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Abstract. The paper considers the issues of saturation in the spaces C
and Lp, p € [1;00) of the biharmonic Poisson operator, in particular, the
order and class of saturation are found.
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1. Introduction

Let C be the space of 2r—periodic continuous functions, in which the norm
is given by the equation ||f|lc = max |f(t)|; Lp, p > 1 be the space of 2m—

- 1/p
periodic functions f with norm |[|f|lz, = [f[l, = [ 1f(@)|Pdt ; Loo be

the space of 2m—periodic measurable essentially bounded functions with norm
[flloo = €55 SUp £ ()]

Let f € L1 be the function that has a Fourier series in the form

(o]
= ?0 + ; ay cos kx + by sin kx).

Let further A = \s(k) be the set of functions that depend on k£ =0,1,2, ...
and on the parameter ¢, which varies on some set £y C R that has at least one
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ON SATURATION OF ONE LINEAR METHOD FOR SUMMING FOURIER...

boundary point. Suppose also that A\s(0) = 1, Vd € E,. In the case when § = n,
n € N, the numbers A\;(k) =: A, ;, are elements of the numerical rectangular
matrix A = {\,} (n,k=0,1,..; 0 =1,n € NUO), and when in addition
A = 0,k > n, are elements of a numerlcal triangular matrix. With the help
of the set A for each f € L we will correspond to the series

% 4 Z/\(;(k)(ak coskx + bysinkz), &€ Ej. (1.1)

If the series (1.1) at each § € E is the Fourier series of some function, then
we denote it by Us(f;z; A), and by U, (f;x; A) in the case when § =n, n € N.
Thus, any set A defines a method for constructing the operators Us(f;x; A).
In this case, it is also said that the set A defines a specific method (A—method)
of summing Fourier series.
o0
If the sequence {A\s(k)};_g= is such that the series 3+ Y As(k)coskt is

k=1
the Fourier series of some summable function, then (similarly to [23, p. 15])

the following equality holds:
Us(f;x; A) /f :U+t +Z)\5 cosk:t) (1.2)

Consider the biharmonic equation in the unit disk |pe®®| < 1

A%(u) =0, (1.3)
where A% = A(A) is a biharmonic operator, and A = apg +1 ; ap + p%ai; is the
Laplace operator in polar coordinates. The solution to the equation (1.3) that

satisfies the initial conditions

ou(p, x)

‘ :O’ —ﬂgxﬁﬂ’, f€L17
ap p=1

w(p.a) |,y = f(@).

will be as follows

—jr/ﬂf(t—i—:c)(;—l—i(l—i—l;(1—p2)>pkcoskt>dt, (1.4)

where 0 < p < 1.

The operator B (p) (0 < p < 1), defined on L; by Eq. (1.4), is called the
biharmonic Poisson operator of the function f. It is known (see, e.g. [19]) that
Erlri 0B (p; f;2) = f(x) for almost all x, and the convergence is uniform on

every closed interval of continuity points.
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Similarly to [15], by putting p = e_%, 0 > 0, the biharmonic Poisson
operator is written as

- 1 k 2\ ok
Bs(f;x) = 7T/f(t—i—au) <2 + kz_; (1 + 5(1 —e 5))6 5 coskt)dt. (1.5)
Note that by putting in equation (1.2)

Ns(k) = <1+§(1—e—%))e—%, 550, (1.6)

we obtain the biharmonic Poisson operator (1.5). Thus, the biharmonic Poisson
operator is a linear method [6,23| for summing up Fourier series given by a
set of functions. The study of biharmonic Poisson operators as approximation
methods on different functional classes was carried out in a significant number
of papers [12-14,17,27].

In studying the approximation properties of linear methods for summi-
ng Fourier series Us(f;x;A), the so-called saturation problem is of great
importance. This problem is to establish the order of saturation of a particular
A—method, that is, to find the function @p(d) such that the approximation
values of this method cannot approach zero faster than the function s (9).
Next, it is necessary to describe the class of functions on which the order of
approximation by this A—method coincides with the found saturation order
©A(6)-

This issue has been studied by many scientists. In particular, the first
results on finding the order and saturation class of the methods for summing
Fourier series appeared in the papers by G. Alexits [1], A. Zygmund [28], M.
Zamansky [26], J. Favard |9, 10]. Further contributions to the development of
these studies were made by G. Sunouchi, C. Watari [24], F.I. Kharshiladze
[16], A.Kh. Turetskii [25], P.L. Butzer, R.J. Nessel [4], and others. The most
complete theory of saturation of linear methods generated by arbitrary infinite
triangular numerical matrices in the spaces C' and L, was obtained in the paper
by A.L Stepanets and V.T. Gavrilyuk [11]. In [20,21], the saturation of the
above methods in the spaces SL was studied.

In this paper, we aim to find the order and saturation class for the bi-
harmonic Poisson operator in the spaces C' and L.

2. Main results

Definition 1 ( [23, p. 90]). Let X be one of the spaces C' or L,
p € [1;00) and Us(A) be a linear Fourier series summation method generating
the operators Us(f;x;A). The existence of a positive function ¢, (9), which
monotonically decreases to zero and gives rise to the results f(x) = const at
X = C and f(x) = const almost everywhere at X = L,, under the relation

1 () = Us (f;2; M)l x = 0(a (9)), & = o0,
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opens up the possibility of finding at least one function f(x) that is different
from the constant and satisfies the condition

1f (&) = Us (f; ;M) = O (04 (9)), 6 — o0 (2.1)

In such circumstances, the method Us(A) is said to be saturated in the space X.
The set of functions ®(A) y satisfying the relation (2.1) is called the saturation
class, and the function @y (6) is the saturation order of the method Us (A).

Let V' be the set of functions F' of bounded variation with finite norm
|F|ly, = J"_|dF(t)] that satisfy the condition

F(z+2m) = F(x) + (F(r) — F(—m))

and ensure the validity of the Fourier—Stieltjes series

oo
= ?0 + Z ay(dF) cos kx + by (dF') sin kx)
k=1
for the function F € V, where a;y(dF) = 1 [T cosktdF(t) and by(dF) =
L™ sinktdF(t).
Let ¢ (k) , k € N be an arbitrary function of the positive integer argument.
Then let LwLp denote the set of functions f € L,, which transform the series

> o) coske & () sin ko) (2.2
k=1

into the Fourier series of some function f¥ from L,. And CY Lo, denotes the
set of continuous functions f, which transform (2.2) into the Fourier series of
the function f¥ from L. The notation LYV will be used in the case of the
set of functions f € L;, which transform (2.2) into the Fourier—Stieltjes series
of some function ¢ € V.

Theorem 1. The biharmonic Poisson operator Bs(f;x) is a saturated
method in spaces C' and L,,p € [1,00) with the saturation order ¢x(J) =
At the same time, the saturation classes are the sets

1
672.
®(A) = CV Lo, ®(A), = LYV, B(A), = LVL,,

k2 !
1<p<oo, P(k)= <2 +k> .
Proof. According to Theorem 2.1 of |23, p. 92|, if there exists a correspondence
between the elements of the matrix A and the positive function ¢ (J), which
monotonically decreases to zero and satisfies the condition
1—Xs(k) c

513210 on (0) = Tk v (k)>0, k= 1,2,..., || >0, (2.3)
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then the method Us(A) is saturated in the spaces C' and Ly, p € [1,00) with
the saturation order ¢p(0). At the same time, the following inclusions are valid
for the saturation classes:

®(A) C C¥Loo; ®(A), CLYV; B(A), C LVLy, p € (1,00).  (24)
For the biharmonic Poisson operator, let us find the limit of the form (2.3):

Ly Lm0t

li =1
500 oA (0) 500 ol
1y B _k k41
— lim (1 f ) (1—(k+1)e 61+ ke™ s +ﬁe_§
d—00 52 (1 _ 6—3)2 2
(11, 1 1 2 (k=1
— lim (1 St 25 I - ")> ( (m+1)e” s +ke§>
d—00 = 2
0 m=0
k—1
E k2
m=0

It follows from (2.5) that the method of the biharmonic Poisson operator
is a saturated method with the saturation order

1

oa(0) = 52 (2.6)
In addition, there are inclusions (2.4) at
KN
P (k) = (2 + k‘) . (2.7)

AT Stepanets [23, pp. 100—-108| proved the following: Let Us (f;x; A) be a
saturated method with saturation order ¢p (0), ¥ (k) be an arbitrary sequence
for which the sequence of the form

(5) N 1, k - O,

M _{ (1= Mk 2B k=1, 2 .. (2:8)

v (0)’

is uniformly bounded and quasiconvex. This implies the fulfillment of the condi-
tions

é - )
)| <4, 3 (k+ 1) [a%f] < 4y, (2.9)
k=0
6 ) ) 6
A = i = 2, + iy, (2.10)

where A and A; are absolute constants. Then, an equality sign will appear in
the relations (2.4).
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In the case of the biharmonic Poisson operator (1.5), we need to rewrite
the general formula (2.8) for the sequence M,(f) by taking into account (1.6),
(2.6), and (2.7). In other words, we need to show that the conditions (2.9) are

satisfied for the sequence

o 1, k=0,
= ﬁ —1 21].
Hi (1—(1+§(1—e—%))e—%>%, k=1, 2, ... (211)
Taking into account (2.5), we have

. k _2.\\ _k (%2 + k)7t

As a result, the sequence (2.11) is convergent. Let us now consider the

issue regarding the boundedness of this sequence. From the definition (2.11),

it follows that if £ € N, then the sequence M;(f) is given by the formula

—1
u® = 52 L T P (1 - 6‘2/5) e ML (2.13)
k 2 2

Let us write (2.13) in the form

“g)_k(zéjm{l_ [1+§—§exp (—?)}exp (—];)} (2.14)

By multiplying the equality (2.14) by 6~2 and performing some elementary
transformations, we obtain

9 (8) _ 2 _k‘—i—? _E E _k+2
e _k:(k:+2){1 y P\ 7)) TP TS

2 1 k 1 k42
— t Cexp (S ) o exp (-2 2.1
k(k+2) k:eXp( 5>+k+2eXp< 5 ) (2.15)

2 (k+2) -k 1 1

Since

k(k+2)  k(k+2) k k+2

then instead of the formula (2.15) we will have the following one:

9 (5)_2_ 1 _1 _ﬁ 1 _k’—l—Q
N A keXp( 5) T 2P\ T

(Dl e
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and
1/6

1 k+2
= 1 _rr= — —(k+2)t
k+2{ exp( ] >} /e dt
0

allow us to reduce (2.16) into the form

1/5 1/6 1/8
572,u,(€6) = / e Rtdt — / e~ k2t gy — / {eikt — 67(k+2)t} dt. (2.17)
0 0 0

From (2.17) we have
1/6

( ) = 52 / (1 6_2t) e k. (2.18)

0
(9)

The integral representation (2.18) shows that the sequence p,.~ is positive,
i.e., bounded from below by zero. In addition to this, it must be proven that
the sequence under consideration is also bounded above. If we integrate the
identity

¢
(1—e?)e ™ =2t— / (2 + ke ™V — (k+2) e—“““)‘/) dv
0

with respect to the variable ¢ from 0 to 1/9, then the single integral (2.18)
becomes a double integral

/6 ¢
u =1-4? / dt / (2 +ke ™V — (k+2) e 2)V) dv. (2.19)
0 0

The formula (2.19) turns out to be perhaps the most convenient

representation of the sequence u( ) when calculating limits of the type (2.12).
On the basis of representation (2.19), there arises the formula

A t
lim i () = 1~ lim 1 / dt / (2+ke—W —(k+2) e—<k+2>V) dv, (2.20)
d—00 =0 A2

0 0

where A = 1/4.
On the right side of the equality (2.20), we have an uncertainty of the type

, which can be easily resolved by applying Lopital’s rule. Then we obtain

a new limit
A

IR KV —(k+2)V
511{15)10%(5)—1 ;%2/\/<2+ke (k+2)e )dV
0
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0
with the same uncertainty (0> Applying Lopital’s rule, we find

: _q1_ 1y kA —(k+2)A
Jim jig (6) =1 - 3 lim (2 + ke (k+2)e ) . (2.21)

Since the limit on the right side of identity (2.21) is zero, formula (2.21)
becomes the result

lim g (6) =1,
d—00

which agrees with the result (2.12).
After changing the order of integration, formula (2.19) acquires the form

1/8 1/6
pl =152 / (2 +ke ™ — (k+2) e*<k+2)v) av / dt. (2.22)
0 |4

The calculation of the inner integral on the right side of the equality (2.22)
gives the result

1/6
=15 / (1—6t) (2 + ke ™ — (k+2) e—(’““)t) dt. (2.23)
0

If we substitute the expansion

k+1

1 _ 6—(k+2)t — (1 . e—t) Z e—mt

m=0

into the right side of the equality
24 ke ™ — (k+2)e B = (1—e ) e ™12 (1 - e*(k”)t) ,

then it is possible to arrive at a conclusion
k+1
24 ke ™ — (k4 2) e= "2 = (1—e") {2 Z e+ k(1+e) e_kt} ,
m=0

which proves the positivity of the subintegral function in the integral (2.23).
Therefore, on the basis of integral representations (2.18) and (2.23), we can

write the inequality 0 < u,(f) < 1, which is true for the case when k£ € N. If

we also take into account the value of the sequence M;(f) at k = 0, we obtain a
more general inequality

0<pu? <1. (2.24)
From the formulas (2.9) and (2.24) it follows that A = 1.
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We will show that the sequence (2.11) is convex downward, i.e., AZ u,(j) > 0.
Substituting the integral representation (2.18) into the right-hand side of the
identity (2.10), we can obtain the formula

1/6
A2 — 52 / (1— ) et
0
1/8 1/6
— 262 / (1 — e_Qt) e~ kDt 4 52 / (1 — e_Qt) e~ k20t gy
0 0
So,
1/8
A2 = 2 / (1-e2) {efkt g (k1) 67(k+2)t} gt
0
1/6
= §? / (1—e™) (1 —2e7" + e ) e Mat. (2.25)
0

Since 1 —2e~t +e7% = (1- e_t)Q, then instead of the integral (2.25) we
will have the next one:

1/8
A2 = 57 / (1—e ) (1—e")? e ar. (2.26)
0

The identity 1 — e 2 = (1 - e_t) (1 + e_t) allows us to rewrite formula
(2.26) in the following form:

1/6
Aaéﬁzzy{/(1+e—g(1_6—635*%u. (2.27)
0

Thus, in (2.27) we have obtained the integration of a positive subintegral
function. This means that A2 u,(f) > 0. However, this inequality has been proven
for the case when k € N. If £k = 0, then from definitions (2.10) and (2.11) it
follows that

1) 19 é
A =1 -2 + Y. (2.28)

Next, we multiply (2.28) by 62 and transform the right-hand side of the
resulting equality by applying the definition (2.15). Then we obtain that

252, _ 1 13 1
ORI = 5 12+2eXp< 5
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1 2 2 3 1 4

The right-hand side of the identity (2.29) can be represented as a double
integral. Specifically, it can be expressed as follows

1/ \%
A%l = /dV/P4 (2¢7") d (2.30)
0
where
_ 4 3 2
Py(y)=y" —3y° — 2y° + 4y + 8. (2.31)

After changing the order of integration in the double integral (2.30), we
obtain

, 18 1/6
A% = % / Py (2¢7") dt / av. (2.32)
0 t

After calculating the inner integral in the formula (2.32), it turns out to be

a single integral
1/5

A2 = % / (1—6t) Py (2¢7") dt. (2.33)
0

It can be seen from the formula (2.31) that P4 (2) = 0. This means that the
fourth-degree polynomial (2.31) is divisible by y — 2. Performing the division,
we obtain

Py)=(@y-2) (v —y*—4y—4). (2.34)

The third-degree polynomial appearing on the right-hand side of the
formula (2.34) must be reduced to canonical form. To do this, we need to
take into account the following transformations:

3y =1-(1-3y),

9y =1 —2(1—3y) + (1 — 3y)*

and
27y =1—-3(1—3y) +3(1—3y)> — (1 —3y)>.

Then the formula (2.34) takes the form

Pily) = 2 Py (1 3y). (239)

where

Py (z) = 2% — 392 + 146. (2.36)
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On the basis of the transformation (2.35), we obtain the result
—t 2 —t —t
Py (2e ):5(1—6 ) Ps (1 —6e7"),

which must then be substituted into the integral (2.33). Thus,

1/6
A2 = % / (1—06t) (1 — ™) Py (1 — 6e7") dt. (2.37)
0

The factorization of the third-degree polynomial (2.36) is possible after
finding the solutions to the cubic equation

23 — 392 + 146 = 0. (2.38)

Application of Vieta’s substitution

13
=W+ — 2.39
z + W ( )

allows us to transform the cubic equation (2.38) into a quadratic equation
WO 4+ 146W3 + 2197 = 0 (2.40)

for the quantity W3. It follows from (2.40) that

W = —\/73 + 6V/3T7. (2.41)

Next, we substitute the result (2.41) into the formula (2.39) and find the
solution

z21 = —a, (2.42)
where
A RN S — (2.43)
V73 + 6v/87
Since
_ B Yi_evEm (2.44)

\/73 + 6v/87

then instead of the formula (2.43) we will have the next one:

a= {"/73 — 6V/87 + {’/73 +6V/87. (2.45)
The coefficient (2.45) satisfies the condition

a® = 39a + 146. (2.46)
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The result (2.42) shows that the cubic function (2.36) is divisible by z—z; =
z 4 a. Performing the division, we find

146
P;(2) = (2 +a) <z2 —az+ > : (2.47)
a
After extracting the complete square in the formula (2.47), we get
584 — a3
Pg(z)zz+a{(a—22)2—|—a}. (2.48)
4 a
Using the identity (2.46), we obtain
4—a? 14
A at g (6 - 13) . (2.49)
a a

In order to transform the right-hand side of (2.49), we will consider the
identity

ad + BS

a+p

for the case of parameters o = \3/ 73 4+ 6v/87 and 3 = \3/ 73 — 6v/87.

Then, after taking into account the notation (2.45), we find

=a?—aB+ B

2

2
?:(373%\/@) —13+(373—6\/§> . (2.50)

The validity of expression (2.44) allows us to replace equality (2.50) with
the result

2
146 3 3
— —13= 734+ 6V87 —\/73—6V87 | . 2.51
O (e e ). e
If we substitute the identity (2.46) into the left side of the equality
a® —125 = (a — 5) (a® + 5a + 25)
then it is possible to arrive at a conclusion
51 3(13a+7) (2.52)
a= —_— .
a? + 5a + 25

The result (2.49) is used in order to transform the free term in curly brackets
of the formula (2.48). After that, the result (2.52) will be substituted into the
sum z + a. Then it turns out that

Pg(z)—jl{z+5+%}{(a—22)2+3(1366—13>}. (2.53)
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The polynomial (2.53) must be considered for the case when z = 1 — 6e "
In addition to this, the identity (2.51) must be taken into account. Therefore,

3( 13a+7 .
2l T i 9(1—
4{a?+5a+25+ (1-e )}

x {(a—2—|—12e—t)2—|—3 (§/73+6x/§— {’/73—6@)2}. (2.54)

The result (2.54) indicates the positivity of the quantity (2.37). This means
that the sequence under study is convex downward. Facts of this type can be
used in the analysis of the sum

P3(1—6e7") =

(k+1) A2 = A2 + 37 (k+ 1) A% (2.55)
k=0 k=1

The application of the parameterization (2.26) allows us to write the identity

i k+1) A2l
k=1

1/6

= §? / (1—e?)(1-e")? {i (k+1) ekt} dt. (2.56)

After taking into account the sum of the series

00 —t _ =2t
Z k + 1 —k‘t _ 2e — €
(1—et)?
k=1

it is possible to reduce the equality (2.56) to the following form:

. 1/6
Z E+1 AQMk) = / (1—e?") (27" — e dt. (2.57)
k=1 5

Using the integral representation (2.18), we can express the sum (2.57) as

follows:
o

1) 19
STtk +1) A% =240 — ). (2.58)
k=1

After taking into account the results (2.28) and (2.58), it is possible to
convert the sum (2.55) into the result

ST (k+1)A% 0y —1q,
k=0

Thus, the series from (2.9) is convergent. The theorem is proved.
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Taking into account the ever-growing interest of researchers in the field of
applied mathematics to methods of approximation theory (see, for example,
[2,8,18]), we can conclude that the results obtained in this paper may be useful
in signal theory studies. For example, the presented results can be applied in
signal filtering. And the order of saturation of the biharmonic Poisson operator
(1.5) found in the current research expands the possibilities of approximati-
ng signals by means of this operator. The usage of the biharmonic Poisson
operator (1.5) as an approximating aggregate for periodic functions can be
considered as an optimal representation of biharmonic functions [22]. Under
such circumstances, it can be concluded that the results of the study can be
applied in problems of periodic analysis 7], optimal design [3,5], etc.
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