,
r2

1 + r2
2 + r2

3 = 3,
r3

1 + r3
2 + r3

3 = 4.

The solution is {0, 1+
√

5
2 , 1−

√
5

2 }. Thus, r = [(0|1+
√

5
2 , 1−

√
5

2 )]. By the similar
way we can find that u0 = [(0| i4 ,−

i
4 ,

1
2)]. Note that for k ≥ 4 we have Tk(r) > 4.

Example 3.7. Let r = [(0| − i, i,−1, 1)]. Then for any self-conjugate u0 ∈M∆
0

with ‖u1‖1 ≤ 1, the sequence un+1 = run(1 − un) satisfies Lr,u0,N. On the
other hand,

Tk(r) =

{
4 if k = 4m for some m ∈ N,
0 otherwise.

Thus, corresponding one-dimensional dynamical systems L
λk,t

(k)
1

are chaotic if

k = 4m and trivial otherwise, where λk = Tk(r) and t(k)
0 = Tk(u0).

Example 3.8. If

r = [(0|0.99999, 0.99999, 0.99999, 0.99999)],
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then the behavior of LT1(r),T1(u0) is chaotic for any self-conjugate multinumber
u0 ∈ M∆

0 such that ‖u0‖1 ≤ 1 while LTk(r),Tk(u0) approaches zero if k →
∞. On the other hand, if r = [(0.9|1, 1, 1, 1)], then LT1(r),T1(u0) is stable but
LTk(r),Tk(u0) is chaotic if k is big enough.

(a) Trajectories

0 5 10 15 20

5

10

15

20

n

k

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

(b) Contour plot

Fig. 4. Trajectories and contour plot of the dynamical system LnTk(r),Tk(u0) for r =

[(0.9|1, 1, 1, 1)], u0 = [(0|0.4, 0.5)], k = 1, . . . , 20, n = 1, . . . , 20

Example 3.9. Let r = [(−1,−1|1, 1)]. For every self-conjugate multinumber
u0 ∈ M∆

0 such that ‖u0‖1 ≤ 1 and k ∈ N, LTk(r),Tk(u0) has chaotic behavior
but if u0 = [(0|a,−a)] for some 0 < a < 1/2, then LTk(r),Tk(u0) = 0 for all
k ∈ N. Indeed,

ru1 = [(−1,−1|1, 1)][(0|a,−a)]

= [(−a,−a, a, a|a, a,−a,−a)] = 0.

3.2. Fixed Points

A multinumber u ∈Mp is said to be a fixed point of the logistic map Lr if
Lr(u) = u, that is,

ru(1− u) = u. (3.2)

Clearly, u = [(0|0)] is a trivial solution of (3.2). SinceMp has divisors of zero
(see e.g. [10]) we can not just cancel nonzero u in (3.2). However, if u satisfies

r(1− u) = 1, (3.3)

then it satisfies (3.2) as well. The equality (3.3) means that r is invertible and
1−u is the (multiplicative) inverse of r. If r is of the form r = [(0|λ)], where λ is
a nonzero number, then 1−u = [(0|1/λ)] and so u = 1− [(0|1/λ)] = [(1/λ|1)].
On the other hand, if ‖u‖p < 1, then 1−u is always invertible and its inverse
can be written as

(1− u)−1 =
∞∑
n=0

un (3.4)
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(see e.g. [9, 17]). Thus, we have the following theorem.

Theorem 3.10.

(i) If r is of the form r = [(0|λ)] for some number λ 6= 0, then u = [(1/λ|1)]
is a nonzero fixed point of Lr.

(ii) For every u ∈Mp, ‖u‖p < 1 there is r ∈Mp such that u is a fixed point
of Lr. If ‖u‖p ≤ 3/4, then ‖r‖p ≤ 4.

(iii) If u is a fixed point of Lr such that Tk(u) 6= 0 for every k ∈ N and v is
an another fixed point of Lr such that Tk(v) 6= 0 for every k ∈ N, then
u = v.

Proof. (i). As we mentioned above, u = [(1/λ|1)] is a fixed point of Lr for
r = [(0|λ)].

(ii). Let

r =
∞∑
n=0

un.

By formula (3.4), r = (1− u)−1 and so Lr(u) = u. If ‖u‖p ≤ 3/4, then

‖r‖p =
∥∥∥ ∞∑
n=0

un
∥∥∥
p
≤
∞∑
n=0

‖u‖np ≤
∞∑
n=0

(3

4

)n
=

1

1− 3/4
= 4.

(iii). Let u be a fixed point of Lr. Then, for every k ∈ N,

Tk(u) = Tk(r)Tk(u)(1− Tk(u)).

Since all Tk(u) 6= 0, we have

Tk(u) = 1− 1

Tk(r)
, k ∈ N.

By the same reason, if v is another fixed point of Lr such that Tk(v) 6= 0,
k ∈ N, then

Tk(v) = 1− 1

Tk(r)
.

Hence, Tk(u) = Tk(v) for every k ∈ N. From [10] we have that u = v.

We do not know does exist a multinumber r such that Lr admits two di-
fferent nontrivial fixed points. Statement (ii) of Theorem 3.10 can be illustrated
by the following example.

Example 3.11. Let u = [(0|1/4, 1/4)]. Then

un =
[(

0
∣∣∣ 1

4n
, . . . ,

1

4n︸ ︷︷ ︸
2n

)]
,
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and we can set

r =
∞∑
n=0

un =
[(

0
∣∣∣1, 1

4
,
1

4
, . . . ,

1

4n
, . . . ,

1

4n︸ ︷︷ ︸
2n

, . . .
)]
.

By (3.4), r = (1 − u)−1. This equality can be checked by the straightforward
computation

(1− u)r =
[(1

4
,
1

4

∣∣∣1)][(0
∣∣∣1, 1

4
,
1

4
, . . . ,

1

4n
, . . . ,

1

4n︸ ︷︷ ︸
2n

, . . .
)]

=
[(1

4
,
1

4
, . . . ,

1

4n
, . . . ,

1

4n︸ ︷︷ ︸
2n

,

. . .
∣∣∣1, 1

4
,
1

4
, . . . ,

1

4n
, . . . ,

1

4n︸ ︷︷ ︸
2n

, . . .
)]

= [(0|1)] = 1.

Thus, ru(1− u) = u.

3.3. Inverse Mappings

Let us consider the following problem:

for given n, r and un+1 find u0.

This problem leads to a quadratic equation in multinumbers

ru2 − ru−w = [(0|0)], (3.5)

where u is unknown. We will use the fact that u = v if and only if Tk(u) =
Tk(v) for every k ∈ N. Applying Tk to (3.5), we have

Tk(r)
(
Tk(u)

)2 − Tk(r)Tk(u)− Tk(w) = 0

and so

2Tk(r)Tk(u) = Tk(r)±
√(

Tk(r)
)2

+ 4Tk(r)Tk(w), k ∈ N.

If u0 is a solution of (3.5), then(
2Tk(u)Tk(r)− Tk(r)

)2
=
(
Tk(r)

)2
+ 4Tk(r)Tk(w)

for every k. Thus, there is a multinumber

d = r2 + 4rw
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such that the equation c2 = d has a solution c = 2ur−r. Hence, to solve (3.5)
we should be able to solve equations of the following forms for unknown u:

bu = v and u2 = d.

It is easy to check that these equations may have no solutions. In [31] it is
observed that if b and v are inM0 and Tk(b) 6= 0, Tk(v) 6= 0 for every k ∈ N,
then if u is a solution of bu = v, then it is unique. Note that in this case
Tk(b)Tk(u) = Tk(v) for every k ∈ Z+. Let us suppose for simplicity that b
and v are of the form b = [(0|b1, . . . , bm)] and v = [(0|v1, . . . , vm·s)] for somem
and s, where all bi and vj are nonzero. Then the solutions u = [(0|u1, . . . , us)],
where all ui are nonzero, can be found from the following system of polynomial
equations

m∑
i=1

s∑
j=1

bki u
k
j =

ms∑
l=1

vkl , k = 1, . . . ,ms. (3.6)

Note that the complexity of the algorithm of solution of (3.6) is much more
higher than in the case of the scalar equation bu = v and is equivalent to
solution of an ms-degree algebraic equation.

The general case when b and v ∈ M0 is more complicated because the
ring M0 has divisors of zero. For example (cf. [10]), [(−a|a)][(0| − a, a)] =
[(−a2, a2|a2,−a2)] = [(0)] for every complex number a.

Let us consider the square equation

u2 = d, d ∈M0.

If d ∈ M+
0 , then s = T0(d) must be of the form s = m2 for some m ∈ N, and

u = [(0|u1, . . . , um)] can be found from

(
Tk(u)

)2
=

m∑
i,j=1

uki u
k
j = Tk(v) =

m2∑
l=1

vkl , k = 1, . . . ,m2.

In the general case, if we look for solutions in M0, the is situation is much
more complicated. For example, the unity [(0|1)] has two square roots inM+

0 :
[(0|1)] and [(0| − 1)] while inM0 there are two square roots more: [(1|0)] and
[(−1|0)]. Moreover, in [31] (Example 3.6) it is shown that the multinumber
d = [(0|1, 1, 1, 1)] has at least 8 different square roots, namely:{

[(0|1, 1)], [(1, 1|0)], [(0| − 1,−1)], [(−1,−1|0)],

[(1| − 1, i,−i)], [(−1|1, i,−i)], [(−1, i,−i|1)], [(1, i,−i| − 1)]
}
.

We do not know does d = [(0|1, 1, 1, 1)] have more square roots.
Let us denote by Z the subring ofM0 consisting of elements [(y|x)] with

nonnegative integer entries xi and yj . That is

Z = {[(y|x)] ∈M0 : x = (x1, x2, . . . , ), y = (y1, y2, . . . , )},
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xi, yj ∈ Z+. In [10] it is proved that Z is an integral domain, that is, it does
not contain divisors of zero. Using this fact in [31] if was observed that if d ∈ Z
and u0 is a solution of u2 = d in Z, then v0 = −u0 is another solution and
this quadratic equation has no more solutions in Z. Indeed, if u2

0 − v2
0 = 0,

then (u0 − v0)(u0 + v0) = 0 and since Z does not contain divisors of zero,
either u0 = v0 or u0 = −v0. To use this result for our purpose, we consider
the map from Z toM0, n 7→ v = n{−1} defined by

vi =

{
1/ni if ni 6= 0,

0 otherwise.

In other words, if n = [(n′k, . . . , n
′
2, n
′
1|n1, n2, . . . , nm)] ∈ Z, then

v = n{−1} =
[( 1

n′k
, . . . ,

1

n′2
,

1

n′1

∣∣∣ 1

n1
,

1

n2
, . . . ,

1

nm

)]
.

Let us denote by Z{−1} the range of Z under the map n 7→ n{−1}.

Proposition 3.12. Z{−1} is an integral domain.

Proof. It is easy to check that the map n 7→ n{−1} is a ring isomorphism from
Z to Z{−1}. Thus Z{−1} is an integral domain.

Corollary 3.13. Let r, w ∈ Z{−1}, and u0 be a solution of the quadratic
equation (3.5) in Z{−1}. Then (3.5) has another solution v0 = 1−u0 ∈ Z{−1}

and (3.5) has no more solutions in Z{−1}.

Proof. From the conditions it follows that d = r2 + 4rw is in Z{−1}. If u0 is
a solution of (3.5) in Z{−1}, then

(2u0r− r)2 = r2 + 4rw = d,

and c0 = 2u0r− r is a solution of the equation c2 = d. As we observed above,
since Z{−1} is an integral domain, another solution of c2 = d in Z{−1} is only
−c0. For v0 = 1− u0 we obtain

2v0r− r = 2(1− u0)r− r = −2u0r− r = −c0.

Thus, another root of (3.5) can be equal only to 1− u0.

Proposition 3.14. Let u0 = [(y(0)|x(0))] ∈M0 be such that

[(y(0)|x(0))] = [(. . . , y
(0)
2 , y

(0)
1 |x

(0)
1 , x

(0)
2 , . . .)]

and for all nonzero components x(0)
i and y(0)

j we have 0 < x
(0)
i < 1, 0 < y

(0)
j < 1.

Also, we suppose that r = [(0|r1, r2, . . .)] and all nonzero components of r
satisfy 0 < rk ≤ 1. Then for every n ∈ N, un = [(y(n)|x(n))] = Lnr (u0) has
the same property, that is, 0 < x

(n)
i < 1 and 0 < y

(n)
j < 1 for all nonzero

components.
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Proof. It is enough to check for the case n = 1.

u1 = Lr(u0) = [(0|r1, r2, . . .)][(. . . , y
(0)
2 , y

(0)
1 |x

(0)
1 , x

(0)
2 , . . .)]

× [(. . . , x
(0)
2 , x

(0)
1 |1, y

(0)
1 , y

(0)
2 , . . .)].

Clearly that all components of u1 are nonnegative and the maximal component
is equal to

max
k

(rk) max
i,j

(xi, yj) < 1.

Theorem 3.15. Let r, u0 and v0 be in Z−1 such that all components of u0

and all components of v0 are in the interval (0, 1) and all components of r
are in (0, 1]. Suppose that Lnr (u0) = Lnr (v0) for some natural number N. Then
u0 = v0.

Proof. Let us find un−1 from the equation

ru2
n−1 − run−1 − un = [(0|0)].

From Corollary 3.13 it follows that there are only two roots of this equation
in Z−1, un−1 and 1− un−1. But only un−1 satisfies the condition that all its
components are in (0, 1). So, we correctly recover un−1. Next we can consider

ru2
n−2 − run−2 − un−1 = [(0|0)]

to find un−2 and so on. At the nth step we will get a unique possibility for
u0.

Note that Theorem 3.15 describes a different situation than we usually have
in the case of classical logistic equation. If we know tn = λtn−1(1− tn−1) then
there are two candidates tn−1 and 1− tn−1 for the original tn−1 and there no
way to make a right choice. At the last step we have 2n starting points t(i)0

such that Lλ(t
(i)
0 ) = tn. Thus, if we will try to use some iteration of Lλ(t0) as a

hash function of t0, then points t(i)0 will make collisions. The following example
gives a comparing of classical logistic equation and the multinumber one.

Example 3.16. Let λ = 4, t0 = 0.1, and tn = λtn−1(1− tn−1). Then t1 = 0.36

and t2 = 0.9216. If we will try to recover t0 from t2 we will get t(1)
1 = 0.36,

t
(2)
1 = 0.64, t

(1)
0 = 0.1, t

(2)
0 = 0.9, t

(3)
0 = 0.2 and t(4)

0 = 0.8.
Let us consider now the similar values of parameters but in means of multi-

numbers. Set r = [(0|1, 1, 1, 1)], u0 = [(0|0.1)], and un = run−1(1− un−1). To
avoid long formulas, we will use notation (a•k) instead of (a, . . . , a︸ ︷︷ ︸

k

). Then

u1 = [(0|1, 1, 1, 1)][(0|0.1)][(0.1|1)]

= [(0|1•4)][(0.1|0.01)] = [(0.01•4|0.1•4)],
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u2 = [(0|1•4)][(0.01•4|0.1•4)][(0.1•4|1, 0.01•4)]

= [(0.01•20, 0.0001•16|0.1•4, 0.001•32)].

Like in the classical case, there are two solutions of equation u2 =
ru1(1 − u1) with unknown u1: [(0.01•4|0.1•4)] and [(0.1•4|1, 0.01•4)] but only
[(0.01•4|0.1•4)] satisfies the condition that all components are less than 1. By
the same reason we have two candidates for u0: [(0|0.1)] and [(0.1|1)] but only
[(0|0.1)] satisfies the condition. Thus u0 is completely defined by n, un, r and
conditions of Theorem 3.15.

3.4. Dynamics of Rational Functions

Using equation (2.1) we can identify multinumbers with rational functions.
To make it more convenient for the visualization, we modify this identification
by the following way. Let Q be a map fromM0 to the set of rational functions
of a complex variable t such that

Q : u = [(ym, . . . , y1|x1, . . . , xn)] 7→
∏n
i=1(t− xi)∏m
i=1(t− yi)

.

In other words, Q(u)(t) is a rational function of t with zeros at x1, . . . , xn and
poles at y1, . . . , ym. The following relations easily follows from the definition
of Q.

Proposition 3.17. Let u = [(ym, . . . , y1|x1, . . . , xn)] and v =
[(ds, . . . , d1|b1, . . . , xl)]. Then

(i) u = v if and only if Q(u) = Q(v).

(ii)

Q(−u) =
1

Q(u)
.

(iii) Q(u + v) = Q(u)Q(v).

(iv)

Q(uv) =

∏n,l
i,j=1(t− xibj)∏m,s
i,j=1(t− yidj)

.

Hence, the logistic map Lr generates a dynamical system on the set of
rational functions by the following formula:

Q
(
Lr(u)

)
= Q

(
ru(1− u)

)
.

Let r = [(r−h , . . . , r
−
1 |r

+
1 , . . . , r

+
q )]. Since Q(1)(t) = t− 1, we have

Q(ru)(t) =

∏q,n
j,i=1(t− r+

j xi)∏q,m
j,i=1(t− r−j yi)

,
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and
Q(1− u)(t) =

(t− 1)
∏m
k=1(t− yk)∏n

k=1(t− xk)
.

Thus

Q
(
Lr(u)

)
(t) =

∏q,n
j,i=1(t− r+

j xi)∏q,m
j,i=1(t− r−j yi)

∏q,n,m
j,i,k=1(t− r+

j xiyk)∏q,m,n
j,i,k=1(t− r−j yixk)

.

3.5. Possible Application in Cryptography

Let us consider a practical example how to use obtained results to creating
a hash function of data. Suppose that incoming data is presented as a sequence
of natural numbers a = (a1, a2, . . . , as). We can transform it to a multinumber
n = n(a) using the following algorithm proposed in [10].

input a;
set n := [(0|0)];
while 1 ≤ j ≤ s:
begin if aj 6= 0, then n := n + [(0| j, . . . , j︸ ︷︷ ︸

aj times

)] end;

output n.

For example, if a = (1, 0, 0, 1, 0, 1, 1), then n = [(0|1, 4, 6, 7)]; if a =
(0, 1, 1, 2, 0, 1, 2, 3), then n = [(0|2, 3, 4, 4, 6, 7, 7, 8, 8, 8)]. Clearly, that the
mapping a 7→ n is invertible.

In order to use the logistic map with chaotic behavior, we need to have a
multinumber u with ‖u‖p < 1. To make sure that the norm of the multinumber
is less than one, we can set

u = [(0|n1 +m,n2 +m, . . . , nm +m)]{−1}

=
[(

0
∣∣∣ 1

n1 +m
,

1

n2 +m
, . . . ,

1

nm +m

)]
.

Therefore, the incoming data a can be converted to a multinumber u0 = u =
[(0|u1, . . . , um)] ∈ Z−1 such that all components uj are nonnegative and less
than 1. Thus, we can apply the logistic map Lr to n for an appropriate r. The
map u0 7→ un = Lnr (u0) is a mapping with a hardly computable inverse if
n is big enough. If r = [(0|1, 1, 1, 1)], then all Tk(un) have a chaotic behavi-
or. From Theorem 3.15 it follows that the function u0 7→ un has no collisi-
ons. Thus the map a 7→ un can be used as a hash function. Also, the vector(
T1(un), . . . , TN (un)

)
can be used as a hash function of a for a big enough N.

Note that the sizes of the proposed hash functions depend on the size of a and
so, for practical using, it can be normalized using some known methods.

4. Discussion and Conclusions

We can see that the logistic mapping Lr can generate a chaos on the ring
of multinumbers in the sense that for some (or all) complex homomorphisms
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Tk, the composition Tk ◦Lr is chaotic on the interval (0, 1). On the other hand,
Lr(u) formally depends on infinite many variables u = [(. . . y2, y1|x1, x2, . . .)].
Note that the dynamical system generated by Lr can not be restricted to
any finite-dimensional subspace. Indeed, if supp (r) has s elements, supp (x)
has k elements, and supp (y) has m elements, then supp

(
Lr(u)

)
may have

s(k + m)(k + m + 1) elements. That is, the number of nonzero components
of Lr(u) may grow with every iteration. However, we found some conditions
when Lr has a nontrivial fixed point and when it is unique. In addition, we
proved that every multinumber u ∈ Mp is a fixed point for a special r. From
this point of view, it would be interesting to know something about periodical
points of Lr. It can be considered in further investigations.

In order to use the chaos generated by Lr in cryptography, we found a
narrow subring of multinumbers where Lr still has the chaotic behavior and
the initial value u0 is completely defined by un = Lnr (u0). This property never
holds for the classical logistic map, and it allows us to use Lnr for creating a
hash function of data. We proposed an algorithm for the construction of a hash
function.
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