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On an analogue of Schur’s theorem for
Leibniz n-algebras

Abstract. In this paper, we investigate relationships between certain
important subalgebras of Leibniz n-algebras. In particular, we establish a
close connection between the central factor-algebra of a Leibniz n-algebra
and its derived ideal. As an application, we prove an analogue of the classi-
cal group-theoretic Schur’s theorem for Leibniz n-algebras. The obtained
results continue a long line of research on Schur-type theorems in various
algebraic structures and generalize known related results from the theories
of Leibniz algebras and Lie algebras.
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AmHoratiss. VY 1iit ctaTTi HOCTIZKYIOTbCS 3B’3KM MiXK JEIKUMU BaXKJIH-
puMHu miganarebpamu n-anrebp Jleiibrima. 3okpema, BCTAHOBJIEHO TiCHUIMA
3B’SI30K MiXK IEHTPAJIBHOI (daKTOp-aaredbporo n-aaredbpu Jleitbuina ta it
noximaum imeasom. Ha it ocHoBi jutst n-ayrebp Jleitbuina goBemeno ana-
JIor KJiacu4aHol Teoperuko-rpynosol Teopemu lypa. Orpumani pesysbra-
TH NPOJOBXKYIOTh HU3KY JOCJiIXKeHb aHaJoris Teopemu Illypa B pisHmx
anreOpUIHNX CTPYKTYPax, M0 aKTHBHO TPOBOAATHCS ajaredbpaicTaMu mpo-
TSIPOM OCTAHHIX JIECATHIIITE, Ta y3arajbHIOIOTh BiJIOMI TBEDIZKEHHS 3 TE€O-
piit aire6p Jleitbuina it anrebp Jli.

KuarouoBi cJsoBa: 1enTp, moximHwit imeasn, n-asrebpa JleiGHina, n-
anrebpa JIi

MSC2020: Pr1 17A42, SECc 17A32

1. Introduction.

One of the classical results in group theory is Schur’s theorem, proved by
B.H. Neumann in 1951 [19]. A detailed account of the history of this remarkable
result can be found in [15]. This theorem states that if the central factor-group
G/((G) of a group G is finite, then its derived subgroup [G,G] is also finite.
Equivalently, if G/{(G) is finite, then G possesses a finite normal subgroup
H = |G, G] such that the factor-group G/H is abelian. Moreover, there exists
a function w such that

G, G| < w(t),
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where t = |G/¢(G)|.

Schur’s theorem has been generalized and modified in numerous directi-
ons within group theory (see, for example, [4, 5, 7, 9, 10, 20]). Furthermore,
analogous results have been obtained for various algebraic structures of a di-
fferent nature. In particular, analogues of Schur’s theorem were established for
modules [16], linear groups 3], topological groups [25|, n-groups [6], associative
algebras [21], Lie algebras [11, 22|, Lie n-algebras 23|, Lie rings [12|, Leibniz
algebras [8], and Poisson algebras [13]. Related results for certain 3-algebras
can be found in [17, 18|.

Let L be an algebra over a field F' with the binary operations + and [—, —].
Then L is called a (left) Leibniz algebra if it satisfies the (left) Leibniz identity:

[a, [b7 CH = Ha7 b}v C] + [b7 [CL, CH

for all a,b,c € L.

Ten years ago L.A. Kurdachenko, J. Otal, and O.0. Pypka proved an
analogue of Schur’s theorem for Leibniz algebras [8]. More precisely, it was
shown that if the center ((L) of a Leibniz algebra L has finite codimension d,
then the derived ideal [L, L] is finite-dimensional and

dimp[L, L] < d*.

Moreover, the authors considered a more general situation, namely the case
where the codimensions of the left and right centers of a Leibniz algebra are
finite. It was proved that if codimp ¢*®*(L) = d and codimp ¢"'8"(L) = r, then

dimp[L, L] < d(d+ 7).

The development of this line of research indicates that analogues of Schur’s
theorem hold for a wide range of algebraic structures, as evidenced by the
steadily growing list of such structures. At the same time, it is well known that
Schur-type results do not hold universally for all classes of groups, algebras,
or related objects, which makes further investigations in this direction both
natural and promising.

One of the most natural generalizations of Leibniz algebras is given by Lei-
bniz n-algebras, which arise by replacing the binary operation with an n-ary
operation satisfying appropriate identities. It is therefore natural to attempt to
extend known results from the theory of Leibniz algebras to the setting of Lei-
bniz n-algebras. However, experience shows that such extensions are not always
straightforward, and additional difficulties often arise when passing from bi-
nary to n-ary structures.

The aim of the present paper is to establish an analogue of Schur’s theorem
for Leibniz n-algebras.

2. Preliminary results and remarks.

The theory of Leibniz algebras has been one of the most actively developi-
ng areas of modern algebra over the last few decades. In recent years, two
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monographs [1, 14| have been published, which present contemporary results
of the theory and highlight the main current trends in the study of Leibniz
algebras. On the other hand, the theory of Leibniz n-algebras remains much
less explored, with many natural questions arising in the transition from binary
Leibniz algebras to n-ary structures.

We begin with some fundamental notions.

Let L be an n-algebra over a field F', equipped with a binary operation
+ and an n-linear bracket [—, ..., —]. The algebra L is called a (left) Leibniz
n-algebra 2] if it satisfies the following identity:

iy boot, a1, )] =

3

[a’lv sy A1, [bla R abn—laai]aai-‘rl) cee 7an]~
=1

We note that for n = 2, this concept coincides with the usual (left) Leibniz
algebra.
If Aq,..., A, are subspaces of a Leibniz n-algebra L, then [Aq, ..., A,] will

denote a subspace generated by all elements [a1,...,a,] where a; € A;, 1 <
i < n. As usual, a subspace A of L is called a subalgebra of L if [a1,...,a,] € A
for all elements a1,...,a, € A.

A subalgebra A of a Leibniz n-algebra L is called the i-th ideal of L if
[ai,...,an) € A

whenever a,_;+1 € Aand aj € L forall j #n —i+ 1.

Note that in the case of ordinary Leibniz algebras, the notion of the 1st
ideal coincides with that of a left ideal, while the n-th ideal coincides with the
usual notion of a right ideal.

A subalgebra A of L is called an ideal of L (or an n-sided ideal) if it is an
i-th ideal of L for all 1 < ¢ < n. If A is an ideal of L, we can consider the
factor-algebra L/A. It is easy to see that L/A is also a Leibniz n-algebra.

Let L be a Leibniz n-algebra over a field F', let M be a non-empty subset
of L, and let H be a subalgebra of L. Put

Ann'y(M)={a€ H|[M,...,a,...,M] = (0) with a in the i-th position}.

The set Ann; (M) is called the i-th annihilator of M in H. The intersection
Anng (M) = ﬂ Ann'y (M)
i=1

is called the annihilator of M in H.

Proposition 1. Let L be a Leibniz n-algebra over a field F, let M be an
ideal of L, and let H be a subalgebra of L. Then, for every 1 < k < n, the set
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Annk (M) is a subalgebra of L. Consequently,
Anng(M) = ﬂ Annk (M)
k=1

is also a subalgebra of L.

Proof. Fix k € {1,...,n} and put A = Ann’fq(M) Let a1,...,a, € A. We
prove that [ai,...,a,] € A.
Take arbitrary elements x; € M for all j # k and consider

[1‘1, vy L—1,Qny Th41y - - .,.’L’n] = 0,

because a, € A.
Applying the Leibniz n-identity to the bracket

(@1, ..oy @n_1,[T1, .. The1, Qny Tht 1y - - -, Tn)],
we obtain

0= [CL]_,...7an71,[l‘1,...,$k_1,an,13k+1,...,$n]]

n
== E [xl,...,xj,l,[al,...,an,l,xj],ijrl,...,xk_l,an,$k+1,...,:L‘n]

Jj=1
J#k
+[%1,...,xk_l,[al,...,an_17an],xk+1,...,l‘n].

Since M is an ideal of L, we have [a1,...,an—1,2;] € M for every j # k.

Hence each summand in the sum is equal to 0, because it has a,, € A in the
k-th position and all remaining arguments in M. Therefore,

[T1,. ., Tk—1,]a1, -, an), Thy1, .-, Tn] =0,

which shows that [ay,...,a,] € A. Thus Ann¥ (M) is a subalgebra of L. The
last statement follows by taking intersections.

The i-th annihilators lead us to the following subspaces. Put
C%L) = {a el ‘ [ml,...,xi_l,a,xiﬂ,. . .,xn] = 0 for all IS L, j# Z}

The subset ¢*(L) is called the i-th center of L.
Put

(L) = ¢(L).
i=1
The subset ((L) is called the center of L. Note that
¢'(L) = Anni(L)
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for each 4, and therefore
ﬂ Ann’ (L) = Annp(L).

In general, the sets ¢*(L) may be different and may even have different
dimensions, as can already be seen in the case of ordinary (binary) Leibniz
algebras (see Example 2.1 in [8]). In general, the sets ¢*(L) need not be ideals
of L. However, we have the following result.

For convenience, we set

left n Cz and Cright(L) _ Cn(L)

The sets ¢'*(L) and ("8 (L) are natural analogues of the left and right centers
defined for ordinary (binary) Leibniz algebras.

Proposition 2. Let L be a Leibniz n-algebra over a field F'. Then the
following assertions hold.

(i) For every 1 < i < n, the set (?(L) is a subalgebra of L. Consequently,
the center (L) = (i, ¢(L) is also a subalgebra of L.

(ii) The left center ¢'*®(L) = ﬂ?z_ll CY(L) is an ideal of L.
(iii) The center ((L) is an ideal of L.

Proof. (i) Recall that for every 1 < i < n we have
Gi(L) = Anni (D).

Since L is an ideal of itself and L is a subalgebra of L, Proposition 1 (applied
with M = L and H = L) implies that each (L) is a subalgebra of L. As ((L)

is an intersection of subalgebras, it is also a subalgebra of L.

(ii) Put
Cleft m CZ

We prove that D is an ideal of L.
Let
u=[x1,...,Tn-1,], veD, x1,...,%p_1 € L.

Fix s € {1,...,n — 1} and take arbitrary by,...,b, € L. Since v € (5(L), we
have
[bl,...,bsfl,’(),b5+1,...,bn] :0,

and hence
0= [117]_, -y Tp—1, [bla s 7bs—lavabs+la .. aan
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Applying the Leibniz n-identity to this bracket, we obtain

[bl, N ,bi_l, [acl, e 7$n—1>bi]abi+1a N ,bs_l,v,bs+1, e ,bn]

M:

1
s

T

[bh . S 1, [:Ela"'7xn717v]3b8+17"-abn]-

All summands in the first sum are equal to 0, since v occurs in the s-th position
and v € (*(L). Therefore, [b1,...,bs—1,u,bs41,...,b,] =0. Asse€ {1,...,n—
1} is arbitrary, it follows that w € D, and hence [L,...,L, D] C D.

The remaining inclusions [L,...,L,D,L,..., L] C D for an arbitrary posi-
tion of D are proved in an analogous way.

(iii) In the same way, one can show that the center (L) of L is an ideal of
L, since its elements annihilate the bracket in all positions.

Let L be a Leibniz n-algebra over a field F'. A linear transformation f of
L is called a derivation of L if

n
f([al, . ,an]) = Z[al, ey i1, f(ai),aH_l, . ,an]
i=1
for all ay,...,a, € L.
For arbitrary elements aq,...,a,—1 € L, consider the mapping
lay,...any : L — L, lay,...an(x) =la1,...,an—1,z].

We note some basic properties of this mapping. Let =,y € L and A € F. Then

lay,oan (@ +y) =la1,...,0p—1,2 + Y]
=lai,...,ap—1,2] + [a1,...,an—-1,Y]
= lay,an—1(®) + lag,.an_1 (¥),
lay,oan1(Az) = [a1,...,an—1, 2] = Na1,...,an—1,2] = Mg, q,_, (Z).

Hence, l4,,....q,_, is a linear transformation of L.

Furthermore, for arbitrary elements x1,...,z, € L, by the Leibniz identity
we have
lag,an1([T1, - xp]) = a1, ... an—1, [21, ..., 2y)]]
n
= [$17 -y Li—1, [(11, RN an—lvx’iLx’i-‘rlu e 75671]
i=1
n
= E [T1, s i1, lay . an 1 (Ti), Tig 1, - - o5 Tn]-
=1

These equalities show that I, . 4, , is a derivation of L.
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3. Main result.
As usual, let [L(™] denote the derived ideal of the Leibniz n-algebra L. We
now present the main result of this paper.
Theorem 1. Let L be a Leibniz n-algebra over a field F'. Assume that
codimpC®™(L) =d and codimp¢™(L) =r

are finite. Then
dimp[L™] < d" 1 (d + 7).

Proof. Put Z = ("(L). Since codimp(Z) = d, we have a vector space
decomposition

L=7ZaF,
where dimp E' = d. Choose a basis {ej,...,eq} of E.
Let x1,...,x, € L be arbitrary. Each element can be written in the form
d
xk:Zakiei—i—zk, ap €F, 21, € Z.
i=1

Using multilinearity of the bracket and the definition of Z, we obtain

[ml,...,xn]: Z aul---amn[eil,...,ein]
1<y, in<d

+ Z B’L‘l...infl[eila"')e’infmz]?

1<i1,yeyin—1<d

where z € Z. Hence, [L(™)] is contained in the subspace generated by

[€iry---s€i,] and [e,...,€, 4, 2]
Fix arbitrary elements ay,...,a,—1 € L. Consider the mapping
lal,u-»anfl 1 Z = Z, lal,m,anfl (Z) = [alv <oy Qn—1, z]
As shown above, this mapping is a derivation of L and hence a linear
transformation of Z. Its image is [a1, ..., an—1, Z] and
Ker(la,,. an_.) = Anny(ai, ..., an—1),
where (aq,...,an—1) is an ordered tuple of elements ai,...,a,—1. Since
¢"(L) € Annf (a1, ...,an—1), we obtain

dimplay,...,an-1,2] = dimF(Z/Ker(lah,,,ﬂn_l)) <
In particular,
dimples,, ..., €, 1, Z] <7 foralll <ip,...,ip—1 <d.

Therefore,
dimp[L™] < d" 4+ d" ' = d"Nd + 1),

as required.
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Corollary 1. Let L be a Leibniz n-algebra over a field F'. If codimension
codimp(C(L)) = d is finite, then

dimp[L™] < d".

Proof. Since
¢(L) = ¢*"(L) N ¢ (L),

both codimp®(L) and codimp(™(L) are finite. Applying Theorem 1, we
obtain the required estimate.

Corollary 2. [8] Let L be a Leibniz algebra over a field F. If codimensions
codimpC*(L) = d and codimp(¢"8"(L) = r are finite, then dimp[L, L] <
d(d+r).

Corollary 3. [8] Let L be a Leibniz algebra over a field F'. If codimp((L) =
d is finite, then dimp|[L, L] < d>.

Recall that an n-algebra L over a field F' with the binary operations +
and an n-linear bracket [—,..., —] is called a Lie n-algebra if it satisfies the
following conditions:

e Lie n-bracket is antisymmetric, that is
[a1, ..., an] = sign(o)[as), - - - Ao,

e Lie n-bracket satisfies the generalized Jacobi identity, that is

[[alv s 7an]7b1> . '7bn—1] =
n
Z [al, ey i1, [ai,bl, . .,bn_l],ai+1, e ,an}
=1
for any ai,...,an,b1,...,bp—1 € L and any permutation o € S,,.

Corollary 4. Let L be a Lie n-algebra over a field F. If codimp((L) = d

1s finite, then
dimp[L™] < <d>.
n

Corollary 5. [24] If L is a Lie algebra over a field F and L/((L) has finite
#(t—1)
o

dimension t, then [L, L] also has finite dimension and dimp[L, L] <
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