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Some notes on polynomial splines on the real
axis

Abstract. We prove a number of properties of polynomial splines from the
Lp space on the real line, such as inclusion in other Lq spaces and behavior
at infinity of splines and their derivatives. Separately, we find the general
form of a set of functions orthogonal to the space of polynomial splines
with arbitrary smoothness.
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sets

Анотацiя. Доведено низку властивостей полiномiальних сплайнiв з
простору Lp на дiйснiй осi, таких як включення в iншi Lq простори
та поведiнка на нескiнченностi сплайнiв та їх похiдних. Також зна-
йдено загальний вид множини функцiй, ортогональних до простору
полiномiальних сплайнiв довiльної гладкостi.
Ключовi слова: полiномiальнi сплайни, теорема двоїстостi Нiколь-
ського, ортогональнi множини
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1. Introduction

Polynomial splines as an approximation tool play a key role in many
problems of approximation theory, in particular, in problems of functional class
approximation. A significant number of results in this area are contained in
the monograph [4], for further development of this area, see, for example, [8, 9]
and references therein.

It should be noted that approaches to solving such problems often depend to
a large extent on the domain, namely, approximation with polynomial splines
is considered on a period, on a segment and on the real line. We also note that
the above sources contain results mainly for the periodic case. Much less is
known about results concerning non-periodic problems on the real axis (see,
for example, [6, 10] and the references therein).

To justify the approximate properties of splines, it is often necessary to
know the general behavior of the spline function itself. Properties of the
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polynomial splines in periodic case are well known and described, for example,
in [4] and [1].

On the other hand, the properties of polynomial splines on the real line are
not described in a similarly structured way and can only be found in specific
cases as lemmas in related articles (for example, [6]). First part of the results
presented in this article covers several general properties of the polynomial
splines on the real line.

Separately, there exists a well-known approach used to find the upper bound
for the value of the best approximation, which uses Nikol’skii duality theorem
(originally described in [7]) to convert the problem of finding the exact value of
the best approximation into a problem of finding the functional class orthogonal
to the space of approximating functions. It was used, for example in [6] (real
line case) and [5, 2, 3] (periodic case), where functional classes orthogonal to
the space of polynomial splines with specific smoothness conditions were found.
Second part of the results presented in this article covers finding the functional
class orthogonal to the space of general polynomial splines on the real line with
arbitrary smoothness.

The results obtained will allow solving extreme problems for functional
classes on the real axis corresponding to their periodic analogues.

2. Notations

For a function f we will denote i-th derivative as f (i), additionally, by
definition f (0) = f .

Lp(I) (or Lp for short when I = R) is defined as the normed space of all
summable functions x : I → R, with norm

‖x‖Lp(I) =

∫
I

|x|p
 1

p

<∞

We will denote ‖x‖Lp(I) as ‖x‖p when I = R.
C(I) is defined as the normed space of all continuous functions x : I → R,

with norm
‖x‖C = sup

t∈I
|x(t)| <∞

Cm(I) (or Cm for short when I = R) is defined as the space of all m times
continuously differentiable functions x : I → R. C0(I) = C(I) by definition.

Pm(I) is defined as the space of all polynomials p : I → R of a degree not
greater than m.

Lrq(I) (or Lrq for short when I = R) is defined as the space of all functions
x : I → R, such that x(r−1) is absolutely continuous (locally when I is not
bounded) and x(r) ∈ Lq.

Also, Lrp,q(I) = Lp(I) ∩ Lrq(I).
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W r
q (I) (orW r

q for short when I = R) is defined as the space of all functions
x ∈ Lrq, such that

∥∥x(r)
∥∥
Lq(I)

≤ 1.
Also, W r

p,q(I) = Lp(I) ∩W r
q (I).

3. Definitions

Definition 1. We say that set of points τj , such that τj < τj+1, j ∈ Z
defines a partition ∆ of R if

R =
⋃
j∈Z

[
τj ; τj+1

]
Intervals

(
τj ; τj+1

)
are denoted as ∆j .

Definition 2. If the partition ∆ is such that all intervals ∆j have the same
length, we call it an equidistant partition.

Remark 1. For given θ ∈ R, h ∈ R+, points τj = θ+jh define an equidistant
partition ∆(θ, h) of R.

Definition 3. Given an equidistant partition ∆(θ, h) of R and a non-
negative integer m, we can define a function s(t) : R→ R in the following way
for all j ∈ Z:

1. for t ∈ ∆j , s(t) = sj(t), where sj ∈ Pm(∆j).

2. for t = τj , s(τj) =
sj−1(τj)+sj(τj)

2

We call such function a polynomial spline defined on a partition ∆(θ, h)
with degree not greater than m.

A set of all splines with degree not greater than m on the partition ∆(θ, h)
will be denoted as Sm(∆(θ, h)) or Sm for short when the partition is clear from
the context.

Additionally, we will use the following notation: Skm = Sm
⋂
Cm−k for

1 ≤ k ≤ m. For convenience by definition Sm+1
m is equal to Sm.

Remark 2. For spline s(t) ∈ Sm(∆(θ, h)), it is true that sj(t + jh) ∈
Pm(∆0).

Remark 3. Clearly derivatives s(k)(t) for k = 0, 1, 2, ... are defined and
continuous for all t ∈ ∆j , j ∈ Z. As for points t = τj , we can define s(k)(τj) as

s(k)(τj) =
s

(k)
j−1(τj) + s

(k)
j (τj)

2

It is clear that if s(k) is naturally differentiable at point τj , then s(k)(τj) =

s
(k)
j−1(τj) = s

(k)
j (τj) and so the definition is also correct in this case.
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Remark 4. If s ∈ Sm(∆(θ, h)) ∩ Cr(R), then s(k) ∈ Sm−k(∆(θ, h)) ∩
Cr−k(R), k = 0, 1, . . . ,m.

Remark 5. Sm(∆(θ, h)) is a vector space (with + operation defined
naturally as point-wise summation), which may be obtained directly by checki-
ng vector space axioms.

Definition 4. Given a partition ∆ of R, we say that function f(x) : R→ R
vanishes at partition ∆ if f(τj) = 0, j ∈ Z.

Definition 5. Let x(t) ∈ Lp. We say that function f(t) ∈ Lp′ , 1
p + 1

p′ = 1
is orthogonal to x (and denoted as f ⊥ x) if:∫

R

f(t)x(t)dt = 0

Definition 6. Let X be a subspace of Lp. We say that function f ∈ Lp′ ,
1
p + 1

p′ = 1 is orthogonal to X (and denoted as f ⊥ X) if f ⊥ x for all x ∈ X.

Definition 7. Given points t0 ≤ t1 ≤ · · · ≤ tm+1 (called knots), B-splines
Bi,k, i = 0, . . . ,m− k, k = 0, . . . ,m are defined as follows:

Bi,0(x) =

{
1 ti ≤ x < ti+1

0 otherwise

Bi,k(x) = (x− ti)di,kBi,k−1(x) + (ti+k+1 − x)di+1,kBi+1,k−1(x),

where

di,k =

{
1

ti+k−ti ti+k < ti

0 otherwise

Remark 6. Bi,k(x) has the following well-known properties (see [11] for
example):

• Bi,k(x) has finite support [ti; ti+k+1]

• Bi,k(x) ≥ 0 for all x ∈ R

• d
dxBi,k(x) = k (di,kBi,k−1(x)− di+1,kBi+1,k−1(x))

• Bi,k(x) is continuously differentiable on all intervals (ti; ti+1)

• Consider knot tj with multiplicity c (i.e. there are in total c knots equal to
tj). Then Bi,k(x) (k ≥ c) is exactly k−c times continuously differentiable.
If k < c, then Bi,k(x) is discontinuous at tj .

• Let cmax be the largest knot multiplicity for given points t0, t1, . . . , tm+1.
Then Bi,k(x) ∈ Scmaxk (∆) for any partition ∆, which contains points
t0, t1, . . . , tm+1
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4. Properties of Sm ∩ Lp

The following properties of polynomial splines on the real line were obtai-
ned:

Theorem 1. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p ≤ ∞, then also s ∈
Sm(∆(θ, h)) ∩ Lq, for all q, such that p ≤ q ≤ ∞. In other words,
(Sm(∆(θ, h)) ∩ Lp) ⊂ Lq.

Theorem 2. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p ≤ ∞, then for every non-
negative integers r, k, such that r ≤ k and m − k + r ≥ 0 and for arbitrary
polynomial Q ∈ Pr(R), it is true that s(k)Q ∈ Sm−k+r(∆(θ, h)) ∩ Lp.

Theorem 3. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p < ∞, then for every k =
0, 1, . . . ,m

lim
t→±∞

∣∣∣s(k)(t)
∣∣∣ = 0

Corollary 1. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p ≤ ∞, then s(k) ∈
Sm−k(∆(θ, h)) ∩ Lp for k = 0, 1, . . . ,m.

Proof. Follows immediately from theorem 2 with Q(t) = 1.

Corollary 2. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p ≤ ∞, then s(k) is bounded
for k = 0, 1, . . . ,m.

Proof. By corollary 1 we get s(k) ∈ Sm−k(∆(θ, h)) ∩ Lp. By theorem 1 we
then get that s(k) ∈ Sm−k(∆(θ, h)) ∩ L∞. So s(k) is bounded.

To proof the provided properties of polynomial splines on the real line, the
following auxiliary statements are needed:

Lemma 1. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p <∞, and ‖·‖X is an arbitrary
norm of space Pm(∆0), then bi-infinite sequence∑

j∈Z
‖sj(·+ jh)‖pX

converges.

Proof. Firstly, taking into account remark 2, sj(t + jh) ∈ Pm(∆0), so it is
valid to calculate ‖sj(·+ jh)‖X .

Since s ∈ Lp, ‖s‖p = (
∫
R
|s(t)|pdt)

1
p <∞. Let us denote A = (‖s‖p)p. Then

A =

∫
R

|s(t)|pdt =
∑
j∈Z

∫
∆j

|sj(t)|p dt =
∑
j∈Z

∫
∆0

|sj(t+ jh)|p dt =
∑
j∈Z
‖sj(·+ jh)‖pLp(∆0)
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Since Pm(∆0) is a finite-dimensional space, then every two norms in it are
equivalent. So, there exist a number CX > 0, depending on the norm X, such
that for every x ∈ Pm(∆0):

‖x‖Lp(∆0) ≥ CX ‖x‖X

Therefore:
A ≥ CpX

∑
j∈Z
‖sj(·+ jh)‖pX

which implies that sequence on the right hand side converges.

Lemma 2. If s ∈ Sm(∆(θ, h)) ∩ Lp, 1 ≤ p ≤ ∞, and ‖·‖X is an arbitrary
norm of space Pm(∆0), then

sup
j∈Z
‖sj(·+ jh)‖X <∞

Proof. If p < ∞, then applying lemma 1 we obtain the convergence of the
following sequence: ∑

j∈Z
‖sj(·+ jh)‖pX

It is necessary for convergence that all elements of the sequence are
bounded, therefore

sup
j∈Z
‖sj(·+ jh)‖X <∞

Consider the case p = ∞. Since Pm(∆0) is a finite-dimensional space,
then every two norms in it are equivalent. So, there exist a number CX > 0,
depending on the norm X, such that for every x ∈ Pm(∆0):

‖x‖L∞(∆0) ≥ CX ‖x‖X

Then:

∞ > ‖s‖L∞
= sup

j∈Z
‖sj‖L∞(∆j) = sup

j∈Z
‖sj(·+ jh)‖L∞(∆0) ≥ CX sup

j∈Z
‖sj(·+ jh)‖X

which concludes the proof.

Lemma 3. If aj is a bi-infinite sequence of non-negative numbers, and∑
j∈Z

aj converges, then
∑
j∈Z

aαj also converges for α ≥ 1.

Proof. Since A =
∑
j∈Z

aj converges, then lim
j→+∞

aj = lim
j→−∞

aj = 0. Therefore,

there exist a number N0 > 0, such that for all j ∈ Z, |j| > N0 it is true that
aj < 1.

So, ∑
j∈Z

aαi =
∑
|j|≤N0

aαi +
∑
|j|>N0

aαi
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First addend is a finite number. Second addend is less than A, since aαi ≤ ai,
when ai < 1 and α ≥ 1.

Therefore
∑
j∈Z

aαi is finite.

Now we can proof the provided properites of polynomial splines on the real
line:

Proof of Theorem 1. If p =∞ the theorem statement is obviously true. Consi-
der p <∞.

Using lemma 1 with norm Lq(∆0) we get that sequence:∑
j∈Z

(
‖sj(·+ jh)‖Lq(∆0)

)p
=
∑
j∈Z

aj

converges. Then by lemma 3
∑
j∈Z

a
q
p

j converges when p ≤ q <∞. So,

∞ >
∑
j∈Z

a
q
p

j =
∑
j∈Z

(
‖sj(·+ jh)‖Lq(∆0)

)q
=
∑
j∈Z

∫
∆0

|sj(t+ jh)|q dt =

=
∑
j∈Z

∫
∆j

|sj(t)|q dt =

∫
R

|s(t)|qdt = ‖s‖Lq

therefore, s ∈ Lq, for p ≤ q <∞.
It is left to prove the case q = ∞. Using lemma 2 with norm L∞(∆0), we

get that:

∞ > sup
j∈Z
‖sj(·+ jh)‖L∞(∆0) = sup

j∈Z
‖sj‖L∞(∆j)

= ‖s‖L∞

which concludes the proof.

Proof of Theorem 2. It is clear that s(k)Q ∈ Sm−k+r(∆(θ, h)), so it is left to
prove that s(k)Q ∈ Lp.

Let us define a norm ‖·‖A(I) on a space Pm(I). Let p(x) ∈ Pm(I), then

p(x) =
m∑
i=0

aix
i. Then norm is defined as ‖p‖A(I) = sup

x∈I

m∑
i=0
|ai| |x|i. We can

verify that it satisfies norm axioms:

1. ‖p+ q‖A(I) = sup
x∈I

m∑
i=0
|ai + bi| |x|i ≤ sup

x∈I

m∑
i=0

(
|ai| |x|i + |bi| |x|i

)
≤

≤ sup
x∈I

m∑
i=0
|ai| |x|i + sup

x∈I

m∑
i=0
|bi| |x|i = ‖p‖A(I) + ‖q‖A(I)

2. ‖λp‖A(I) = |λ| ‖p‖A(I)
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3. ‖p‖A(I) = 0 implies sup
x∈I

m∑
i=0
|ai| |x|i = 0, which is only possible if all ai are

zero, which means p ≡ 0.

Let us denote sj(t) =
m∑
i=0

ajit
i, and Q(t) =

k∑
i=0

bit
i (if r < k, then bk =

· · · = br+1 = 0).
Directly computing k-th derivate of sj(t), obtain for t ∈ ∆j :∣∣∣s(k)

j (t)
∣∣∣ =

∣∣∣∣∣
m∑
i=k

aji
i!

(i− k)!
ti−k

∣∣∣∣∣ ≤
m∑
i=k

|aji|
i!

(i− k)!
|t|i−k ≤ m!

m∑
i=k

|aji| |t|i−k =

=
m!

|t|k
m∑
i=k

|aji| |t|i ≤
m!

|t|k
m∑
i=0

|aji| |t|i ≤
m!

|t|k
‖sj‖A(∆j)

Since lim
t→±∞

∣∣∣Q(t)
tk

∣∣∣ = |bk|, then for ε = 1, there exists a number N0 ∈ N,

such that for all |t| > θ+N0h, |Q(t)| ≤ (|bk|+ 1) |t|k = CQ |t|k, where CQ > 0
and depends only on Q.

So, when |j| > N0, t ∈ ∆j :∣∣∣s(k)
j (t)Q(t)

∣∣∣ ≤ m!

|t|k
‖sj‖A(∆j)

CQ |t|k = CQm! ‖sj‖A(∆j)
(1)

Consider the case p <∞.
Let us denote

Ij =

∫
∆j

∣∣∣s(k)
j (t)Q(t)

∣∣∣p dt
Since both s

(k)
j (t) and Q(t) are polynomials and ∆j is a segment of a finite

length, it implies Ij ∈ R.
Then∥∥∥s(k)Q

∥∥∥p
Lp

=

∫
R

∣∣∣s(k)(t)Q(t)
∣∣∣pdt =

∑
j∈Z

Ij =
∑
|j|≤N0

Ij +
∑
|j|>N0

Ij

Clearly
∑
|j|≤N0

Ij is a finite number. So, for s(k)Q to be in Lp it is sufficient

that
∑
|j|>N0

Ij is finite.

But when |j| > N0 we can use equation 1, so:∑
|j|>N0

Ij ≤
∑
|j|>N0

∫
∆j

∣∣∣CQm! ‖sj‖A(∆j)

∣∣∣p dt ≤M ∑
|j|>N0

‖sj‖pA(∆j)
≤

≤M
∑
j∈Z
‖sj(·+ jh)‖pA(∆0)
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Applying lemma 1 with norm ‖·‖A(∆0), we get that∑
j∈Z
‖sj(·+ jh)‖pA(∆0)

converges, which means
∑
|j|>N0

Ij is finite, showing that s(k)Q ∈ Lp.

Consider the case p =∞. Then∥∥∥s(k)Q
∥∥∥
L∞

= sup
j∈Z

∥∥∥s(k)
j Q

∥∥∥
L∞

Since both s(k)
j (t) andQ(t) are polynomials, it is clear that sup

|j|≤No

∥∥∥s(k)
j Q

∥∥∥
L∞

is finite, therefore for s(k)Q to be in L∞, it is enough to show that
sup
|j|>No

∥∥∥s(k)
j Q

∥∥∥
L∞

is finite.

But when |j| > N0, we can use equation 1, so:

sup
|j|>No

∥∥∥s(k)
j Q

∥∥∥
L∞
≤ sup
|j|>N0

CQm! ‖sj‖A(∆j)
≤M sup

|j|>N0

‖sj‖A(∆j)
≤

≤M
∑
j∈Z
‖sj(·+ jh)‖A(∆0)

By lemma 2, the right hand side is finite, which concludes the proof.

Proof of Theorem 3. Firstly, we prove the statement for the spline s itself.
Using lemma 1 with norm ‖x‖X = sup

t∈∆0

|x(t)|, we get the convergence of the

following sequence: ∑
j∈Z

(
sup
t∈∆j

|sj(t)|

)p
=
∑
j∈Z

aj

It is necessary for convergence that lim
j→±∞

aj = 0. And since |s(t)| ≤

sup
t∈∆j

|sj(t)| for all t ∈ ∆j , it implies lim
t→±∞

|s(t)| = 0.

So it is established that s ∈ Sm(∆(θ, h)) ∩ Lp implies lim
t→±∞

|s(t)| = 0.

Now by corollary 1 s ∈ Sm(∆(θ, h))∩Lp implies s(k) ∈ Sm−k(∆(θ, h))∩Lp
for k = 0, 1, . . . ,m, which in turn implies lim

t→±∞

∣∣s(k)(t)
∣∣ = 0.

5. Set orthogonal to Skm ∩ Lp

The main result obtained in this section is the following theorem:
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Theorem 4. Let θ ∈ R, h > 0, ∆(θ, h) - an equidistant partition of R,
1 ≤ p <∞, m ∈ Z, m ≥ 0, 1 ≤ k ≤ m+ 1 and p′ such that 1

p + 1
p′ = 1.

Then f(x) ⊥ Skm(∆(θ, h)) ∩ Lp if and only if f(x) = g(m+1)(x) for some
g(x) ∈ Lm+1

p′ , such that g(j)(x) vanishes at ∆(θ, h) for j = 0, . . . , k − 1.

To get this result additional statements need to be proven:

Lemma 4. Let θ ∈ R, h ∈ R+, ∆(θ, h) - an equidistant partition of R,
1 ≤ p ≤ ∞, m ∈ Z, m ≥ 0 and g(x) ∈ Lm+1

p . Let Bi,m be a B-spline defined
over points τi, . . . , τi+m+1. Then∫

R

g(m+1)(x)Bi,mdx =
(−1)m+1

hm+1

m+1∑
j=0

(−1)j
(
m+ 1

j

)
g(τi+j)

Proof. Can be easily seen integrating by parts m times.

Lemma 5. Let θ ∈ R, h ∈ R+,m ∈ N , 1 ≤ p ≤ ∞. Given an equidistant
partition ∆(θ, h) and function f ∈ Lmp , such that f vanishes at ∆(θ, h), it is
true that f (k) is bounded for k = 0, . . . ,m− 1.

Proof. Since f(τj) = 0, j ∈ Z, then by Rolle’s theorem f (k) has at least one
zero on a segment [τj ; τj+k+1] for all j ∈ Z.

For each t ∈ R we can find a number j, such that t ∈ [τj ; τj+k+1] and as
stated above, there is a point α ∈ [τj ; τj+k+1] such that f (k)(α) = 0.

Therefore:

∣∣∣f (k)(t)
∣∣∣ =

∣∣∣∣∣∣
t∫

α

f (k+1)(ξ)dξ

∣∣∣∣∣∣ ≤
τj+k+1∫
τj

∣∣∣f (k+1)(ξ)
∣∣∣ dξ

For k = r − 1, by Hölder’s inequality
(

1
p′ + 1

p = 1
)
:

τj+r∫
τj

∣∣∣f (r)(ξ)
∣∣∣ dξ ≤ ∥∥∥1 · f (r)

∥∥∥
L1((τj ,τj+r))

≤

≤ ‖1‖Lp′ ((τj ,τj+r))
∥∥∥f (r)

∥∥∥
Lp((τj ,τj+r))

≤ (rh)
1
p

∥∥∥f (r)
∥∥∥
Lp

So,
∣∣f (r−1)(t)

∣∣ ≤ (rh)
1
p
∥∥f (r)

∥∥
Lp

and since f (r) ∈ Lp, then f (r−1) is bounded.

Then, assuming that f (k) are bounded for k = r − 1, r − 2, . . . ,m, m ≥ 1,
we can prove that f (m−1) is also bounded.

Again,

∣∣∣f (m−1)(t)
∣∣∣ ≤ τj+m∫

τj

∣∣∣f (m)(ξ)
∣∣∣ dξ ≤ mh sup

t∈R

∣∣∣f (m)(t)
∣∣∣
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Since f (m)(t) is bounded by assumption, we have f (m−1)(t) is also bounded.

Proof of Theorem 4. We will prove the theorem by nested induction, first by
m, then by k.

Basis: m = 0, k = 1.
Firstly we prove the necessity. Let F (x) be some antiderivative of f(x). It

is clear that g(x) = F (x) +C is also an antiderivative of f(x). Therefore, it is
possible to choose C in such way that g(τ0) = 0. If f(x) ⊥ S1

0(∆(θ, h)) ∩ Lp
then for B-spline Bi,0 defined over points τi, τi+1:

0 =

∫
R

f(x)Bi,0dx =

τi+1∫
τi

g(1)(x)Bi,0(x)dx = g(τi+1)− g(τi)

So g(τi+1) = g(τi) for all i ∈ Z, which implies g(τj) = g(τ0) = 0 for all
j ∈ Z, so g(x) vanishes at partition ∆(θ, h).

Now we prove the sufficiency. Let g(x) ∈ Lm+1
p′ , such that g(x) vanishes at

partition ∆(θ, h) and s ∈ S1
0(∆(θ, h)) ∩Lp. Since s has degree 0, it is equal to

some constant cj on each interval (τj ; τj+1). Then:∫
R

g(1)(x)s(x)dx =
∑
j∈Z

cj(g(τj+1)− g(τj)) = 0

So g(1) ⊥ s and since s is chosen arbitrarily, g(1) ⊥ S1
0(∆(θ, h)) ∩ Lp.

Now, assume the theorem is proven for all m ≤ n− 1 for all viable k.

Let us now prove the theorem for m = n.
Here we start induction by k. Basis: k = 1.
First we prove the necessity. Let Fn+1(x) be some (n+1)-th antiderivative

of f(x). It is clear that Fn+1(x) + Pn(x) is also an (n+1)-th antiderivative of
f(x), where Pn is any polynomial of degree at most n.

Therefore there exist a function g(x), which is (n+1)-th antiderivative of
f(x) and g(τj) = 0, j = 0, . . . , n.

If f(x) ⊥ (S1
n(∆(θ, h)) ∩ Lp), then for B-spline B0,n defined over points

τ0, τ1, . . . , τn+1:

0 =

∫
R

f(x)B0,n(x)dx =

τn+1∫
τ0

g(n+1)(x)B0,n(x)dx

Using lemma 4 we get:

0 =
(−1)n+1

hn+1

n+1∑
j=0

(−1)j
(
n+ 1

j

)
g(τj)

Since g(τj) = 0 for j = 0, . . . , n, then g(τn+1) must also be zero.
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Applying the same considerations with B1,n(x) get that g(τn+2) = 0 and
so on. The same way we get g(τ−1) = 0 and so on. Therefore g(τj) = 0, j ∈ Z,
which means g vanishes at partition ∆(θ, h).

Now we prove the sufficiency. Let f(x) = g(n+1)(x), where g(x) ∈ Ln+1
p′ ,

such that g(τj) = 0 for j ∈ Z. Let s(x) ∈ S1
n(∆(θ, h)) ∩ Lp

Then, taking into account lemma 5 and theorem 3∫
R

f(x)s(x)dx =

∫
R

g(n+1)(x)s(x)dx = −
∫
R

g(n)(x)s(1)(x)dx

Since s ∈ S1
n(∆(θ, h)) ∩ Lp, then by corollary 1 s(1) ∈ S1

n−1(∆(θ, h)) ∩ Lp,
therefore we can apply induction assumption to g(n) and s(1) to get that∫
R
g(n)(x)s(1)(x)dx = 0, which concludes the proof of the case k = 1.

Now we assume that the theorem is correct for all k ≤ l − 1 and prove it
for k = l.

First we prove the necessity. Let f(x) ⊥ Sln(∆(θ, h)) ∩ Lp. Then f(x) ⊥
Sl−1
n (∆(θ, h))∩Lp, since Sl−1

n (∆(θ, h)) ⊂ Sln(∆(θ, h)). By induction assumpti-
on, we get that there exist g(x) ∈ Ln+1

p′ , such that f(x) = g(n+1)(x) and g(j)(x)
vanishes at partition ∆(θ, h) for j = 0, . . . , l − 2.

Consider B-splines Bi,n defined over points t0, . . . , tn+1, which are defined
as t0 = t1 = · · · = tl−1 = τ0, tj = τj−l+1, j = l, . . . , n+ 1. It is clear that
Bi,n ∈ (Sln(∆(θ, h)) ∩ Lp). Let us denote Ik =

∫
R
g(k+1)(x)B0,k(x)dx for k =

l − 1, l, . . . , n. So:

Ik =

tk+1∫
t0

g(k+1)(x)B0,k(x)dx =

= g(k)(tk+1)B0,k(tk+1)− g(k)(t0)B0,k(t0)−

−k
tk+1∫
t0

g(k)(x) (d0,kB0,k−1(x)− d1,kB1,k−1(x)) dx =

= Xk − Yk − kZk(x) + kWk(x) (2)

where
Xk = g(k)(tk+1)B0,k(tk+1)

Yk = g(k)(t0)B0,k(t0)

Zk(x) =

tk∫
t0

g(k)(x)d0,kB0,k−1(x)dx
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Wk(x) =

tk+1∫
t1

g(k)(x)d1,kB1,k−1(x)dx

The knot tk+1 has multiplicity 1 (since l ≤ k + 1), so spline B0,k is conti-
nuous at this knot, therefore B0,k(tn+1) = 0 and Xk in equation 2 is zero.

The knot t0 has multiplicity l, so spline B0,k is continuous at this knot if
l ≤ k and discontinuous if l = k + 1, so B0,k(t0) = 0 if l ≤ k and B0,k(t0) 6= 0
if l = k + 1.

The knot t1 has degree l−1, so splineB1,k−1 ∈ Sl−1
k−1(∆(θ, h))∩Lp. Therefore

Wk(x) = 0 by induction assumption.
If l = k + 1, then d0,k = 0 and therefore Zk(x) = 0. If l ≤ k, then

B0,k−1 ∈ Slk−1(∆(θ, h)) ∩ Lp, so

Zk(x) = d0,kIk−1

Therefore continuing on 2:

Ik = Xk − Yk − kZk(x) + kWk(x) =

{
−kd0,kIk−1 k ≥ l
−g(k)(t0)B0,k(t0) k = l − 1

Therefore

In =

{
(−1)(n−l)nd0,n × (n− 1)d0,n−1 × · · · × ld0,l × g(l−1)(t0)B0,l−1(t0) n ≥ l
−g(n)(t0)B0,n(t0) n = l − 1

On the other hand In = 0 because f(x) is orthogonal to B0,n. Since knot
t0 has multiplicity l, it means B0,l−1(t0) 6= 0, so In = 0 implies g(l−1)(τ0) = 0.

Exactly the same considerations may be applied by building B-spline over
points ti = ti+1 = · · · = ti+l−1 = τi, tj = τj−l+1, j = i+ l, . . . , i+ n+ 1, which
will give us g(l−1)(τi) = 0 concluding the proof of necessity.

Now we prove the sufficiency. Let g(x) ∈ Ln+1
p′ such that g(j)(x) vanishes

at ∆(θ, h) for j = 0, . . . , k − 1 and s(x) ∈ Skn(∆(θ, h)) ∩ Lp.
If k ≤ n, then using lemma 5 and theorem 3 we have:∫

R

g(n+1)(x)s(x)dx = −
∫
R

g(n)(x)s(1)(x)dx

Since s(1) ∈ Skn−1∆(θ, h)) ∩ Lp, then by induction assumption∫
R

g(n)(x)s(1)(x)dx = 0

.
If k = n+ 1, then∫

R

g(n+1)(x)s(x)dx =
∑
j∈Z

τj+1∫
τj

g(n+1)(x)sj(x)dx =
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=
∑
j∈Z

g(n)(τj+1)s
(1)
j (τj+1)− g(n)(τj)s

(1)
j (τj)−

τj+1∫
τj

g(n)(x)s
(1)
j (x)dx


Since g(k−1)(x) = g(n)(x) is vanishing at partition ∆(θ, h), we have

∫
R

g(n+1)(x)s(x)dx = −
∑
j∈Z

τj+1∫
τj

g(n)(x)s
(1)
j (x)dx

Continuing integration by parts, we have:∫
R

g(n+1)(x)s(x)dx = (−1)n
∑
j∈Z

τj+1∫
τj

g(x)s
(n)
j (x)dx = (−1)n

∑
j∈Z

cj(g(τj+1)−g(τj)) = 0

which concludes the proof of the sufficiency.
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