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On an analogue of Schur’s theorem for
Leibniz n-algebras

Abstract. In this paper, we investigate relationships between certain
important subalgebras of Leibniz n-algebras. In particular, we establish a
close connection between the central factor-algebra of a Leibniz n-algebra
and its derived ideal. As an application, we prove an analogue of the classi-
cal group-theoretic Schur’s theorem for Leibniz n-algebras. The obtained
results continue a long line of research on Schur-type theorems in various
algebraic structures and generalize known related results from the theories
of Leibniz algebras and Lie algebras.
Key words: center, derived ideal, Leibniz n-algebra, Lie n-algebra

Анотацiя. У цiй статтi дослiджуються зв’язки мiж деякими важли-
вими пiдалгебрами n-алгебр Лейбнiца. Зокрема, встановлено тiсний
зв’язок мiж центральною фактор-алгеброю n-алгебри Лейбнiца та її
похiдним iдеалом. На цiй основi для n-алгебр Лейбнiца доведено ана-
лог класичної теоретико-групової теореми Шура. Отриманi результа-
ти продовжують низку дослiджень аналогiв теореми Шура в рiзних
алгебричних структурах, що активно проводяться алгебраїстами про-
тягом останнiх десятилiть, та узагальнюють вiдомi твердження з тео-
рiй алгебр Лейбнiца й алгебр Лi.
Ключовi слова: центр, похiдний iдеал, n-алгебра Лейбнiца, n-
алгебра Лi

MSC2020: Pri 17A42, Sec 17A32

1. Introduction.

One of the classical results in group theory is Schur’s theorem, proved by
B.H. Neumann in 1951 [19]. A detailed account of the history of this remarkable
result can be found in [15]. This theorem states that if the central factor-group
G/ζ(G) of a group G is finite, then its derived subgroup [G,G] is also finite.
Equivalently, if G/ζ(G) is finite, then G possesses a finite normal subgroup
H = [G,G] such that the factor-group G/H is abelian. Moreover, there exists
a function w such that

|[G,G]| 6 w(t),
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where t = |G/ζ(G)|.
Schur’s theorem has been generalized and modified in numerous directi-

ons within group theory (see, for example, [4, 5, 7, 9, 10, 20]). Furthermore,
analogous results have been obtained for various algebraic structures of a di-
fferent nature. In particular, analogues of Schur’s theorem were established for
modules [16], linear groups [3], topological groups [25], n-groups [6], associative
algebras [21], Lie algebras [11, 22], Lie n-algebras [23], Lie rings [12], Leibniz
algebras [8], and Poisson algebras [13]. Related results for certain 3-algebras
can be found in [17, 18].

Let L be an algebra over a field F with the binary operations + and [−,−].
Then L is called a (left) Leibniz algebra if it satisfies the (left) Leibniz identity :

[a, [b, c]] = [[a, b], c] + [b, [a, c]]

for all a, b, c ∈ L.
Ten years ago L.A. Kurdachenko, J. Otal, and O.O. Pypka proved an

analogue of Schur’s theorem for Leibniz algebras [8]. More precisely, it was
shown that if the center ζ(L) of a Leibniz algebra L has finite codimension d,
then the derived ideal [L,L] is finite-dimensional and

dimF [L,L] 6 d2.

Moreover, the authors considered a more general situation, namely the case
where the codimensions of the left and right centers of a Leibniz algebra are
finite. It was proved that if codimF ζ

left(L) = d and codimF ζ
right(L) = r, then

dimF [L,L] 6 d(d+ r).

The development of this line of research indicates that analogues of Schur’s
theorem hold for a wide range of algebraic structures, as evidenced by the
steadily growing list of such structures. At the same time, it is well known that
Schur-type results do not hold universally for all classes of groups, algebras,
or related objects, which makes further investigations in this direction both
natural and promising.

One of the most natural generalizations of Leibniz algebras is given by Lei-
bniz n-algebras, which arise by replacing the binary operation with an n-ary
operation satisfying appropriate identities. It is therefore natural to attempt to
extend known results from the theory of Leibniz algebras to the setting of Lei-
bniz n-algebras. However, experience shows that such extensions are not always
straightforward, and additional difficulties often arise when passing from bi-
nary to n-ary structures.

The aim of the present paper is to establish an analogue of Schur’s theorem
for Leibniz n-algebras.

2. Preliminary results and remarks.

The theory of Leibniz algebras has been one of the most actively developi-
ng areas of modern algebra over the last few decades. In recent years, two
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monographs [1, 14] have been published, which present contemporary results
of the theory and highlight the main current trends in the study of Leibniz
algebras. On the other hand, the theory of Leibniz n-algebras remains much
less explored, with many natural questions arising in the transition from binary
Leibniz algebras to n-ary structures.

We begin with some fundamental notions.
Let L be an n-algebra over a field F , equipped with a binary operation

+ and an n-linear bracket [−, . . . ,−]. The algebra L is called a (left) Leibniz
n-algebra [2] if it satisfies the following identity:

[b1, . . . , bn−1, [a1, . . . , an]] =
n∑
i=1

[a1, . . . , ai−1, [b1, . . . , bn−1, ai], ai+1, . . . , an].

We note that for n = 2, this concept coincides with the usual (left) Leibniz
algebra.

If A1, . . . , An are subspaces of a Leibniz n-algebra L, then [A1, . . . , An] will
denote a subspace generated by all elements [a1, . . . , an] where ai ∈ Ai, 1 6
i 6 n. As usual, a subspace A of L is called a subalgebra of L if [a1, . . . , an] ∈ A
for all elements a1, . . . , an ∈ A.

A subalgebra A of a Leibniz n-algebra L is called the i-th ideal of L if

[a1, . . . , an] ∈ A

whenever an−i+1 ∈ A and aj ∈ L for all j 6= n− i+ 1.
Note that in the case of ordinary Leibniz algebras, the notion of the 1st

ideal coincides with that of a left ideal, while the n-th ideal coincides with the
usual notion of a right ideal.

A subalgebra A of L is called an ideal of L (or an n-sided ideal) if it is an
i-th ideal of L for all 1 6 i 6 n. If A is an ideal of L, we can consider the
factor-algebra L/A. It is easy to see that L/A is also a Leibniz n-algebra.

Let L be a Leibniz n-algebra over a field F , let M be a non-empty subset
of L, and let H be a subalgebra of L. Put

AnniH(M) = {a ∈ H | [M, . . . , a, . . . ,M ] = 〈0〉 with a in the i-th position}.

The set AnniH(M) is called the i-th annihilator of M in H. The intersection

AnnH(M) =

n⋂
i=1

AnniH(M)

is called the annihilator of M in H.

Proposition 1. Let L be a Leibniz n-algebra over a field F , let M be an
ideal of L, and let H be a subalgebra of L. Then, for every 1 6 k 6 n, the set

80



ON AN ANALOGUE OF SCHUR’S THEOREM FOR LEIBNIZ N -ALGEBRAS

AnnkH(M) is a subalgebra of L. Consequently,

AnnH(M) =
n⋂
k=1

AnnkH(M)

is also a subalgebra of L.

Proof. Fix k ∈ {1, . . . , n} and put A = AnnkH(M). Let a1, . . . , an ∈ A. We
prove that [a1, . . . , an] ∈ A.

Take arbitrary elements xj ∈M for all j 6= k and consider

[x1, . . . , xk−1, an, xk+1, . . . , xn] = 0,

because an ∈ A.
Applying the Leibniz n-identity to the bracket

[a1, . . . , an−1, [x1, . . . , xk−1, an, xk+1, . . . , xn]],

we obtain

0 = [a1, . . . , an−1, [x1, . . . , xk−1, an, xk+1, . . . , xn]]

=
n∑
j=1
j 6=k

[x1, . . . , xj−1, [a1, . . . , an−1, xj ], xj+1, . . . , xk−1, an, xk+1, . . . , xn]

+ [x1, . . . , xk−1, [a1, . . . , an−1, an], xk+1, . . . , xn].

Since M is an ideal of L, we have [a1, . . . , an−1, xj ] ∈ M for every j 6= k.
Hence each summand in the sum is equal to 0, because it has an ∈ A in the
k-th position and all remaining arguments in M . Therefore,

[x1, . . . , xk−1, [a1, . . . , an], xk+1, . . . , xn] = 0,

which shows that [a1, . . . , an] ∈ A. Thus AnnkH(M) is a subalgebra of L. The
last statement follows by taking intersections.

The i-th annihilators lead us to the following subspaces. Put

ζi(L) = {a ∈ L | [x1, . . . , xi−1, a, xi+1, . . . , xn] = 0 for all xj ∈ L, j 6= i}.

The subset ζi(L) is called the i-th center of L.
Put

ζ(L) =

n⋂
i=1

ζi(L).

The subset ζ(L) is called the center of L. Note that

ζi(L) = AnniL(L)
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for each i, and therefore

ζ(L) =

n⋂
i=1

AnniL(L) = AnnL(L).

In general, the sets ζi(L) may be different and may even have different
dimensions, as can already be seen in the case of ordinary (binary) Leibniz
algebras (see Example 2.1 in [8]). In general, the sets ζi(L) need not be ideals
of L. However, we have the following result.

For convenience, we set

ζ left(L) =
n−1⋂
i=1

ζi(L) and ζright(L) = ζn(L).

The sets ζ left(L) and ζright(L) are natural analogues of the left and right centers
defined for ordinary (binary) Leibniz algebras.

Proposition 2. Let L be a Leibniz n-algebra over a field F . Then the
following assertions hold.

(i) For every 1 6 i 6 n, the set ζi(L) is a subalgebra of L. Consequently,
the center ζ(L) =

⋂n
i=1 ζ

i(L) is also a subalgebra of L.

(ii) The left center ζ left(L) =
⋂n−1
i=1 ζ

i(L) is an ideal of L.

(iii) The center ζ(L) is an ideal of L.

Proof. (i) Recall that for every 1 6 i 6 n we have

ζi(L) = AnniL(L).

Since L is an ideal of itself and L is a subalgebra of L, Proposition 1 (applied
with M = L and H = L) implies that each ζi(L) is a subalgebra of L. As ζ(L)
is an intersection of subalgebras, it is also a subalgebra of L.

(ii) Put

D = ζ left(L) =
n−1⋂
i=1

ζi(L).

We prove that D is an ideal of L.
Let

u = [x1, . . . , xn−1, v], v ∈ D, x1, . . . , xn−1 ∈ L.

Fix s ∈ {1, . . . , n − 1} and take arbitrary b1, . . . , bn ∈ L. Since v ∈ ζs(L), we
have

[b1, . . . , bs−1, v, bs+1, . . . , bn] = 0,

and hence
0 = [x1, . . . , xn−1, [b1, . . . , bs−1, v, bs+1, . . . , bn]].
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Applying the Leibniz n-identity to this bracket, we obtain

0 =

n∑
i=1
i 6=s

[b1, . . . , bi−1, [x1, . . . , xn−1, bi], bi+1, . . . , bs−1, v, bs+1, . . . , bn]

+ [b1, . . . , bs−1, [x1, . . . , xn−1, v], bs+1, . . . , bn].

All summands in the first sum are equal to 0, since v occurs in the s-th position
and v ∈ ζs(L). Therefore, [b1, . . . , bs−1, u, bs+1, . . . , bn] = 0. As s ∈ {1, . . . , n−
1} is arbitrary, it follows that u ∈ D, and hence [L, . . . , L,D] ⊆ D.

The remaining inclusions [L, . . . , L,D,L, . . . , L] ⊆ D for an arbitrary posi-
tion of D are proved in an analogous way.

(iii) In the same way, one can show that the center ζ(L) of L is an ideal of
L, since its elements annihilate the bracket in all positions.

Let L be a Leibniz n-algebra over a field F . A linear transformation f of
L is called a derivation of L if

f([a1, . . . , an]) =
n∑
i=1

[a1, . . . , ai−1, f(ai), ai+1, . . . , an]

for all a1, . . . , an ∈ L.
For arbitrary elements a1, . . . , an−1 ∈ L, consider the mapping

la1,...,an−1 : L→ L, la1,...,an−1(x) = [a1, . . . , an−1, x].

We note some basic properties of this mapping. Let x, y ∈ L and λ ∈ F . Then

la1,...,an−1(x+ y) = [a1, . . . , an−1, x+ y]

= [a1, . . . , an−1, x] + [a1, . . . , an−1, y]

= la1,...,an−1(x) + la1,...,an−1(y),

la1,...,an−1(λx) = [a1, . . . , an−1, λx] = λ[a1, . . . , an−1, x] = λla1,...,an−1(x).

Hence, la1,...,an−1 is a linear transformation of L.
Furthermore, for arbitrary elements x1, . . . , xn ∈ L, by the Leibniz identity

we have

la1,...,an−1([x1, . . . , xn]) = [a1, . . . , an−1, [x1, . . . , xn]]

=

n∑
i=1

[x1, . . . , xi−1, [a1, . . . , an−1, xi], xi+1, . . . , xn]

=
n∑
i=1

[x1, . . . , xi−1, la1,...,an−1(xi), xi+1, . . . , xn].

These equalities show that la1,...,an−1 is a derivation of L.
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3. Main result.

As usual, let [L(n)] denote the derived ideal of the Leibniz n-algebra L. We
now present the main result of this paper.

Theorem 1. Let L be a Leibniz n-algebra over a field F . Assume that

codimF ζ
left(L) = d and codimF ζ

n(L) = r

are finite. Then
dimF [L(n)] 6 dn−1(d+ r).

Proof. Put Z = ζ left(L). Since codimF (Z) = d, we have a vector space
decomposition

L = Z ⊕ E,
where dimF E = d. Choose a basis {e1, . . . , ed} of E.

Let x1, . . . , xn ∈ L be arbitrary. Each element can be written in the form

xk =

d∑
i=1

αkiei + zk, αki ∈ F, zk ∈ Z.

Using multilinearity of the bracket and the definition of Z, we obtain

[x1, . . . , xn] =
∑

16i1,...,in6d

α1i1 · · ·αnin [ei1 , . . . , ein ]

+
∑

16i1,...,in−16d

βi1...in−1 [ei1 , . . . , ein−1 , z],

where z ∈ Z. Hence, [L(n)] is contained in the subspace generated by

[ei1 , . . . , ein ] and [ei1 , . . . , ein−1 , Z].

Fix arbitrary elements a1, . . . , an−1 ∈ L. Consider the mapping

la1,...,an−1 : Z → Z, la1,...,an−1(z) = [a1, . . . , an−1, z].

As shown above, this mapping is a derivation of L and hence a linear
transformation of Z. Its image is [a1, . . . , an−1, Z] and

Ker(la1,...,an−1) = AnnnZ(a1, . . . , an−1),

where (a1, . . . , an−1) is an ordered tuple of elements a1, . . . , an−1. Since
ζn(L) ⊆ AnnnL(a1, . . . , an−1), we obtain

dimF [a1, . . . , an−1, Z] = dimF

(
Z/Ker(la1,...,an−1)

)
6 r.

In particular,

dimF [ei1 , . . . , ein−1 , Z] 6 r for all 1 6 i1, . . . , in−1 6 d.

Therefore,
dimF [L(n)] 6 dn + dn−1r = dn−1(d+ r),

as required.
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Corollary 1. Let L be a Leibniz n-algebra over a field F . If codimension
codimF (ζ(L)) = d is finite, then

dimF [L(n)] 6 dn.

Proof. Since
ζ(L) = ζ left(L) ∩ ζn(L),

both codimF ζ
left(L) and codimF ζ

n(L) are finite. Applying Theorem 1, we
obtain the required estimate.

Corollary 2. [8] Let L be a Leibniz algebra over a field F . If codimensions
codimF ζ

left(L) = d and codimF ζ
right(L) = r are finite, then dimF [L,L] 6

d(d+ r).

Corollary 3. [8] Let L be a Leibniz algebra over a field F . If codimF ζ(L) =
d is finite, then dimF [L,L] 6 d2.

Recall that an n-algebra L over a field F with the binary operations +
and an n-linear bracket [−, . . . ,−] is called a Lie n-algebra if it satisfies the
following conditions:

• Lie n-bracket is antisymmetric, that is

[a1, . . . , an] = sign(σ)[aσ(1), . . . , aσ(n)],

• Lie n-bracket satisfies the generalized Jacobi identity, that is

[[a1, . . . , an], b1, . . . , bn−1] =
n∑
i=1

[a1, . . . , ai−1, [ai, b1, . . . , bn−1], ai+1, . . . , an]

for any a1, . . . , an, b1, . . . , bn−1 ∈ L and any permutation σ ∈ Sn.

Corollary 4. Let L be a Lie n-algebra over a field F . If codimF ζ(L) = d
is finite, then

dimF [L(n)] 6

(
d

n

)
.

Corollary 5. [24] If L is a Lie algebra over a field F and L/ζ(L) has finite
dimension t, then [L,L] also has finite dimension and dimF [L,L] 6 t(t−1)

2 .
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