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Cellular-compact and cellular-Lindelof on

hyperspaces

Abstract. The generalized metric properties on hyperspaces with the
Pixley-Roy topology and the Vietoris topology have been studied by
many authors. They considered several generalized metric properties
and studied the relation between a space X satisfying such property
and its hyperspaces with the Pixley-Roy topology and the Vietoris
topology satisfying the same property. In this paper, we study cellular-
compact and cellular-Lindel6f spaces on hyperspaces with the Pixley-
Roy topology and the Vietoris topology. For a space X, we prove that
PR[X] is cellular-compact (resp., cellular-Lindeldf) if and only if X is fi-
nite (resp., countable). Moreover, if K(X) or F(X) or F,(X) (n € N)
is cellular-compact (resp., cellular-Lindel6f), then X is cellular-compact

(resp., cellular-Lindeldf).
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AHoratnig. Y3arajgbHeHI MeTpUYHI BJIACTHBOCTI TimeprpocTOpiB 3 TOIO-
sorieto Ilikemi-Post Ta Tomosoriero Bieropica mocmimxkysamucs Gararbma
aBTOpamMu. BOHM pO3IVISIHY/IM KijbKa y3arajJbHEHUMX METPUYHUX BJIACTH-
BOCTEH Ta JOCTIIUIN 3B’A30K MiXK IpocTopoM X, IO 3aJ0BOJbHSIE Ta-
Ky BJIACTHUBICTB, Ta iforo rinmepnpocropamu 3 TonoJoriero Ilikcui-Pos Ta
tomosioriero BieTopica, 110 3a/10BOIBHAIOTL Ty CaMy BJIACTUBICTB. ¥ IIiif
CTATTi MM BUBYAEMO KJIITMHHO-KOMIIAKTHI Ta KJiTUHHO-JliHIe1p0diBCHKI
mpocTopu Ha rinepupocropax 3 TomoJjorieio Ilikcmi-Pos ta Tomosori-
ero Bieropica. [ma mpocropy X mm gosogmmo, mo PR[X]| € wirituano-
KOMITAKTHUM (Biamnosinuo, kiituano-Jlinaenbodiscbkum) Tol i TiIbKE TO-
ni, xonn X € ckimueHHunM (BimmosigHo, 3midennuM). Binbuie Toro, skio
K(X) abo F(X) abo F(X) (n € N) e xiiTuHHO-KOMIAKTHUM (BLAIOBiAHO,
kyiTuHHO-JliHneb0diBcbkIM), TO X € KIITHHHO-KOMIIAKTHUM (BiAIOBiI-

HO, KiTuHHO-JIiHAeH0]IBCHKUM).

Kuro4gosi caoBa: [Ninepnpocrip, tonosoris Ilikcsi-Posi, Tonosoris Bie-
TOpica, KJIITHHHO-KOMITAKTHA TOIIOJIOTisA, KIiTuHHO-JliHAep0hiBChKa TO-

OJIOTist
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1. Introduction

Recently, the generalized metric properties on hyperspaces with the Pixley-
Roy topology and the Vietoris topology have been studied by many authors
( [2-9,11,12,15,17-22]).

In 2018, cellular-Lindelof spaces were introduced and studied by W.F. Xuan
and Y.K. Song ( [23]). After, V.V. Tkachuk and R.G. Wilson introduced and
studied cellular-compact spaces in 2019 ( [16]). They obtained some good
results. In this paper, we study them on hyperspaces with the Pixley-Roy
topology and the Vietoris topology. For a space X and n € N, we prove that

1. PR[X] is cellular-compact (resp., cellular-Lindelof) if and only if X is
finite (resp., countable);

2. f K(X) or F(X) or F,(X) is cellular-compact (resp., cellular-Lindelof),
then X is cellular-compact (resp., cellular-Lindelof).

Throughout this paper, all spaces are assumed to be Hausdorff, N denotes
the set of all positive integers.

2. Definitions

The set PR[X] is the set of all non-empty finite subsets of a space X. For
each F € PR[X] and A C X, denote

[F,Al]={H € PRIX]|: F C HCA}.

The Pizley-Roy hyperspace PR[X] over a space X, defined by C. Pixley and
P. Roy in [13], with the topology generated by the sets of the form [F, V], where
F € PR[X]| and V is an open subset in X containing F'. For any space X, PR[X]
is zero-dimensional, completely regular and hereditarily metacompact (see [1]).

For each n € N, let PR,[X]| = {F € PR[X] : |F| < n}. Then, PR[X]| =
Uo2 PR, [X] and PR, [X] C PRy,4+1[X] for each n € N.

Remark 1. Let X be a space and n € N.

1. PR,[X] is a closed subspace of PR[X] and in particular, PR[X] is a closed
discrete subspace of PR[X] [14].

2. Every PR,,,[X] is a closed subspace of PR, [ X] for each m,n € N, m < n [3].
Given a space X, we define its hyperspaces as the following sets:

1. CL(X)={A C X : Ais closed and nonempty};

2. K(X)={A e CL(X) : Ais compact};

w

CFn(X)={A e CL(X) : |A] <n}, where n € N;
4. F(X)={A e CL(X): Ais finite}.
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Let Py, ..., Ps be subsets of a space X. Then, we denote

(Py,...,Ps) = {AGC’L(X) 1 AC Uiy Py AN P # 0 for each i < s}.
(Pr1,..., Py, = (P1,...,Ps) N Fp(X) for each n € N,
<P17-~-7Ps>]-‘(X) = <P1,...,Ps> ﬂ]:(X),
<P17"'7PS>K(X) = <P1,...,PS> NK(X).

The set C'L(X) is topologized by the Vietoris topology defined as the topology
generated by

B={(Uy,...,Uy) : Uy,...,Ug are open subsets of X, k € N}.

Note that, by definition, K(X), F,(X) and F(X) are subspaces of CL(X).
Hence, they are topologized with the appropriate restriction of the Vietoris
topology. Moreover,

1. CL(X) is called the hyperspace of nonempty closed subsets of X;
2. K(X) is called the hyperspace of nonempty compact subsets of X;
3. Fn(X) is called the n-fold symmetric product of X;

4. F(X) is called the hyperspace of finite subsets of X.

On the other hand, it is obvious that F(X) = |J,2;Fn(X) and Fp(X) C
Fn+1(X) for each n € N.

Remark 2 ( [15]). Let X be a space and let n € N.

1. Fn(X) is closed in F(X).

2. f1: X —» Fi(X) given by fi(z) = {x} is a homeomorphism.

3. Every F,,(X) is a closed subset of F,,(X) for each m,n € N, m < n.
Definition 1. Let X be a space.

1. X is cellular-Lindeldf [23], if for any disjoint family ¢/ of non-empty open
sets, there is a Lindelof subspace L such that LNU # () for each U € U.

2. X is cellular-compact [16], if for any disjoint family ¢ of non-empty open
sets, there is a compact subspace K such that K NU # 0 for each U € U.

Remark 3. 1. Compact = cellular-compact = cellular-Lindelof.

2. Compact = Lindel6f = cellular-Lindel6f.

3. Main results

Theorem 1. Let X be a space and n € N, n > 2. Then, the following
statements are equivalent:
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1. PR[X] is compact;
2. PR[X] is cellular-compact;
3. PR,[X] is cellular-compact;
4. PR1[X] is cellular-compact;
5. X 1s finite.

Proof. (5) = (1) = (2) is obvious. For each n € N, n > 2, since PR, [X] is a
regular closed subset of PR[X] and PR;[X] is a regular closed subset of PR, [X],
by |16, Proposition 3.4|, we claim that (2) = (3) = (4).

It follows from Remark 1(1) that if PRy [X] is cellular-compact, then PRy [X]
is finite. Therefore, (4) = (5).

Theorem 2. Let X be a space and n € N. If K(X) or F(X) or Fp(X) is
cellular-compact, then X is cellular-compact.

Proof. Assume that U is a disjoint family of non-empty open sets in X. Put

Urx)y = {{U)kx) 1 U €U}
Urxy ={U)rx) : U € U};
U ={({U)n : U €U}.

Then, it is obvious that Uy x) (resp., Ur(x), tn) is a disjoint family of non-
empty open sets in K(X) (resp., F(X), Fn(X)). If K(X) is cellular-compact,
then there is a compact subspace K of K(X) such that KN (U)gx)y # 0 for
each U € U. Thus, for each U € U, there exists I' € K such that FF C U.
Hence, (|JK)NU # 0. Moreover, it follows from [10, Theorem 2.5.2] that [ J K
is compact in X. Therefore, X is cellular-compact.

Next, let F(X) or F,,(X) be cellular-compact. If K is compact in F(X) or
Fn(X), then K is compact in K(X). Therefore, similar to the above proof, we
claim that X is cellular-compact.

Theorem 3. Let X be a space and n € N, n > 2. Then, the following
statements are equivalent:

1. PR[X] is Lindeldf;

2. PR[X] is cellular-Lindeldf;
3. PR,[X] is cellular-Lindelof;
4. PRi[X] is cellular-Lindelof;

5. X is countable.
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Proof. (5) = (1) = (2) is obvious. For each n € N, n > 2, since PR, [X] is a
regular closed subset of PR[X] and PRy [X] is a regular closed subset of PR, [X],
by [25, Theorem 3.5|, we claim that (2) = (3) = (4).

It follows from Remark 1(1) and |24, Theorem 3.1] that if PRy [X] is cellular-
Lindel6f, then PR;[X] is countable. Hence, (4) = (5).

Lemma 1. Let X be a space and A C X. If L is Lindeldf in subspace
(A)rx) of K(X), then | L is Lindeldf in subspace A of X.

Proof. Let U be an open cover of | J L in subspace A of X. Then, for each
U € U, there exists Vy open in X such that U = Viy N A. Take any E € L,
we have that £ C |J£ C Upey Vu- Since E is a compact subset of X, there
exists a finite subcover {Viy,,...,Vu, , } of E such that E'NVy, # () for each
i <n(E). Thus, E € (Vi,, ..., Vu, 5 )x(x)- Now, if we put

M= {<VU1,.. '7VUn(E)>K(X) NS £},

then 4 is an open cover of £ in K(X). Hence, {H N (A)g(x) : H € U} is an
open cover of £ in subspace (A)gx) of K(X). Since £ is Lindeldf in subspace
(A)r(x) of K(X), there exists a countable subfamily &l of & such that £ C

Uy = {OE] = <VU1(Ej)’ .. '7VUn(Ej)>K(X) 1] € N},
V= {Ul(E‘j)7 ce, Un(E]) 1j € N}

Then, V is a countable subfamily of . Moreover, |J£ C |JV. Indeed, let
z € |JL. Then, there exists E € £ such that z € E. Since E € L, there exists
j € N such that

E € Op; N (A)kx) = Vs, s Vg, koo N {A)xx)-
This implies that there exists 1 < ¢ < n such that
NA=Ug, clJV.

S VUi(Ej)

Therefore, | £ is Lindelof in subspace A of X.

Theorem 4. Let X be a space and n € N. If K(X) or F(X) or Fp(X) is
cellular-Lindeldf, then X is cellular-Lindeldf.

Proof. Suppose that U is a disjoint family of non-empty open sets in X. Put

Ugxy = {{U)kx) 1 U €U}
Urx) ={U)rx) : U €U};
Sy = {(U)n: U €UY.
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Then, it is obvious that Uy x) (resp., tr(x), &y,) is a disjoint family of non-
empty open sets in K(X) (resp., F(X), Fn(X)). If K(X) is cellular-Lindelof,
then there is a Lindeldf subspace £ of K(X) such that LN (U)g(x) # 0 for each
U € U. This implies that for each U € U, there exists F' € L such that ' C U.
Hence, (IJL£) NU # 0. Moreover, since K(X) = (X)g(x), UL is Lindelsf in
X by Lemma 1. Therefore, X is cellular-Lindelof.

Next, assume that F(X) or F,(X) is cellular-Lindelof. If £ is Lindelof in
Fn(X) or F(X), then L is Lindelof in K(X). Therefore, similar to the above

proof, we claim that X is cellular-Lindel6f.

Remark 4. Let X be a space. Then, X is cellular-compact (resp., cellular-
Lindel6f) if and only if F;(X) is cellular-compact (resp., cellular-Lindel6f) by
Remark 2(2).

By Theorems 2, 4 and Remark 4, we have the following question.

Problem 1. If X is cellular-compact (resp., cellular-Lindelof), then are
K(X), F(X) and F,(X) for some n € N (n > 2) cellular-compact (resp.,
cellular-Lindel6f)?
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