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Some notes on polynomial splines on the real
axis

Abstract. We prove a number of properties of polynomial splines from the
L, space on the real line, such as inclusion in other L, spaces and behavior
at infinity of splines and their derivatives. Separately, we find the general
form of a set of functions orthogonal to the space of polynomial splines
with arbitrary smoothness.
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Amnorartisi. /loBeneHo HU3KY BIACTUBOCTENH MOJIHOMIAJBHUX CILIANHIB 3
npocropy L, Ha niiicHi#f oci, TakuX fK BKJIIOYeHHs B iHmi L, mpocropu
Ta IOBEJiHKa Ha HEeCKIHYEHHOCT] CIuTaiiHiB Ta iX moximnwmx. Takoxk 3Ha-
WJIeHO 3araJibHUil BUJ] MHOXKUHM (DYHKIIH, OPTOrOHAJBHUX JIO IIPOCTOPY
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1. Introduction

Polynomial splines as an approximation tool play a key role in many
problems of approximation theory, in particular, in problems of functional class
approximation. A significant number of results in this area are contained in
the monograph [4], for further development of this area, see, for example, |8, 9]
and references therein.

It should be noted that approaches to solving such problems often depend to
a large extent on the domain, namely, approximation with polynomial splines
is considered on a period, on a segment and on the real line. We also note that
the above sources contain results mainly for the periodic case. Much less is
known about results concerning non-periodic problems on the real axis (see,
for example, [6, 10] and the references therein).

To justify the approximate properties of splines, it is often necessary to
know the general behavior of the spline function itself. Properties of the
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polynomial splines in periodic case are well known and described, for example,
in [4] and [1].

On the other hand, the properties of polynomial splines on the real line are
not described in a similarly structured way and can only be found in specific
cases as lemmas in related articles (for example, [6]). First part of the results
presented in this article covers several general properties of the polynomial
splines on the real line.

Separately, there exists a well-known approach used to find the upper bound
for the value of the best approximation, which uses Nikol’skii duality theorem
(originally described in [7]) to convert the problem of finding the exact value of
the best approximation into a problem of finding the functional class orthogonal
to the space of approximating functions. It was used, for example in [6] (real
line case) and [5, 2, 3| (periodic case), where functional classes orthogonal to
the space of polynomial splines with specific smoothness conditions were found.
Second part of the results presented in this article covers finding the functional
class orthogonal to the space of general polynomial splines on the real line with
arbitrary smoothness.

The results obtained will allow solving extreme problems for functional
classes on the real axis corresponding to their periodic analogues.

2. Notations

For a function f we will denote i-th derivative as f, additionally, by
definition f(©) = f.

Ly(I) (or L, for short when I = R) is defined as the normed space of all
summable functions = : I — R, with norm

ol = / 2P| <o
I

We will denote [|z][, ;) as ||z, when I =R.
C(I) is defined as the normed space of all continuous functions = : I — R,
with norm
|zl = sup |2(t)] < oo
tel

C™(I) (or C™ for short when I = R) is defined as the space of all m times
continuously differentiable functions x : I — R. C%(I) = C(I) by definition.

P, (I) is defined as the space of all polynomials p : I — R of a degree not
greater than m.

Ly(I) (or Ly for short when I = R) is defined as the space of all functions
z : I — R, such that z("=Y is absolutely continuous (locally when I is not
bounded) and z(") € L,.

Also, Ly, ,(I) = Lyp(I) N Ly(I).
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Wy (I) (or W for short when I = R) is defined as the space of all functions
x € Ly, such that H$(T)HL o0 <1
q
Also, Wi (1) = Ly(I) N Wi (1),

3. Definitions

Definition 1. We say that set of points 7, such that 7; < 741,75 € Z
defines a partition A of R if

R= U [Tj;Tj—H]

JEZ.
Intervals (Tj; Tj+1) are denoted as A;.

Definition 2. If the partition A is such that all intervals A; have the same
length, we call it an equidistant partition.

Remark 1. For given 6§ € R, h € Ry, points 7; = 0+ jh define an equidistant
partition A(6, h) of R.

Definition 3. Given an equidistant partition A(f,h) of R and a non-
negative integer m, we can define a function s(¢) : R — R in the following way
for all j € Z:

1. for t € Ay, s(t) = s;(t), where s; € Py, (4A;).

2. for t =75, s(m;) = 7sj_1(Tj;+sj(Tj)

We call such function a polynomial spline defined on a partition A(6, h)
with degree not greater than m.

A set of all splines with degree not greater than m on the partition A(6, h)
will be denoted as Sy, (A(0, h)) or Sy, for short when the partition is clear from
the context.

Additionally, we will use the following notation: S¥, = S, C™ % for
1 < k < m. For convenience by definition S+ is equal to S,,.

Remark 2. For spline s(t) € Spy,(A(6,h)), it is true that s;(t + jh) €
Pm(AO)
Remark 3. Clearly derivatives s(k)(t) for K = 0,1,2,... are defined and

continuous for all t € Aj, j € Z. As for points t = 7;, we can define s(k) (15) as

(k) (k)
A )+ s -
S(k)(Tj) — S]—l(T]) . S] (T])

It is clear that if s(*) is naturally differentiable at point 7j, then 5(k) (15) =
sgk_)l (15) = sgk) (17) and so the definition is also correct in this case.
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Remark 4. If s € S,,(A(6,h)) N C"(R), then s € S, (A6, h)) N
C"*R), k=0,1,...,m

Remark 5. Sm(A(0,h)) is a vector space (with + operation defined
naturally as point-wise summation), which may be obtained directly by checki-
ng vector space axioms.

Definition 4. Given a partition A of R, we say that function f(z): R — R
vanishes at partition A if f(r;) =0, j € Z.

Definition 5. Let z(t) € L,. We say that function f(t) € Ly, % +5 =1

is orthogonal to x (and denoted as f L x) if:

/ F (b (t)dt =
R

Deﬁnition 6. Let X be a subspace of L,. We say that function f € L,
+ ]7 = 1 is orthogonal to X (and denoted as f L X)if f L x forall z € X

1
v

1

p
Definition 7. Given points tg < t; < -+ < t;,41 (called knots), B-splines

Bip,i=0,....,m—Fk, k=0,...,m are defined as follows:

Bio(x) 1 <2<t
o(x) =
" 0 otherwise

B;p(x) = (x — t;)d; 1 Bi p—1(x) + (tiphs1 — )dip1 k1 Bit1 p—1(2),

1
d = {ti+k_ti tivk <t
=

where

’ 0 otherwise

Remark 6. B;j(x) has the following well-known properties (see [11] for
example):

e B; () has finite support [t;;t;1r11]

e Bip(x)>0forallz e R
ik

x) =k (d; ;Bi p—1(x) — dit1 k. Biy1,k-1(x))
. sz(:v) is continuously differentiable on all intervals (t;;¢;+1)

e Consider knot ¢; with multiplicity ¢ (i.e. there are in total ¢ knots equal to
tj). Then B; i (x) (k > c) is exactly k—c times continuously differentiable.
If k < ¢, then B; i (z) is discontinuous at ¢;.

o Let ¢pnqz be the largest knot multiplicity for given points tg, t1, ..., tmt1-
Then B, i(xz) € S (A) for any partition A, which contains points

tos 1y s tmta

116



SOME NOTES ON POLYNOMIAL SPLINES ON THE REAL AXIS

4. Properties of S,,N L,

The following properties of polynomial splines on the real line were obtai-
ned:

Theorem 1. If s € Sp(A(0,h)) N Ly, 1
Sm(A(0,h)) N Ly, for all q, such that p <
(Sm(A(0,h)) N Ly) C L.

< o0, then also s €

<vp
q < o0. In other words,

Theorem 2. If s € Sy (A(0,h)) N Ly, 1 < p < oo, then for every non-
negative integers v, k, such that r < k and m — k +r > 0 and for arbitrary
polynomial Q € P.(R), it is true that s Q € Sy _p1r(A(0,h)) N L

Theorem 3. If s € S;,(A(0,h)) N Ly, 1 < p < oo, then for every k =
0,1,...,m
lim s(k)(t)‘ =0

t—+oo

Corollary 1. If s € Sp(A(0,h)) N Ly, 1 < p < oo, then stk) e
Sm—k(AB,h)) N Ly, for k=0,1,...,m

Proof. Follows immediately from theorem 2 with Q(¢) = 1.

Corollary 2. If s € Sy (A(0,h)) N Ly, 1 < p < oo, then s*) is bounded
fork=0,1,...,m

Proof. By corollary 1 we get s*) € S, 1(A(6,h)) N L,. By theorem 1 we
then get that s € S,,_1(A(#,h)) N Leo. So s¥) is bounded.

To proof the provided properties of polynomial splines on the real line, the
following auxiliary statements are needed:

Lemma 1. If s € S;,(A(9,h)) N Ly, 1 <p<oo, and ||-||y is an arbitrary
norm of space Pp,(Ag), then bi-infinite sequence

D llsiC+ ik
JEZ
converges.

Proof. Firstly, taking into account remark 2, s;(t 4+ jh) € Pp(Ap), so it is
valid to calculate ||s;(- + jh)|| -

Since s € Ly, [|s]|, = f| (t)|Pdt) » < co. Let us denote A = (Ils]l,,)P. Then

A:/|s(t)|Pdt /|sj WP dt = /|s] (t+ jh)|P dt = ZHSJ (-4 jh) HLP(AO)
R

JELA, JELA, JEeL
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Since Pp,(Ap) is a finite-dimensional space, then every two norms in it are
equivalent. So, there exist a number C'x > 0, depending on the norm X, such
that for every x € P, (Ap):

2]l 2,(a0) = Cx lIzllx

Therefore:

AZCR Y si+inl%
JEZL

which implies that sequence on the right hand side converges.

Lemma 2. If s € S;,,(A(0,h)) N Ly, 1 < p < oo, and |||y is an arbitrary
norm of space Pp,(Ag), then

sup [ls;(- + jh)ll < o0
JEZ

Proof. If p < oo, then applying lemma 1 we obtain the convergence of the

following sequence:
D lsiC+im)I%
JEZL
It is necessary for convergence that all elements of the sequence are
bounded, therefore

sup [ls;(- + jh)ll < o0
JEZ

Consider the case p = oo. Since P, (Ap) is a finite-dimensional space,
then every two norms in it are equivalent. So, there exist a number C'x > 0,
depending on the norm X, such that for every x € P, (Ay):

120|200 a0) = Cx 2l x
Then:
o0 > [sll. = supllsll, _a,) = suplis; (- +m)l,_an) = Cx sup ;- + h)l
JEZL JEZ jJEZL
which concludes the proof.

Lemma 3. If a; is a bi-infinite sequence of non-negative numbers, and
o
> aj converges, then aj also converges for a > 1.

JEZ JEZ
Proof. Since A = )" a; converges, then lim a; = lim a; = 0. Therefore,
JEZ J—+00 J—>—00
there exist a number Ny > 0, such that for all j € Z, |j| > Ny it is true that
a; < 1.
So,

Zaf‘: Z ay + Z ay¥

JEL l71<No 71>No
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First addend is a finite number. Second addend is less than A, since af* < a;,
when a; < 1 and o > 1.
Therefore ) af* is finite.
JEZ
Now we can proof the provided properites of polynomial splines on the real
line:

Proof of Theorem 1. If p = oo the theorem statement is obviously true. Consi-
der p < o0.
Using lemma 1 with norm L,(Ap) we get that sequence:

Z (HS]( + jh) ”Lq(Ao)> Zay

JEZ JEZL

q
converges. Then by lemma 3 > a; converges when p < ¢ < c0. So,

JEZ
q
00> 3 af =3 (IsiC + 0l a) = 3 [ lsste b7 de =
jEL jEL =
—Z/m ()] dt = /| ()%t = |15,

jEZA

therefore, s € Ly, for p < g < oo.
It is left to prove the case ¢ = co. Using lemma 2 with norm L (Ag), we
get that:

00 > sup fls;( + 7)1 (ag) = SupHSJHLOO(A = lIsllz..
J

which concludes the proof.

Proof of Theorem 2. Tt is clear that s¥)Q € S,,_4+(A(8,R)), so it is left to
prove that s®¥)Q e L,.
Let us define a norm ||-|[ 4y on a space P (). Let p( ) € Py(I), then

p(z) = Z a;z'. Then norm is defined as Ipllacy = sup E |ag| |z]*. We can
verify that it satisfies norm axioms:

L+ gl gy = sup 3 fos + bl fal* < sup 3° (Jaafal* + b o) <

z€l i=0

< sup Z ;| [2]° + sup Z bl 121" = 1PNl acry + gl acry
zel 1=0 zel i=0

2. [Apllacry = IMHIplacr
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3. [Ipll 4(ry = O implies sup Z |a;| |z|* = 0, which is only possible if all a; are
zel i=0
zero, which means p = 0.

m ‘ k .
Let us denote s;(t) = ) ajt', and Q(t) = > bit* (if » < k, then b, =
i=0

i=0
= br—i—l = 0)~
Directly computing k-th derivate of s;(t), obtain for ¢t € A;:

m
0] = < D lagl g 1 < m'Z Jagil 147 =
i=k

—WZIaﬁlltl < kZ\ ajil [t]' < |k i lLaga,
i=k

= |bg|, then for ¢ = 1, there exists a number Ny € N,

Since lim ‘%k)
t—too | ¢
such that for all [t| > 6 + Noh, |Q(t)| < (|bx] + 1) |t|" = Cq |t]*, where Cg > 0

and depends only on Q.
So, when [j] > Ny, t € Aj:

k m!
5P| < e Isilaca, Coltl" = Comtlsilaca, (1)
Consider the case p < co.

Let us denote

Wmeo)| @

Aj
Since both sg-k) (t) and Q(t) are polynomials and Aj; is a segment of a finite

length, it implies I; € R.
Then

el

/‘ ZI_ZI+ZI

l71<No 71> No

Clearly ) I is a finite number. So, for s®Q to be in L, it is sufficient
l71<No
that ) I is finite.
71>No
But when |j| > Ny we can use equation 1, so:

p
o< ) /‘CQm!HSjHA(A]-)’ dt <M Y lsjliya,) <
l7]>No li1>Nog 71> No

< MZ lls;(- +jh)”i(Ao)
JEZ
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Applying lemma 1 with norm ||-[| 4o, we get that

S llsy -+ 30 By ay
JEZL
converges, which means ) I is finite, showing that skQ e L,.

7[>No
Consider the case p = co. Then

|sa], . =suwsie],

Since both s§k) (t) and Q(t) are polynomials, it is clear that sup Hsgk)QHL

|71<No
is finite, therefore for s*Q to be in L, it is enough to show that
sup ’sgk)Q is finite.
l41>No Loo

But when |j| > Ny, we can use equation 1, so:

k
sup Hsg )QH < sup Com!|sjllga,) €M sup [[sjll4a,) <
131> No Loo |j|>No 131> No

<MY sy + i)y
JEZ
By lemma 2, the right hand side is finite, which concludes the proof.
Proof of Theorem 3. Firstly, we prove the statement for the spline s itself.
Using lemma 1 with norm ||z| y = sup |z(t)|, we get the convergence of the
teAg

following sequence:

> (p \sj<t>\>p =Yg

jez \1€8 jez
It is necessary for convergence that Ali;n a; = 0. And since |[s(t)] <
j—too
sup |s;(t)| for all t € Aj, it implies t_l}gloo |s(t)| = 0.

teA;
So it is established that s € Sy, (A(6, h)) N L, implies . liin |s(t)| = 0.
—+oo

Now by corollary 1 s € S,,(A(6, h)) N L, implies s%) € S,,, 1 (A(0,h))N L,
for k=0,1,...,m, which in turn implies . lirin ‘s(k) (t)‘ =0.
—+oo

5. Set orthogonal to S¥ N L,

The main result obtained in this section is the following theorem:
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Theorem 4. Let 6 € R,h > 0, A(6,h) - an equidistant partition of R,
1<p<oo,meZ,m>0,1<k<m+1 andyp suchthat%+}%:1.

Then f(x) L SE(A(G,h)) N L, if and only if f(x) = g™tV (2) for some
g(z) € Lgf“, such that gU) () vanishes at A(0,h) for j=0,...,k—1.

To get this result additional statements need to be proven:

Lemma 4. Let § € R,h € Ry, A(0,h) - an equidistant partition of R,
1<p<oo,meZ m>0 and g(x) € LZ”L“. Let B;, be a B-spline defined
over pPoints Tiy ..., Titm+t1- Lhen

m —1 m1 ] (m+1
/g( H)(x)Bi,mdaz — (hW)LH Z(_1)1< ;

R 7=0

>g(Ti+j)

Proof. Can be easily seen integrating by parts m times.

Lemma 5. Let 0 e R he Ry,me N, 1 <p < oo. Giwen an equidistant
partition A(0,h) and function f € Ly, such that f vanishes at A(0,h), it is
true that f%) is bounded for k=0,...,m— 1.

Proof. Since f(r;) = 0,j € Z, then by Rolle’s theorem %) has at least one
zero on a segment [7;; 7j4441] for all j € Z.
For each ¢t € R we can find a number j, such that t € [7;;7j414+1] and as
stated above, there is a point o € [7j; Tj1111] such that f*)(a) = 0.
Therefore:

t Tj+k+1

9| =] [ semed < [ ||

[0 Tj

For k = r — 1, by Hélder’s inequality <z% + % = 1):

Tjtr
(r) <|1. ¢ <
/ ‘f <§)‘ dg - Hl f Ll((”’jﬂ’j{—r)) -
T
(r) |G
M0 [ e < 6907 471,

So, f(r_l)(t)’ < (T‘h)% Hf(’")HLp and since f(") € L,, then f"=1 is bounded.

Then, assuming that f*) are bounded for k =r — 1,7 —2,...,m, m > 1,
we can prove that f(™=1 is also bounded.
Again,

Tj+m

] < [ e de < mbsup |1 e)

teR
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Since f("™(t) is bounded by assumption, we have f(™~1(#) is also bounded.

Proof of Theorem 4. We will prove the theorem by nested induction, first by
m, then by k.

Basis: m =0,k = 1.

Firstly we prove the necessity. Let F'(x) be some antiderivative of f(x). It
is clear that g(z) = F(z) 4 C is also an antiderivative of f(z). Therefore, it is
possible to choose C' in such way that g(r0) = 0. If f(z) L S3(A(0,h)) N Ly
then for B-spline B; ¢ defined over points 7;, Tj41:

Ti41

0= /f(x)BZ-70dx = / 9P (2)Bio(z)da = g(7i1) — g(r)
R

i

So g(Ti41) = g(m) for all i € Z, which implies g(7;) = g(70) = 0 for all
Jj € Z, so g(x) vanishes at partition A(6, h).

Now we prove the sufficiency. Let g(z) € L;?H, such that g(x) vanishes at
partition A(0, h) and s € S§(A(0,h)) N L,. Since s has degree 0, it is equal to
some constant ¢; on each interval (7;;7j41). Then:

/ gV (@)s(@)de = 3 e5(g(r11) — 9(73)) =0

So g™ 1 s and since s is chosen arbitrarily, gt L S§(A(6,R)) N L,.
Now, assume the theorem is proven for all m < n — 1 for all viable k.

Let us now prove the theorem for m = n.

Here we start induction by k. Basis: k = 1.

First we prove the necessity. Let Fj,11(z) be some (n+1)-th antiderivative
of f(x). It is clear that Fj,11(z) + P,(x) is also an (n+1)-th antiderivative of
f(x), where P, is any polynomial of degree at most n.

Therefore there exist a function g(z), which is (n+1)-th antiderivative of
f(z) and g(75) =0, 5 =0,...,n.

If f(z) L (SE(A(6,h)) N L), then for B-spline By, defined over points

TOy Tly-+«yTn+1:

Tn41

O:/f(x)Boﬁn(m)dx: /g(”H)(:U)BO,n(x)d:U
R

70

Using lemma 4 we get:
1
(1)t & n+1
0= EXE Y (" ot
j=0 J
Since g(7;) =0 for j =0, ...,n, then g(7,4+1) must also be zero.
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Applying the same considerations with By ,(z) get that g(7,42) = 0 and
so on. The same way we get g(7_1) = 0 and so on. Therefore g(7;) =0, j € Z,
which means g vanishes at partition A(6, h).

Now we prove the sufficiency. Let f(z) = ¢"*V(z), where g(z) € LZ,H,
such that g(;) = 0 for j € Z. Let s(z) € SL(A(0,h)) N L,

Then, taking into account lemma 5 and theorem 3

/f x)dx = /g("+1)(x)s(x)dac: —/g(")(:r)s(l)(x)dm

R

Since s € SL(A(0,R)) N Ly, then by corollary 1 s € S} | (A(6,h)) N Ly,
therefore we can apply induction assumption to ¢ and s to get that
fg 3(1) (x)dz = 0, which concludes the proof of the case k = 1.

Now we assume that the theorem is correct for all £ < [ — 1 and prove it
for k =1.

First we prove the necessity. Let f(x) L S)(A(0,h)) N L,. Then f(z) L
SLZL(A(0,h)) N Ly, since SEL(A(O, b)) € SL(A(, h)). By induction assumpti-
on, we get that there exist g(z) € LZ/H, such that f(z) = ¢+ (z) and g\ (z)
vanishes at partition A(6, h) for j =0,...,1 — 2.

Consider B-splines B; ,, defined over points to,...,t,41, which are defined
asto =1ty = - =t_1 =70, t; = Tj_141,J = l,...,n+ 1. It is clear that

Bi, € (SL(A(0,Rh)) N Ly). Let us denote I, = [ g%+ (2)Byx(x)dx for k =
R

l—1,1,...,n. So:

to

= g™ (tr41) Bok(t 1) — 9™ (t0) Bo s(to)—

tkt1
—k / 9" () (do 1 Bok—1(z) — d1 1 B1k—1(z)) d =
to
= Xy — Yi — kZy(x) + kWy(2) (2)
where
Xi = g™ (te1) Bog (te+1)
Vi, = g% (t0) Bo k(o)
ty
Zy(z) = /g(k) (z)do kBo k—1(x)dx
to
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let1
Wi(z) = / g®) (2)dy x By -1 (x)dw
t1
The knot t;41 has multiplicity 1 (since | < k + 1), so spline By, is conti-
nuous at this knot, therefore By i (t,+1) = 0 and X}, in equation 2 is zero.
The knot to has multiplicity [, so spline By, is continuous at this knot if
I < k and discontinuous if | = k + 1, so By (tg) = 0 if I < k and By x(to) # 0
ifl="FkF+1.
The knot ¢ has degree [—1, so spline By j_; € S,l;_ll(A(Q, h))NLy. Therefore
Wi (x) = 0 by induction assumption.
If | = k+1, then doy = 0 and therefore Zy(x) = 0. If I < k, then
BO,kz—l € S,@_I(A(H, h)) N Lp, SO

Zy(z) = dolp—1

Therefore continuing on 2:

—kdg 11— k>1
Iy = Xy — Yy — kZy(x) + kWi(z) = (,g’k " -
—g (t(])B(]JC(tO) k=1-1
Therefore
j— (—1)(n_l)nd07n X (’I’L — 1)d07n_1 X oo X ldo,l X g(l_l)(to)BoJ_l(L‘o) n > l
" —9™ (to)Bo,n(to) n=1-1

On the other hand I,, = 0 because f(z) is orthogonal to By . Since knot
mh%anMMWJJMmmmb4@@#Oﬁohzohmm%gaU()—O

Exactly the same considerations may be applied by building B-spline over
points t;, = ti+1 == ti+lfl = T;, tj = Tj,l+1,j :i+l,...,i+n+ 1, which
will give us g(l_l)(n) = 0 concluding the proof of necessity.

Now we prove the sufficiency. Let g(x) € LZ,'H such that ¢\ () vanishes
at A(0,h) for j =0,...,k — 1 and s(z) € SF(A(,h)) N Ly.

If £ < n, then using lemma 5 and theorem 3 we have:

/g("H)(x)s(:U)dw: —/g(”)(x)s(l)(x)dx

R

Since s() € S¥_ | A(0,h)) N Ly, then by induction assumption

/g (1) x)dr =0
R

If k =n+ 1, then

Tj+1
[ D @st@rz =32 [ g0 @)oo =
R Jez Tj
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Ti+1
=3 | 6™ (500)5 (7541) — 6 ()50 (1) — / ¢ (@) (2)da
JEZ 7

Since g*~V(z) = ¢ (z) is vanishing at partition A(6, k), we have

Tj+1

/(n+1>( 2)dz = — Z/ ) () ()

R ]EZ

Continuing integration by parts, we have:

Ti+1

g (@)s(a)de = (~1)" Y / g9(2)s\ (2)dz = (=1)" Y ¢j(g(rj41) —g(1)) = 0

JEL 7 JEZ

which concludes the proof of the sufficiency.

10.

11.
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