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A simple algorithm for expanding a formal
triple power series as a three-dimensional
associated continued fractions
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Abstract. We propose an algorithm for expanding a formal triple power
series into a three-dimensional corresponding to this series associated
continued fraction, which generalized one of the simplest algorithms for
expanding a formal power series into a corresponding continued fraction,
namely the Viskovatov algorithm.
Key words: triple power series, Viskovatov’s algorithm, three-
dimensional associated continued fraction

Анотацiя. Пропонуємо алгоритм розвинення формального трикра-
тного степеневого ряду у тривимiрний, вiдповiдний до цього ряду,
приєднаний неперервний дрiб, який узагальнює один з найпростiших
алгоритмiв для розвинення формального степеневого ряду у вiдповiд-
ний неперервний дрiб, а саме алгоритм Вiсковатова.
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тривимiрний неперервний приєднаний дрiб
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1. Introduction

One of the approaches to represent holomorphic functions by continued
fractions is the construction of corresponding continued fractions for a given
formal power series. The three most important types of corresponding conti-
nued fractions: regular C−fractions, associated continued fractions, general
T−fractions and their properties were discussed in [4]. For each type of conti-
nued fraction an algorithm is given for compute the coefficients of continued
fraction in terms of the corresponding formal power series. The algorithm for
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expanding a formal power series as an associated continued fraction and suffi-
cient and necessary conditions that for a given formal power series there will
exist an associated continued fraction used in terms of the Hankel determinants
[4].

The concept of correspondence is also used to construct multidimensional
continued fractions for a given formal multiple power series ([1, 2, 3, 7, 9,
13, 14]). In [12] M.O’Donohoe proposed the algorithm to obtain correspondi-
ng two-dimensional S fractions, Kh.Yo.Kuchminska [7] proposed the different
algorithm for obtaining corresponding two-dimensional C and associated conti-
nued fractions. The main tools used in the present work is the Viskovatov-like
algorithm to expand a formal triple power series into a corresponding three-
dimensional associated continued fraction(A3−fraction). Correspondent three-
dimensional continued fractions were introduced as a constructive method for
the approximation of holomorphic functions of three variables. The properties
of these fractions were studied in [10].

The following notations will be used in this paper: R denotes the set of real
numbers, C denotes the set of complex numbers, Z≥0 denotes the set of non-
negative integers, and Z3

≥0 = Z≥0×Z≥0×Z≥0 denotes the Cartesian product of
3 copies of the Z≥0, C3 = C×C×C denotes the Cartesian product of 3 copies of
the C, k = (k1, k2, k3) denotes the element of Z3

≥0, z = (z1, z2, z3) is an element
of C3, and for k ∈ Z3

≥0 and z ∈ C3; |k| = k1 + k2 + k3, zk = zk1
1 zk2

2 zk3
3 .

2. Preliminary results

2.1. The Viskovatov method for expanding a formal power series as
an associated continued fraction

Definition 1. A continued fraction of the form

F0(z) = 1 +
k1z

1 + l1z −
k2z

2

1 + l2z −
k3z

2

1 + l3z + . . .

= 1 +
k1z

1 + l1z +
∞
D
j=2

−kjz2

1 + ljz

, (2.1)

where kn 6= 0 ,kn and ln (n = 1, 2, . . .) are complex constants is called an
associated continued fraction [4].

We denote an associated continued fraction as A−fraction.
Let us consider the ratio of formal power series with real coefficients

∞∑
i=0

c
(0)
i zi

∞∑
i=0

c
(1)
i zi

. (2.2)
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Denote c(0)
0 = c

(1)
0 = 1 and ci = c

(0)
i − c

(1)
i , c(2)

i = c1c
(1)
i − ci+1, i = 1, 2, . . .,

then write this ratio (2.2) in the form

1 +

∞∑
i=0

c
(0)
i zi

∞∑
i=0

c
(1)
i zi

− 1 = 1 + z
c1 + c2z + c3z

2 + . . .
∞∑
i=0

c
(1)
i zi

or
1 + z

1

c
(1)
0 /c1 +

∞∑
i=0

c
(1)
i zi

∞∑
i=0

ci+1zi
− c(1)

0 /c1

=

= 1 +
c1z

1 + z
c
(2)
1 + c

(2)
2 z + . . .

∞∑
i=0

ci+1zi

.

The last expression denoting as α(1)
i =

1

c1
(c

(2)
i+1 −

i−1∑
m=0

ci+1−mα
(1)
m ) one can

represent in the form

1 +
c1z

1 + α
(1)
0 z + α

(1)
1 z2 + . . .

= (2.3)

1 +
c1z

1 + α
(1)
0 z + z2(α

(1)
1 + α

(1)
2 z + α

(1)
3 z2 + . . .)

. (2.4)

Then

1 +
c1z

1 + α
(1)
0 z + z2(

1

α
(1)
1

+
1

α
(1)
1 + α

(1)
2 z + α

(1)
3 z2 + . . .

− 1

α
(1)
1

)−1
=

= 1 +
c1z

1 + α
(1)
0 z +

α
(1)
1 z2

1− zα
(1)
2 + α

(1)
3 z + α

(1)
4 z2 + . . .

α
(1)
1 + α

(1)
2 z + α

(1)
3 z2 + . . .

.

Now one can transform

α
(1)
2 + α

(1)
3 z + α

(1)
4 z2 + . . .

α
(1)
1 + α

(1)
2 z + α

(1)
3 z2 + . . .

= α
(2)
0 + α

(2)
1 z + α

(2)
2 z2 + . . . , (2.5)

where α(2)
i =

1

α
(1)
1

(α
(1)
i+2 −

i∑
m=1

α
(1)
i+2−mα

(2)
m−1).

And obtain

1 +
c1z

1 + α
(1)
0 z +

α
(1)
1 z2

1− α(2)
0 z + z2(α

(2)
1 + α

(2)
2 z + . . .)

.
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If we continue this procedure (2.4) ,(2.5), then obtain the expansion (2.2) into
A− fraction [9].

2.2. The Viskovatov-like method for expanding a formal double
power series as a two-dimensional associated continued fraction

Definition 2. A two-dimensional continued fraction of the form

F0(z1, z2) +
∞
D
i=1

ci,iz1z2

Fi(z1, z2)
, (2.6)

where
F0(z1, z2) = c0,0+ (2.7)

k
(0)
1,0z1

1 + l
(0)
1,0z1 −

∞
D
j=2

k
(0)
j,0 z

2
1

1 + l
(0)
j,0 z1

+
k

(0)
0,1z2

1 + l
(0)
0,1z2 −

∞
D
j=2

k
(0)
0,j z

2
2

1 + l
(0)
0,j z2

, (2.8)

Fi(z1, z2) = 1 +
(−1)ik

(i)
1,0z1

1 + (−1)il
(i)
1,0z1 −

∞
D
j=2

k
(i)
j,0z

2
1

1 + (−1)il
(i)
j,0z1

+

+
(−1)ik

(i)
0,1z2

1 + (−1)il
(i)
0,1z2 −

∞
D
j=2

k
(i)
0,jz

2
2

1 + (−1)il
(i)
0,jz2

, (2.9)

where ki,j 6= 0, li,j 6= 0, z = (z1, z2) ∈ C2 is called a two-dimensional associated
continued fraction.

A two-dimensional associated continued fraction was introduced in [7] for
the double power series

P (z) =

∞∑
|k|=0

ckz
k, (2.10)

where z = (z1, z2) ∈ C2, k = (k1, k2) ∈ Z2
≥0, |k| = k1 + k2, z

k = zk1
1 zk2

2 .
We denote a two-dimensional associated continued fraction as A2− fraction.

3. Main result

Definition 3. A three-dimensional continued fraction

F0(z) +
∞
D
j=1

ci,i,iz1z2z3

Fi(z)
, (3.1)

where F0(z) consists of three associated continued fractions of one variable
(2.1) and three two-dimensional associated continued fractions (2.7)

F0(z) = c0,0,0 + F0(z1) + F0(z2) + F0(z3) + F0(z1, z2) + F0(z1, z3) + F0(z2, z3). (3.2)
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And

Fi(z) = 1 + Fi(z1) + Fi(z2) + Fi(z3) + Fi(z1, z2) + Fi(z1, z3) + Fi(z2, z3),

where coefficients are not equal zero, is called a three-dimensional associated
continued fraction.

Let write the sum of the first three associated continued fractions using
(2.1):

k
(0)
1,0,0z1

1 + l
(0)
1,0,0z1 −

∞
D
j=2

k
(0)
j,0,0z

2
1

1 + l
(0)
j,0,0z1

+

k
(0)
0,1,0z2

1 + l
(0)
0,1,0z2 −

∞
D
j=2

k
(0)
0,j,0z

2
2

1 + l
(0)
0,j,0z2

+

k
(0)
0,0,1z3

1 + l
(0)
0,0,1z3 −

∞
D
j=2

k
(0)
0,0,jz

2
3

1 + l
(0)
0,0,jz3

.

For the last terms of F0(z), namely for F0(z1, z2), F0(z1, z3), F0(z2, z3) the
formula (2.7) are used. We can also write

Fi(z) = 1 +
(−1)ik

(i)
1,0,0z1

1 + (−1)il
(i)
1,0,0z1 −

∞
D
j=2

k
(i)
j,0,0z

2
1

1 + (−1)il
(i)
j,0,0z1

+

(−1)ik
(i)
0,1,0z2

1 + (−1)il
(i)
0,1,0z2 −

∞
D
j=2

k
(i)
0,j,0z

2
2

1 + (−1)il
(i)
0,j,z2

+

(−1)ik
(i)
0,0,1z3

1 + (−1)il
(i)
0,0,1z3 −

∞
D
j=2

k
(i)
0,0,jz

2
3

1 + (−1)il0,0,jz3

+

Fi(z1, z2) + Fi(z1, z3) + Fi(z2, z3).

For the three last terms the formula (2.9) is used.
Coefficients can be obtained by coefficients of the triple power series (3.3),

using the Hankel determinants [8, 11]. We propose a simple algorithm like the
Viskovatov-type one for expand the formal triple power series as the three-
dimensional associated continued fraction.
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Algorithm 1. Step 1 The formal triple power series P (z)

P (z) =

∞∑
|k|=0

ckz
k, z ∈ C3, k = (k1, k2, k3) ∈ Z3

≥0 (3.3)

can be represented in the form

c0 +

∞∑
k1=1

ck1,0,0z
k1
1 +

∞∑
k2=1

c0,k2,0z
k2
2 +

∞∑
k3=1

c0,0,k3z
k3
3 +

z1z2

∑
k1+k2≥0

ck1+1,k2+1,0z
k1
1 zk2

2 + z1z3

∑
k1+k3≥0

ck1+1,0,k3+1z
k1
1 zk3

3 +

z2z3

∑
k2+k3≥0

c0,k2+1,k3+1z
k2
2 zk33 + z1z2z3

∑
k1+k2+k3≥0

ck1+1,k2+1,k3+1z
k1
1 zk22 zk33 . (3.4)

|k| = k1 + k2,+k3, , zk = zk1
1 zk2

2 zk3
3 .

Step 2.
The first three terms of series (3.4)are power series of one variable and can

be expanded into associated continued fractions, their coefficients are obtained
by the coefficients of the power series (2.2).

Step 3.
Next three terms can be developed into two-dimensional associated continued

fraction (2.6) - (2.9).
Step 4. Transform the last term of the sum (3.4)

z1z2z3

∑
k1+k2+k3≥0

ck1+1,k2+1,k3+1z
k1
1 zk2

2 zk3
3 =

z1z2z3

1∑
k1+k2+k3≥0

ck1+1,k2+1,k3+1z
k1
1 zk2

2 zk3
3

=

z1z2z3∑
k1+k2+k3≥0

(−1)k1+k2+k3γ
(1)
k1,k2,k3

zk1
1 zk2

2 zk3
3

. (3.5)

Coefficients γ(1)
k = γ

(1)
k1,k2,k3

are uniquely determined from the following
identity: ∑

|k|≥0

ck1+1,k2+1,k3+1z
k

∑
|k|≥0

(−1)kγ
(1)
k zk

 ≡ 1. (3.6)

Now we can apply to the last series in (3.6) three previous steps of the
algorithm. Continuing this process we obtain the three-dimensional associated
continued fraction [8].

97



KH. YO. KUCHMINSKA, R. M. DEYNEKA

4. Conclusion

Obtained algorithm can be used to represent a holomorphic function of
three variables as a three-dimensional associated continued fraction and to
study its properties [5, 6, 10] or to construct corresponding algorithms for
multiple (> 3) power series.
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