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Lower estimates on the saturation order of
approximation of twice continuously
differentiable functions by piecewise
constants on convex partitions

Posrnsimaerbest 3aa4va mpo mopsa0K Habm>keHHd aBidui HemepepBHO nudpepeHiiii-
oBHUX (DYHKIIiH 6ararbox 3MiHHHX KYCKOBO-CTAJIMMMU CILJIalHAMM Ha OILyKJINX PO30UTTIX.
ITokaszaHo, 1110 IOPsAOK HACUYEHHS HAO/IM>KEeHHs KyCKOBO-CTA/IMMU CILIaiiHamMu B L, HopMi
HA OIyKJuX po3burrsax 3 N ememenriB cranoBurs N~ 2/(4+1)  ne d — yncno sminamX.

Karwuosi caosa: deivi wenepepsno dugeperyiitiosti Gyrkuii, Kyckoso-cmaai Cnaaiinu, nopadok
HACUYNEHHA, ONYKAT POZOUMMA.

PaccmaTpuBaercs 3ajaya npo MOPSIOK MPUOIMKEHUsI ABAAXKAbl HEMPEPBIBHO (-
depenrnupyembix QYHKIUH MHOTAX MEPEMEHHBIX KYCOYHO-IMIOCTOSTHHBIMHA HA BBITYKJIBIX
pa3ouenusix. IlokaszaHo, YTO MOPSAIOK HACHIIEHUS] MPUDINKEHNUsT KyCOYHO-IMMOCTOSTHHBIMU
B L, HOpMe Ha BBINYKJLIX pa3buenmuax c N sjgemeHTamu Oyger N—2/(d+1) " pne d — uncio
HepeMeHHbIX.

Karwuesvie caosa: deastcdvr menpepuieho dupdepenyupyemvie GYHKUUU, KYCOUHO-TLOCTIOAHHDLE
CNAGTHDL, NOPAJOK HACHIUWEHUS, BLINYKADIE PA3OUEHUS.

We consider the problem of approximation order of twice continuously differentiable
functions of many variables by piecewise constants. We show that the saturation order
of piecewise constant approximation in L, norm on convex partitions with N cells is
N—2/(d+1) " where d is the number of variables.

Key words: twice continuously differentiable functions, piecewise constant splines, saturation order,
convex partitions.
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Let Q C RY, d > 1, be a bounded domain. Let L,(€2), 1 < p < oo be the space of
measurable functions f : 2 — R such that [|f]|, is finite, where

Pd 1<p<
T B i AT TC N RS
Q
esssup{|f(x)] : x € Q} p =00

For 1 < ¢ < ocand r € N, let W7 (€2) be the standard Sobolev space of measurable
functions f : 2 — R endowed with the standard norm

I lwyor = > D5, 0

keZd : [k|<r
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where k = (ky, ..., k) is the non-negative integer multi-index in Z4%, |k| := ky+- - -+kq,
and D¥ = lel e Dzd is the partial differentiation operator, where D} = aa:; forr € Z,.

A finite collection A of subdomains w C €, referred to as cells in what follows,
is called a partition of € provided that w Nw' = O, for any w,w’ € A, w # W', and
Y wen lw| = [€Q|, where |-| is the Lebesgue measure. We call a partition A convez if
every cell w € A is convex. For N € N, denote by ©y the set of all convex partitions
of Q) comprising at most N cells. For simplicity reason, we assume in this paper that
Q) is a d-dimensional cube.

For a partition A of ©, we denote by Sy(A) the space of piecewise constant functions
s : Q0 — R that are constant on every cell w € A. For 1 < p < oo, we define the error
of the best L,-approximation of a function f € L,(€2) by piecewise constant functions
on convex partitions from D y:

En(f), = AiengN seg)l(fm 1f = sl @ -

It was established by Birman and Solomyak (see Theorems 3.1 and 3.2 in [1]), that
for every f € W/(Q),

Ex(f),=0(N""%) as N — o0, (1)

as soon as ¥+ % —% > 0. The construction of a suitable sequence of partitions { Ay }y_,
that achieves this order is based on adaptively refined dyadic subdivisions of the cube
Q. Since W}(Q) is imbedded into W (£2) as soon as parameter 1 < ¢’ < oo satisfies

inequality é + & — %1 > 0, it follows from (1) that, for a function f € I/Vq2 (Q),

Ex(f),=0(N"%) as N — o0, (2)

providing that % + ]l) — % > 0. No improvement of the order O (N -1/ d) can be achieved
for a smooth non-constant function on “isotropic” partitions (see [2]).

It was shown in [2, 3] that on a wider set of all convex partitions © essentially
better order of approximation is possible. More precisely, for every 1 < p < oo and
g = p, and every function f € Wf(Q),

Ex(f),=0(N®)) as N = oo,

which almost doubles the approximation order in comparison to N~%% when d is large

enough. This improvement in order is achieved on “anisotropic” sequence of partitions
{A%} -, that is constructed in the following way:

1. First, the cube Q is subdivided into m? equal cubes w;, i = 1,...,m%, of side
length L, where m = [NV/(@+D];

2. Next, each of w;’s is split into m slices w;;, 7 = 1,...,m, by equidistant

V f(x)dx on w;, where

|l| wj

V f(x) is the gradient of function f at the point x.

hyperplanes orthogonal to the average gradient
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Moreover, Davydov [3] has shown that N~=2/(¢+1) is the saturation order of piecewise
constant approximation on convex partitions in the following sense: if for a twice
continuously differentiable function f : Q — R, we have that Ex(f)s = o(N~2/(@+1)
as N — 0o, then the Hesse matrixz of function f is neither positive definite nor negative
definite on §2. We remark that similar results in the case d = 2 were obtained by a
different method in [4].

Recently in [5] it was established that for 1 < p,q¢ < oo which satisfy inequality
ﬁ + % - % > 0 and for all functions f € W2(Q),

Ey(f),=0 (N~2/HD)  as N — oo,

In this paper we will show that N=%(+1) is in fact a saturation order in this case. Let
us introduce some additional notation.
Let C%(92) be the space of twice continuously differentiable functions f : Q — R.
Denote Euclidean distance as ||-|,.
The Hesse matriz of f € C*(Q) is defined as follows

Pl ... P
0x10x, 011024

02 f 2 f
(?xd&zcl (X) o axd&td (X)

where x € . It’s well-known (see [6]), that the Hesse matrix of a convex function is
positive definite, and is negative definite for a concave function. For simplicity we will
consider only case when the Hesse matrix of function is positive definite. However the
presented arguments could be easily adjusted for negative definite matrices.

The main result of this paper is the following

Theorem 1. Let d € N, 1 < p < oo and Q C R? be a bounded domain, f € C?(Q)
be such that there exists a point X € Q where V?f(X) is positive definite. Then there
exists a constant C' = C(d, f,p,Q)) such that

Ey (f), > ON~T1.

This result shows that N~2/(4*1) ig the saturation order of piecewise constant
approximation on convex partitions in the following sense: if for a twice continuously
differentiable function f : Q — R, we have that Ex(f), = o(N=%@*D) a5 N — oo,
then the Hesse matrix of function f is neither positive, nor negative definite on €.

To prove Theorem 1 we need several auxiliary results.

The assertions of geometrical Lemmas 1 and 2 below are intuitively clear, and we
give their proofs for the completeness of the exposition.
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Lemma 1. Let T be a simplex in RY, V is a volume of this simplex, a is the length
of one of the side of the simplex, and S s a volume of projection of the simplex T on
the hyperplane orthogonal to the side a. Then

1
V=--a-85
5
Proof. Let us show how this theorem will look for triangle. And then will prove it in
general case. For R2, we need to prove that Saapc = % -a - S, where a is length of the
side AB, and S is a length of projection of triangle ABC on the line orthogonal to
AB. We can use side AB as Oy axis, and orthogonal line passing through the point A

as Ox axis of coordinates. Then we have:

BC(z) BC(z)—AC(x)
SAABC:/ / 1dydx:/ / ldydzx,
S AC(z) S 0

where AC(z) and BC(z) are equations of lines AC' and BC' correspondingly. In
geometrical sense this means that the area of the triangle doesn’t change if we move
vertex C along a line parallel to AB. So we can move C', untill side C'A coincides with
the projection of triangle ABC on Oz axis. And the area of this triangle could be
counted by formula Saapc = % ca-S.

Let A1 A, ... Aypq be a simplex in R%. Without lose of generality we can choose side
AgAg4y1 and hyperplane which is orthogonal to this side and pass through vertex A,.
Let B1Bs... By 1 be the projection of vertices Ai, Ao, ..., Ag_1 correspondingly. We
can use side AgA4.1 as Ox; axis. And other axes will be in orthogonal hyperplane.
Then we have

AlAQ.A.AdflA(LFl(:EQ,A..,QTd)

Vairg.Ag, = ldzidzsy . .. dxg

B1B2..Bg_1Aq A1As..Aq_1Aq(z2,...,2q)
A1A2...Ad,1Ad+1(zg,...,xd)fAlAQ...Ad,lAd(xg,...,xd)

= / / 1dl’1d.f[,'2 . dl’d.

B1Bs..By_1 Ay 0

In geometrical sense this means that the volume of the simplex doesn’t change if we
move vertices Ay, A, ..., Ag_1 along a line parallel to AzA4.1. So we can move them,
they coincides with the projection of simplex A; A, ... Agy1 on hyperplane. And the
volume of this simplex could be counted by formula V' = é |AgAgial - S.

The following theorem is some kind of generalization of Lemma 1, and it shows how
connected volume of arbitrary convex domain 2 with volume of orthogonal projection
(V. Let v is arbitrary direction vector in R%. Denote h(£2,7) the length of the longest
segment inside domain €2, which is parallel to vector v.
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LOWER ESTIMATES ON THE SATURATION ORDER OF APPROXIMATION

Lemma 2. Let Q C R? be a bounded convexr domain. Let h(Q, ) be the length of
the longest segment in § in given direction U, and |Y| be the volume of projection of
the domain Q on (d — 1)-dimensional hyperplane orthogonal to v. Then

1
g L) - 2] < 9] <A@, D) - |9, (3)

Proof. Let us find the longest segment in domain £ C R? parallel to vector 7, and call
it A;A,. Project domain €2 on line orthogonal to A;As. Let By and B, be the ends of
the segment of projection. And B — projection of the A; As. Denote on €2 the points C
and C5 that correspond to the points B; and B, on the projection. If there are several
point which correspond to By and By on the projection, then we can choose anyone.
As () is convex, that means that polygon A;C1A5Cy is completely inside ). Therefore

|Q| > SA101A2C2'

According to Lemma 1 we have
1 1 1
S 4,01 4,0, = Sa,00A; +Sa 4,00 = §!A1A2\ : \BlB|+§!A1A2\ | BaB| = 5\141142! -|B1Bs.

From the other side length of every segment of {2 parallel to U is less then |A; As|. Then
|Q2| is less then volume of rectangle with sides A;A; and By B,. So we got following
inequalities
1
o
for QO C R2. Let the described inequalities holds for Q c R,

For Q C R? let us find the longest segment parallel to vector v, and call it A; As,.
Project domain 2 on hyperplane oy, which orthogonal to A; Ay and pass through A;.
We get ' € R4! — projection of Q. In hyperplane o; we can choose any direction .
Let Aj1 A2 be the longest segment in ' parallel to vector v7. Then project domain
Y on hyperplane oy, C R%2 where oy is orthogonal to 77, and s C a;. We get
domain Q" C R%2 — projection of the €' on hyperplane «s. Inside hyperplane ay we
choose any direction vector 7. Denote the longest segment of Q" parallel to vector 3 as
Ay Ags. And so on. When we will get the projection Q=Y this will be just a segment
Ag_11A4-12 C R. Then we denote points on the projections of higher dimensionality
points which corresponds to points Ay, Ags for £ = 1...d — 1. On domain 2 we
denote points By, Bre which corresponds to points Ay, Ags for k =1...d—1. We will
get convex polyhedron with vertices Ay, Ay and By, By for k = 1...d — 1, which is
inscribed into €). We separate this polyhedron on d-dimension simplexes of the form
A1 A3 A Agiy oo Adg—riy |, Where 4 is 1 or 2 for K = 1,...,d — 1. The total number
of such simplexes will be 297!, Projection of this polyhedron on 2’ will be polyhedron
inscribed into £’ with vertices A1y, A2 and points which corresponds to points Ay, Ago
from Q%) on €. Let V; be the volume of d-dimension polyhedron. According to Lemma

h(Q,7) - |€] < 1Q] < h(Q,7) - €],
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1 we have:
Vi = E VAIAQBlildeflid_l
(31,0 siq—1)€{1,2}4-1
g L A Al -V
- E ' | 1 2‘ ’ AIAQBlildeflid_l
(31,0 sig—1)€{1,2}471
1 2 : /
- 8 ’ ‘A1A2| ’ VAlAZBli1~~~Bd71id71’

(i1,-51a—1)€{1,2}471

, . o . . .
where V. 4, Bui,. is volume of projection of simplex with vertices

~Ba—1iy_4
A1AsBy;, ... By—1i,_,. This sum is a volume of polyhedron inscribed in €’ with vertices
Ai1, Ao and points which corresponds to points Ay, Age from Q%) on Q. According
to the inductive hypothesis, we obtain

1
vV, = h | A1 Ag| - |[A11Agg] - - - |Ag—11 4412,

where each segment Ay Ay, is the longest segment in Q®) in direction of vector vy.
According to the inductive hypothesis, we have

|Ag 11 Ag o] = |QUY],
|Ag_114q_12||QY] > QU

|AnApR|Q"] > &
Therefore )
Q[ >V > a | Ay Ag| - [€Y].
From the other side we have
|Q| = /AB(ZEl, T, ... $d_1)dl'1d$2 e dxd—l S / |A1A2|dﬂ?1d£)§'2 ce dzd—l = |A1A2||Q/|,
o Q

here AB(x1, 2, ...24-1) is length of the segment, which is the result of intersection of
line which pass through point (x1, s, ...24_1) in projection € with domain €.

Lemma 3. Let f € C%((a;b)) and~y,d > 0 are such that | f'(z)| > v and |f"(x)| > 0,
for every x € (a;b). Then following inequalities hold

Bz )
Bz )
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Proof. Without loss of generality let f be increasing and convex function. The constant
of best approximation in L; on interval (a;b) is f (%£) (see [7]). Therefore

Bi(f) = /b‘f(aﬁ)—f(a;b) dx=/b'f(t)—f<t—b;a>’dt

_ / / ]f’(u)\dudtz/b / fydudt:'y<b;a)2.

Also for f’(u) we have the following inequality

f’(u):f’(t—b;a)+ / f(r)dr > / 5d7=5-(u—(t—b;a)).
t_b;a t_bga
Therefore
b t b t
E(f) = / / |f’(u)|dudt25~/ / <u—(t—b_Ta)>dudt
b
_ (54", (o)
= 5/ 22 dt =0 G

The following theorem is generalization of Lemma 3 for functions defined on R

Lemma 4. Let f € C?(Q),Q C R% Let exists direction vector o, that D, f(x) >
v >0, for every x € Q. The following inequality holds

1
4

719 - (8, 0), (6)

Ey(f)1 > %

where h(§, o) was defined before Lemma 2.

Moreover assume that the Hesse matrix of f is positive definite on €, and § > 0 is
such that smallest eigenvalue of V2 [ is at least & everywhere on Q. Then

Bi(f) > @) 519 - diam? (). (7)

where diam(S2) is the longest segment inside 2.
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Proof. We can change orthonormal basis in R? in such way, that direction of ¢ and
axis Oz, coincide. Then according to (4) from Lemma 3 we have

b(J?Q ..... acd)
Ei(f) = inﬂg/]f(x)—c|dx=inﬂ£/d:p2...dxd / |f(x1,...,2q) — c|ldzy
ce ce
Q Q/ a(z2,...,xq)
b(wa, ..., T4) — . 2
> / ( ($27 ,ZL’d) CL(QTQ, ,[Ed)) . ’}/de ' -dg;d,
4
Q/
where €' is projection of 2 on the coordinate hyperplane orthogonal to o, a(za, . .., x4)
and b(za, ..., x4) are the ends of the segment, which is the result of intersection of the
line, which pass through point (z9,--- ,x4) € ' and parallel to o, with domain 2.

According to Holder’s inequality we obtain

b(t) — a(t)|dt < |b(t) — a(t)*dt 1dt
/ / [

Ql

According to lower estimate (3) in Lemma 2 we have

e —a(t)\dtf e

/|b(t)—a(t)|2dt > o = or = 77190 k)
Ql Q/
Therefore
1 1

El(f)l Z ZE’Y|Q|h(Q,O‘)

The first part of theorem is proved. For the second part we can change orthonormal
basis in R? in such way, that direction of diam and axis Oz, coincide. Then according
to (5) from Lemma 3 we have

b(z2,...,zq)
E\(f) = inﬂg/]f(x)—c|dx:inﬂ£/dx2...dxd / |f(z1,...,2q) — c|dxy
ce ce
Q Q/ a(z2,...,xq)
3
> / (b(.fBQ, . 7$d> 16&(1‘2, ,fd)) 5d$2 ‘ d$d,

where €)' is projection of Q on the coordinate hyperplane orthogonal to diam({),
a(xg,...,xq) and b(za,...,xz4) are the ends of the segment, which is the result of
intersection of the line, which pass through point (xq,---,z4) € € and parallel to
diam(S2), with domain 2.
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According to Holder’s inequality we obtain

/yb( _a(t)|dt < (ﬂ/b — a(t)Pdt (ﬁ/ldt

According to lower estimate (3) in Lemma 2 we have

/]b ()Pt > (nf b(ﬂfldcz) |dt> ||§22,||32 > (%)2 19| - diam*(5).

Ei(f)i >i <1)2-5-|§2|-dmm2(9).

Therefore

Using the results of Lemma 2 and Lemma 4 we can prove Theorem 1.

Proof of Theorem 1. Let us prove the theorem for case p = 1. First choose § > 0 and
convex domain @) C €2 such that the smallest eigenvalue of the Hessian of f is at least ¢
everywhere in Q. Clearly, V f(X) # 0, and x € @. Since the gradient of f is continuous,
there is a constant v and convex domain Q C Q,Q > X, that D, f(x) > ~, for every
V()
IV,
According to (7) in Lemma 4

x € (), where 0 = We assume without loss of generality that Q = Q.

2
Ei(f) i) = Ei(f)iiwno) = % : (%) 5 lwN Q|- diam?(wN Q),

for every w € A and w N Q # . Therefore

2

d!)?

. 16 - (
dmm(wﬂ@)g( NRIYo]

B )

Also, according to (6) in Lemma 4

1

> 157 NQl-hwn Qo)

Ei(f)riw) = Er(f)Liwno)

for every w € A and w N Q # . Therefore

4-d!

h<wmQ7U)§m'

El(f>L1(w)~
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If we project wN @ on hyperplane orthogonal to o, the projection will be contained

1
inside (d — 1)-dimensional ball of radius (;%ﬂgj - Ei(f) Ll(w)> *. According to upper

estimate in (3) in Lemma 2 we have

d—1

2

4-d 16 - (d1)?
pYeTh Ey(f)Law) - Ha-1 - <T(W)Q| : El(f)Ll(w)> ,

where p14_1 denotes volume of (d — 1)-dimensional ball of radius 1. Therefore

lwNQ@| <

ars 44 (AN g a1 a1
wn QT < ( )@ LE(f) 2w = C B2,
y-02

lw N Q|% < Co- By (f) 11 w),
where constants C; = Cy(f,d) and Cy = Cy(f,d).

Summing over all w € A we obtain

Z jw N Q’% < Cy- Ex(f)h-

wEA

According to Holder’s inequality we have

a+3 dt1
QI=) lwnal< (Z \wm@\gﬁ’) NTS < Cy- En(f)F - N,

weAN wEA
where constant C3 = C3(f,d). And therefore
En(f)1>Cy- N_%,
where constant Cy = C(f, d, ).
According to Holder’s inequality, for any arbitrary 1 < p < oo we have
1—1
Ev(Pn < Extfy- | [1dx] = Ex(r), 190,
Q

Therefore 1 2
EN(f)p > EN(f)1 . ‘Ql_(l_ﬁ) > (Cy- N @,

where constant Cs = C5(f,d,p, Q).

The author expresses his gratitude to Prof. O. Davydov for the statement of the
problem and to Prof. D. Skorokhodov for valuable advice and discussions.
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